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An optimal a posteriori estimate for singular problems

Guaranteed upper bound

© [[u—unl%g < X kernk(Un)?
@ no undetermined constant: error control
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© [[u—unl%g < X kernk(Un)?

@ no undetermined constant: error control
Local efficiency

@ 1k (Un) < Cettl|U — Un|[2 neighbors of K

@ local error lower bound (optimal space mesh refinement)
Robustness

@ C. independent of domain 2, meshes, solution u, data
Asymptotic exactness

® Y ker k(Un)?/llu— unllf g N\ 1

@ overestimation factor goes to one with increasing effort
Small evaluation cost

@ estimators nx(up) can be evaluated cheaply (locally) -
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Previous results (reaction—diffusion equation)

@ Verfiirth (1998) / Ainsworth and Babuska (1999):
robustness wrt. singular perturbation

@ Cheddadi, Fucik, Prieto, Vohralik (2009): guaranteed
upper bound & robustness, p = 1

@ Ainsworth and Vejchodsky (2011, 2014): guaranteed upper
bound & robustness but requires submesh (complicated),
(2019) without submesh (simple); p = 1

@ Grosman (2006) / Kopteva (2017): anisotropic meshes
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The reaction—diffusion equation

The reaction—diffusion equation
Find v: Q c RY - R, d > 1, such that

—2Au+rPu="f inQ,
u=0 onof

@ fcl2(Q),e>0,r >0 fixed real parameters
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Find v: Q c RY - R, d > 1, such that

—2Au+rPu="f inQ,
u=0 onof

@ fcl2(Q),e>0,r >0 fixed real parameters
Singular perturbation

@ c <K
Weak solution
Find u € H}(Q) such that

(Vu,Vv) + x2(u,v) = (f,v) Vv e H(Q)

Finite element approximation
Find up, € Vi := Pp(T) N HJ () such that

2 2
e (Vun, Vvh) + 6°(Up, Vo) = (f,vh)  VYvhEV,
zla—
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Equivalence between error and residual

Energy norm

IVIZ = Vv + s2(Iv® v e Hy(R)
Residual of v, = H](Q)
@ R(up) € H-1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v)—2(Vup, VV)—r2(Up, v) v € H(Q)
@ dual norm of the residual

IR(unll -1y == sup (R(un), V)
veH) (@) Ivl=1
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veH) (@) Ivl=1

Energy error is the dual norm of the residual

I(u—up)ll= sup {(f,v)—€*(Vun, Vv)—K2(tn, )} = [ R(Un) | y-1(q
veHy(); Ivil=1

,,,,,,,,,,,,,,,,,,,,,, ‘erc

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 6 /37



O Introduction

@ The reaction—diffusion equation
@ Equivalence between error and dual norm of the residual
@ Guaranteed upper bound
@ Local efficiency and robustness

O The heat equation
@ Equivalence between error and dual norm of the residual
@ High-order discretization & Radau reconstruction
@ Guaranteed upper bound
@ Local space-time efficiency and robustness

O Some numerical experiments (steady case)

o Conclusions and future directions




_ Error & residual Reliability Efficiency and robustness
Upper bound: motivation

Bound on the residual
@ let oy € H(div,Q) and ¢y, € L2(Q) be such that

V-on+ HZ(Z)h =f
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Upper bound: motivation

Bound on the residual
@ let o, € H(div, Q) and ¢, € L3(Q2) be such that
V-on+ qubh =f

@ o equilibrated flux reconstruction, ~ —2Vu
@ ¢p: potential reconstruction, ~ u
@ Green theorem (V-op, V) + (o, Vv) = 0 for v € H}(Q):
(R(up), v) = (f,v) — 2(VUn, VV) — k2(Up, V)
= —(€VUh + 5_10-/1’ €VV) - (I‘%’(Uh - ¢h)7 I{V)

1
< [leVun+ e anl? + |5 (un — ¢r)lIZ]2 IV
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Upper bound: motivation

Bound on the residual
@ let o € H(div, Q) and ¢p, € L2(Q) be such that

V-on+ Iﬁquh =f
@ o equilibrated flux reconstruction, ~ —2Vu
@ ¢p: potential reconstruction, ~ u
@ Green theorem (V-op, V) + (o, Vv) = 0 for v € H}(Q):
(R(up), v) = (f,v) — 2(VUn, VV) — k2(Up, V)
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1
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Upper bound: motivation

Bound on the residual
@ let o € H(div, Q) and ¢p, € L2(Q) be such that

V-on+ K2pp=f

@ o equilibrated flux reconstruction, ~ —2Vu
@ ¢p: potential reconstruction, ~ u
@ Green theorem (V-op, V) + (o, Vv) = 0 for v € H}(Q):

(R(up), v) = (f,v) — 2(VUn, VV) — k2(Up, V)
= —(€VUh + 5_10-/1’ E-:VV) - (K(Uh - ¢h)7 I{V)
< [lleVun+ e "onll? + |5 (up — ¢h)”2]%\”VH|

@ how to obtain suitable practical o, and ¢p?
@ counter-example where ||eVu, + ¢~ op| can largely

overestimate the error: need to do better Lo erc
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Flux and potential reconstructions

Definition (Flux o, and potential ¢p)
For each vertex a € V, let

(o5, h)

Comments
@ local discrete constrained minimization problems
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Flux and potential reconstructions

Definition (Flux o, and potential ¢p)

For each vertex a € V, let
a ay .__
(oh, #h) = arg (Vh,Gh) € V3 x Q2 CHo(div,wa) X L2(wa)
Comments

@ local discrete

-

,,,,,,,,,,, S mernematics aérc
A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 8 /37



| Reaction—diffusion eq. Heateq. Numerics C Error & residual Reliability Efficiency and robustness

Flux and potential reconstructions

Definition (Flux o, and potential ¢p)
For each vertex a € V, let

a ay .__
(oh, #h) = arg (Vh,Gh) € V3 x Q2 CHo(div,wa) X L2(wa)
V-Vh+r2qp=p(fpa) =V Up-Visa

Comments
@ local discrete constrained
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Flux and potential reconstructions

Definition (Flux o, and potential ¢p)
For each vertex a € V, let

a ay .__ H a
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Definition (Flux o, and potential ¢p)
For each vertex a € V, let

a ay .__ H a
(oh, ¥p) := arg min (vh,q,,)ev;‘xocho(div,wa)xLZ(wa)Juh(Vha Gh)
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Comments
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Flux and potential reconstructions

Definition (Flux o, and potential ¢p)
For each vertex a € V, let

a ay .__ H a
(oh, ¥p) := arg min (vh,q,,)ev;‘xocho(div,wa)xLZ(wa)Juh(Vha Gh)
V-Vy+r2qn=Tp(fpa) —e2VUp-Viba

S (Vh, Gn) = Wz ||evaVun + e V||, + |5 [Ma(vaun) — anlll2,

with the weight w, := min {1 , Gy fhw}

Comments
@ local discrete constrained minimization problems
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Flux and potential reconstructions

Definition (Flux o, and potential ¢p)
For each vertex a € V, let

a ay .__ H a
(oh, ¥p) := arg min (vh,q,,)ev;‘xocho(div,wa)xLZ(wa)Juh(Vha Gh)
V-Vy+r2qn=Tp(fpa) —e2VUp-Viba

S (Vh, