Polynomial-degree-robust a posteriori error estimation
for the curl-curl problem

Théophile Chaumont-Frelet, Alexandre Ern, Martin Vohralik

Inria Paris & Ecole des Ponts

Yokohama, August 2022




0 Introduction

© Reminder on the H'-case

O The H(curl)-case

Q H(curl) patchwise equilibration

Q Stable (broken) H(curl) polynomial extensions

O Numerical experiments

Q Conclusions




I H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

The curl-curl problem (current density j « Ho n(div. Q) with V-j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q — R3 such that
Vx(VxA)=j, V-A=0 inQ,
Axng = 0, onlp,
(VxA)xng =0, Ang=0 onTy.
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The curl-curl problem (current density j « Ho n(div. Q) with V-j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q — R3 such that
Vx(VxA)=j, V-A=0 inQ,
Axng = 0, onlp,
(VxA)xng =0, Ang=0 only.

Weak formulation (consequence)
A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv € Hyp(curl, Q).

Nédélec finite element discretization (consequence)
Vi := Np(Th) N Hop(curl,Q), p > 0; A, € V,, satisfies
(VXAh, V x Vh) = (j, Vh) Yvp € V.
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H'-case

Continuous setting

@ When there exists v € Hy n(div, Q) such
that V.v — j?
@ Whenj € L2(Q)and (j,1) = 0if [y = 0.
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Equilibration — the bottom line
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Equilibration — the bottom line

H'-case
Continuous setting
@ When there exists v € Hy n(div, Q) such
that V.v = j?

@ When j € L3(Q) and (/. 1) = 0if [y = 8.

Discrete setting
@ When there exists
vy € RT,(Th) N Hon(div, ©2) such that
Vv =j?
@ When j € Py(7p) and (j,1) = 0if
My = 00.
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H(curl)-case

Continuous setting
@ When there exists v € Hy n(curl, Q)
such that Vxv = j?
@ When j € Hy (div, Q) with V-j = 0.

Discrete setting

@ When there exists
Vi € Np(Th) N Hon(curl, Q) such
that Vxvy, = j?
@ When j € RT,(7n) N Hon(div, Q)
with V-j = 0.
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The hat function and the partition of unity, Q ¢ R?

11

The hat function 2, d = 2

Partition of unity

> v =1la
acvy V-
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Weak solution u € H}(Q) is such that Residual R(u,) € H1(Q) is defined by
(Vu,Vv) = (f,v)  VYve H(Q) (R(up), v) = (f,v) — (Vup, VV)
Approximation uy, € H}(Q) satisfies Norm characterization
(Vup, Vo) = (f,07)  vae VYt IV(u=up)|| = [[R(un)l| -1+ = sup (R(un),Vv)
veH} ()
Vv|=1



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

The Laplacian —Au = fin Q, u= 0 on 0f2
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Patchwise bounds by equilibrated fluxes

y3@-weighted residual on H (wa)’ Unweighted residual on HJ (wa)’
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Patchwise bounds by equilibrated fluxes

3-weighted residual on H (wa)’ Unweighted residual on H} (wa)’
forv e H!(wa) with ||V V]|, =1

(R(un),v?v)
= (f7 wav)wa - (VUh, V(¢aV))wa
(fy? — Vup-Vi2, v),, — (¥Vup, V),

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 9/29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise bounds by equilibrated fluxes

Y@-weighted residual on H! (wz)’ Unweighted residual on H} (wa)’
forv € H!(wa) with |Vv|,, = 1 and
o € H(div,wa) with o2-n|s,, = 0 on dw,
andV-of = fp? — Vup-Vi)?,
(R(un), v?v)
= (£, 4%V)wa — (VUn, V($V))u
= (fY? — Vup- V2, V), — (V3VUR, VV),,

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 9/29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise bounds by equilibrated fluxes

y?-weighted residual on H, (wa)’ Unweighted residual on HJ (wa)’
forv € H!(wa) with | V], = 1 and
o € H(div,wa) with o2-n|s,, = 0 on dw,
andV-of = fp? — Vup-Vi)?,
(R(un), V)

= (£,9%V)wy = (Vn, V(12V))u

= (fY? — Vup- V2, v),, — (W3Vup, VV).,

= (V-08, V)wa — (¥¥VUR, V V).,
N (YAV Uy + 08, V)

cs . ;
< [¥*Vup + o5llwa

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 9/29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise bounds by equilibrated fluxes

Y@-weighted residual on H! (wz)’ Unweighted residual on H} (wa)’
for v e H!(wa) with ||V v|l,, =1 and for v e Hj(wa) with | Vv, = 1
o € H(div,wa) with o2-n|s,, = 0 on dw,
andV-of = fp? — Vup-Vi)?,
(R(un), v?v)

= (£, 4%V)wa — (VUn, V($V))u

= (fY? — Vup- V2, V), — (V3VUR, VV),,

= (vaﬂ7 V)wa - (wavul’h vv)wa
G AV Uy + 02, V V).,

cs . ;
< [¥*Vup + o5llwa

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 9/29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise bounds by equilibrated fluxes

Y@-weighted residual on H! (wz)’ Unweighted residual on H} (wa)’

forv € H!(w,) with IVV]w, =1 and forv e H& (wa) with |V V|, =1

o € H(div,wa) with o2-n|s,, = 0 on dw,

and Veon S WSSV VoY) (R(un), V) = (£, V) = (T, VV)os

(R(un), v?v)
= (f,47V)uwa — (Vup, V(?V))u,
= (fp? = Vup V2, v)w, — (VU VV)y,
= (V-0 V)ws — (VU VV),,
G AV Uy + 02, V V).,

cs . ;
< [¥*Vup + o5llwa

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 9/29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise bounds by equilibrated fluxes

Y@-weighted residual on H! (wz)’ Unweighted residual on H} (wa)’
forv e H!(wa) with |Vv|,, =1 and for v € H}(wa) with | Vv||., = 1 and
o € H(div,wa) with o2-n|s,, = 0 on dw, o? ¢ H(div,ws) with V-2 = f,

and| Vion S WSSV VoY) (R(un), ) = (£, )y = (T, VV)os

(R(un), v?v)
= (f,47V)uwa — (Vup, V(?V))u,
= (fp? = Vup V2, v)w, — (VU VV)y,
= (V-0 V)ws — (VU VV),,
G AV Uy + 02, V V).,

cs . ;
< [[¥*Vup + ohllwa

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 9/29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise bounds by equilibrated fluxes

y3@-weighted residual on H (wa)’
forv € H!(wa) with |Vv|,, = 1 and
o € H(div,wa) with o2-n|s,, = 0 on dw,
andV-of = fy? — Vup-Vi)?,
(R(un), ¥Av)
= (£,4%V)ws — (Vn, V(¥?V))us

= (fY? — Vup- V2, V), — (V3VUR, VV),,

= (vaﬂ7 V)wa - (wavu/’h vv)wa
G AV Uy + 02, V V).,

cs . ;
< [[¥*Vup + ohllwa

Unweighted residual on H} (wa)’
for v € Hy () with [|Vv]., = 1 and
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The Laplacian —Au = fin Q, u= 0 on 0f2

Guaranteed upper bound Guaranteed upper bound

[V (u—un)| IV (u — up)|
—_——— N————
unknown error unknown error

1/2 1/2
<(d+ 1)1/2{ S 1142V s + aﬂHia} <(d +1)"/2 Coont pr { > IVun+ aznia}

acyVy acVy

computable estimator
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Curl-curl pb (current density j « R7,(7,) N Hon(div, Q) with V-j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q — R3 such that
Vx(VxA)=j, V-A=0 inQ,
Axng = 0, onlp,
(VxA)xng =0, Ang=0 onTy.
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Find the magnetic vector potential A : Q — R3 such that
Vx(VxA)=j, V-A=0 inQ,
Axng = 0, onlp,
(VxA)xng =0, Ang=0 only.

Weak formulation (consequence)
A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv € Hyp(curl, Q).

Nédélec finite element discretization (consequence)
Vi := Np(Th) N Hop(curl,Q), p > 0; A, € V,, satisfies
(VXAh, V x Vh) = (j, Vh) Yvp € V.
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For each vertex a € Vp, solve the local For each edge e € &, solve the local
constrained minimization pb constrained minimization pb
h2 .= i VAV xAp)—Vp|2. hE = ar min VxAp—vp|?..
L L e G enprbcusn | A Vil
VX Vp=13j+V1pax(V xAp) Vxvp=j
h Zv:w';:a(v xAn) : well-posed
h = h-
aGVh l',. v
Key points Key points
@ homogeneous tangential BC on dwa: @ no BC on dwe:
hin € Np+1(Tn) 0 H(curl. ©) . By = Y ece, hf ¢ Hicurl, Q)
® global equilibrium Vxh, = > Vxhi o oo jocal equilibrium VxAS =
acyy
= > (W + Veax(VxAp)) = j )
acvVy lreeia -t o
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Discrete (broken) patchwise equilibrated fluxes

DCefinition (Chaumont—FreIet, Vohralik (2021)) Definition (Chaumont-FreIet, Ern, Vohralik (2021))

For eathwertex a € Vp, solve the local For each edge e € &, solve the local
constrained-minimization pb constrained minimization pb
h? .= i VAV Ap)—Vp|21 B = ar min VxAp—vpl2..
arV%G./V;J,1 (7g‘)lng0(C 4 'a)”L ( h) h||wa §hEAfp(7~e)ﬂH(CUI’|.Lue)|| h h” €
VX Vp=13j+V1p? x (V x A} Vxvp=j
Vo X(VxAp ' well-posed
hh = Z hg
acVy ",.
Key points Key points
@ homogeneous tangential BC on dwa: @ no BC on dwe:
hin € Np+1(Tn) 0 H(curl. ©) . By = Y ece, hf ¢ Hicurl, Q)
® global equilibrium Vxh, = > Vxhi o oo jocal equilibrium VxAS =
acyy
= > (V7 + Vi (VxAp) = j )
acv, lneia—t2 T
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Continuous setting
@ When there exists v € Hyn(curl, Q) such that Vxv = j?




Continuous setting
@ When there exists v € Hyn(curl, Q) such that Vxv = j?
@ When j € Hqn(div, Q) with V.j = 0.
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Equilibration — the bottom line

Continuous setting
@ When there exists v € Hyn(curl, Q) such that Vxv = j?
@ When j ¢ Hy n(div. Q) with V.j = 0.

Discrete setting
@ When there exists vy, € N,(Tn) N Hon(curl, Q) such that Vx vy, = j?
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The curl—curl case

Guaranteed upper bound (chaumontFrelet & v. 2021)) § Guaranteed upper bound (em, ch-Frelet, & V. (2021))

VX (A—Ap) IVx(A—Ap)|
—_— —_—
unknown error unknown error
1/2 12
1/2 2
<20 3" WAV xAn) - HJ1, <CL6"2 Coonpr § D V3 A0 — HEE,
acvVy ecéy )
computab?g estimator

wr ¢ e i
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The curl—curl case

Guaranteed upper bound (chaumont-Frelet & V. (2021))
IVx(A—Ap)[| < |[VxAp— hy|
unkno?vrn error

<28 N |[WA(VxAp) — b2,

acyvy

computable estimator
1/2

M. Vohralik

Guaranteed upper bound (em, ch-Fretet, & V. (2021))

IV < (A — Al
———

unknown error

1/2
1/2 e2
<C_.6 / Ccont,PF Z |V xAp — hh”we
ecéy
computab?g estimator

wr ¢ e i
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The curl—curl case

Guaranteed upper bound (chaumont-Frelet & V. (2021))
[VX(A—Ap)|| < [[VxAp— hyll

Vv
unknown error

<28 N |[WA(VxAp) — b2,

acyvy

computable estimator
1/2

p-robust local efficiency (costave! & Mo-intosh (2010);
Demkowicz, Gopalakrishnan, & Schéberl (2009, 2012); Chaumont-Frelet & V.

(2021))

Guaranteed upper bound (em, ch-Fretet, & V. (2021))
[Vx(A—Ap)|
N———

unknown error

1/2
1/2 e2
<C_.6 / Ccont,PF Z |V xAp — hhHwe
ecéy
computab?g estimator

p-robust local efficiency (costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Ern, Chaumont-Frelet, & V.

(
)@ VXAh —h? w SCst sup (R Ah ,L/‘aV 2021))
hllwa e
veH (curl wa) IVxAp— hSlw, < Cst sup (R(Ap), V)
IV xV|lwa=1 veHy(curl we)
VX Vlwe=1
M. Vohralik p-robust a posteriori estimation for the curl-curl problem 15/ 2;;%
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The curl—curl case

Guaranteed upper bound (chaumont-Frelet & V. (2021))
[VX(A—Ap)|| < [[VxAp— hyll

Vv
unknown error

<28 N |[WA(VxAp) — b2,

acyvy

computable estimator
1/2

p-robust local efficiency (costave! & Mo-intosh (2010);
Demkowicz, Gopalakrishnan, & Schéberl (2009, 2012); Chaumont-Frelet & V.
(2021))

a a a
10/2(V x Ap) — h2||s, < Cst sup (R(Ap), 1

veH* (curl,wa)
VX V]wa=1

< Cst CcontAF’FW HVX(A - Ah)

|z

4

Guaranteed upper bound (em, ch-Fretet, & V. (2021))
[VX(A—Ap)|
N———

unknown error

1/2
1/2 e2
<C_.6 / Ccont,PF Z |V xAp— hhHwe
ecéy
computab?g estimator

p-robust local efficiency (costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Ern, Chaumont-Frelet, & V.

(2021))
IVxAp— hlluy < Cst sup  (R(An), V)
veHy(curlwe)
IV V]lwe=1

M. Vohralik

wr ¢ cen——
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The curl—curl case

Guaranteed upper bound (chaumontFrelet & v. 2021)) § Guaranteed upper bound (em, ch-Frelet, & V. (2021))

VX (A~ Ap)|| < [[VxAp— hyll [VX(A— Ap)|
-~ N———
unknown error computable estimator unknown error 1/2
/2 1/2 2 /
<20 37 WAV A) - HIR, <CL6" Coonipr | D_[IVxAn = HE,
acvVy ecéy
computab?g estimator

p-robust local efficiency (costave! & Mo-intosh (2010);
Demkowicz, Gopalakrishnan, & Schéberl (2009, 2012); Chaumont-Frelet & V.

(2021))

p-robust local efficiency (costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Ern, Chaumont-Frelet, & V.

(2021))
12(V % Ap)— h2||... < Cst sup (R(Ap), 17V
h veH* (curl.a) IVxAp — hS|lo, < Cot  sup  (R(Apn), V)
IV xV]lwa=1 veHy(curl we)

< Cst CcontAF’FW HVX(A - Ah)

|z

< Cstl[VX (A — Ap)l|oe

IV xVlwe=1

M. Vohralik p-robust a posteriori estimation for the curl-curl problem  15/29
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The curl—curl case

Guaranteed upper bound (chaumontFrelet & v. 2021)) § Guaranteed upper bound (em, ch-Frelet, & V. (2021))

VX (A~ Ap)|| < [[VxAp— hyll [VX(A— Ap)|
-~ N———
unknown error computable estimator unknown error 1/2
/2 1/2 2 /
<20 3 WAV xAn) - B, <C.6" >_lIVxAn - hlE,
acvVy ecéy
computab?g estimator

p-robust local efficiency (costave! & Mo-intosh (2010);
Demkowicz, Gopalakrishnan, & Schéberl (2009, 2012); Chaumont-Frelet & V.

(2021))

p-robust local efficiency (costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Ern, Chaumont-Frelet, & V.

(2021))
12(V % Ap)— h2||... < Cst sup (R(Ap), 17V
h veH* (curl.a) IVxAp — hS|lo, < Cot  sup  (R(Apn), V)
IV xV]lwa=1 veHy(curl we)

SCStHVX(A—Ah)H@a < Co|[ VX (A= Ap)|
< Gst — £h)llwe

IV xVlwe=1
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Stage 1: Raviart-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Vipax(VxAp) — vpl2..

h & vheR’I;/(%)lﬂHo(div,wa) IV h) = Vhlle,
Vovp=—Vyi.j

-

-
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Stage 1: Raviart-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:
02 = ar min Vipax(VxAp) — vpl2..
2 VheRT; (Ta)NHo(div,wa) V47 h) hllice

Vovp=—Vyi.j

Comments
o v¢aX(VXAh) g 7-\’,770/(7’3) N Ho(diV, wa)
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Stage 1: overconstrained Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpll2 .
& VhERT, (Ta)Ho(div,wa) IV ) i
V-Vp=—V?.j

(Vi rn)k=(VYaX(V X Ap),Fp)k  Vrac[Po(K)]®,VKETa

Comments
o v¢aX(VXAh) ¢ 7-\’,770/(7’3) N Ho(diV, wa)
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Stage 1: overconstrained Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpl? .
& VheRT; (Ta)NHo(div,wa) IV ) i
V-Vp=—V?.j

(Vi rn)k=(VYaX(V X Ap),Fp)k  Vrac[Po(K)]®,VKETa

Comments
() v¢aX(VXAh) ¢ 7-\’,7;)/(7;) N Hy(div, w,)
@ additional orthogonality constraint
e crucial for stage 2
e only possible thanks the lowest-order Galerkin orthogonality of Ay
e requests min{p,1}

Y/ -
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Stage 1: overconstrained Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpl? .
& VheRT; (Ta)NHo(div,wa) IV ) i
V-Vp=—V?.j

(Vi rn)k=(VYaX(V X Ap),Fp)k  Vrac[Po(K)]®,VKETa

Comments

@ V@x(VxAp) ¢ RTp(Ta) N Ho(div,wa)

@ additional orthogonality constraint
e crucial for stage 2
e only possible thanks the lowest-order Galerkin orthogonality of Ay
e requests min{p,1}

@ remainder 6, == >, 0f
e should be zero (~ partition of unity) but is not B :
o 0p € RTy(Tn) N Hon(div,Q) and V-6, = 0 lrneia L2 7"
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:

8%k = arg min lVh — 20,5 Vae Vx whenp > 1.
VhERTp11(K)
V-v,=0
Vh~nK:w36h-nK on oK

Y/ -
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:
82|k = ar min v — 177 (435,)||% Vae Vx whenp = 0,
hlk = arg LIS v = 157 (¥%0n) [k K p
V-vp=0
Vi-ng=IT" (438p)-nk on oK
08k = ar min v, — 035, Vaec Vg whenp > 1.
hlKk R [vh — ¢35ll% K p>
V-v,=0
Vh~nK:w36h-nK on oK

V27
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € T, consider (p + 1)-degree elementwise minimizations:
82|k = ar min v — 177 (435,)||% Vae Vx whenp = 0,
hlKk g . min Ve — 15" (%6n)lIk K p
V-vp=0
Vi-ng=IT" (438p)-nk on oK
62| = ar min v, — 25,2 Vaec Vx whenp > 1.
hlk R lvh —¢nllk K p>
V-v,=0
Vh~nK:w36h-nK on 0K

Comments
@ patchwise contributions

08 € RTp+1(Ta) " Ho(div,wa) and V-68=0 Vae,

Y/ -
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € T, consider (p + 1)-degree elementwise minimizations:
82|k = ar min v — 177 (435,)||% Vae Vx whenp = 0,
hlKk g . min Ve — 15" (%6n)lIk K p
V-vp=0
Vi-ng=IT" (438p)-nk on oK
62| = ar min v, — 25,2 Vaec Vx whenp > 1.
hlk R lvh —¢nllk K p>
V-v,=0
Vh~nK:w36h-nK on 0K

Comments
@ patchwise contributions

08 € RTp+1(Ta) " Ho(div,wa) and V-68=0 Vae,

e 47 form a divergence-free decomposition of 5, 6, = > &5 |

acvy Creia—
M. Vohralik p-robust a posteriori estimation for the curl-curl problem 17 /29
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Stage 2: divergence-free decomposition of the given divergence-free
current density j

Divergence-free decomposition of the current density

Set
in =%+ 05 — 3.

Then
J% € RTp41(Ta) N Ho(div, wa),
S =i
acVy

Y/ -

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 18 /29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

h2 .= arg Vi min |/%(V < Ap) — Vh||¢2ua

VXvy=

and combine

M. Vohralik
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

ha .= ar min Ua VXA —v 2
h g VhG-/\qu(Ta)ﬁHo(curl.wa)” ( h) hHwa
VXxvp=

and combine

M. Vohralik
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Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

ha .= ar min Ua VXA —v 2
h g VhG-/\qu(Ta)ﬁHo(curl.wa)” ( h) hHwa
VX Vp=jj
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

ha .= ar min Ua VXA —v 2
h g VhG-/\qu(Ta)ﬁHo(curl.wa)” ( h) hHwa
VX Vp=jj

hy:=>" hj.

acVy

and combine

M. Vohralik
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Stage 3: discrete patchwise equilibrated fluxes

Deﬁnition (Chaumont-FreIet, Vohralik (2021))
For each vertex a € Vy, solve the local constrained minimization problem

h2 .= arg min LAV Ap) — v
h vhe./\/p,1(7'a)ﬁHo(curI.wa)” ( ) Hwa
V x Vh:jz
and combine
hy:=>" hj. AT
acVy /’
Key points

@ homogeneous tangential BC on dwa: hy € Npi1(Th) N
o global equilibrium Vxh, = Y Vxhi=> ji=]

acyVy acyVy
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H(curl) polynomial extension on a tetrahedron

Theorem (H(curl) polynomial extension on a tetrahedron costavel & Mc-intosh (2010); Demkowicz,

Gopalakrishnan, & Schoberl (2009); Chaumont-Frelet, Ern, & V. (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx = 0, and for all
rr € N5(TF) such that r-ng = curlg(rg) for all F € F, there holds

min _||[Vpllk < Cst min |[V]k.

VoEN,(K) veH(curl,K)
VXVp:rK VXv=rg
Vp|}:r]: V|}-_-:f]:
2 L~ ‘erc
M. Vohralik
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H(curl) polynomial extension on a tetrahedron

Theorem (H(curl) polynomial extension on a tetrahedron costavel & Mc-intosh (2010); Demkowicz,

Gopalakrishnan, & Schoberl (2009); Chaumont-Frelet, Ern, & V. (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx = 0, and for all
rr € N5(TF) such that r-ng = curlg(rg) for all F € F, there holds

min _||[Vpllk < Cst min |[V]k.

VpEN,(K) veH(curl,K)
VX Vp=rg VXxv=rg
VplF=rr VF=rr

Comments
@ Cg; only depends on the shape-regularity of K
@ for (pw) p-polynomial data r, rx, minimization over N,(K) is up to Cs; as
good as minimization over the entire H(curl, K)
@ extension to an edge patch: Chaumont-Frelet, Ern, & V. (2021)
@ extension to a vertex patch: Chaumont-Frelet & V. (to come) lrzia— il
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Broken patchwise equilibration, smooth solution, /-refinement

[V (A— Ap) maxeeg, Ne/ ||V X (A — Ap)||we n/|[Vx(A— Ap)|
45 1 T T T ™
100 |- 120 o
——¢ 40 |- |
102 - h N
0 1.5 - 35 | n
N2
10-4 |- Bh3 . /E/E/E 30 - N
11 @ B
! ! ! h4\ \ ! ?/ ! ! ! ! ! 25 | ! ! ! ! .
1 12 1/4 1/8 1/16 1/32 1 12 1/4 1/8 1/16 1/32 1 12 1/4 1/8 1/16 1/32
h/v/3 h/V3 h/V3
—o—p=0 ——p=1 —g—p=2 p=3
- : erc
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Broken patchwise equilibration, smooth solution, p-refinement

[Vx(A—Ap) maxece, Ne/ ||V X (A — An)|lws n/IIVx(A—Ap)|
T T — T T T T T T 10T T T T T T T T
RS- | : ]
2L - [ i
1075 - i 115 1 12| .
e—3p B ]
1 - i i
0 R R N B N R R R TR R S N R L g
01 2 3 4 5 6 7 01 2 3 4 5 6 7
p p p
—— N= —— N=2 —B—N=4 Unstrucutred
- e
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Broken patchwise equilibration, singular solution, adap. refinement

[Vx(A— Al maxecey, e/ |V X (A — Ap)llwe ciree/ ||V X (A — Ap)||
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Broken patchwise equilibration, singular solution, adap. refinement
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Patchwise equilibration, singular solution, adap. refinement (p = 2)

IVx(A—Ap Effectivity index n/||Vx (A — Ap)||
T T T T T T T T T
1.2 -
10-1 - . 111 8
1L i
L] ! I | | | | | | |
104 105 0 2 4 6 8 10
Nyots Adaptive refinement iteration
—e— error --E- - estimate —m— effectivity index i,
Creia —*- :

M. Vohralik p-robust a posteriori estimation for the curl-curl problem 27 /29



| H'-case H(curl)-case Equilibration Polynomial extensions Numerics C

Patchwise equilibration, singular solution, adap. refinement (p = 2)
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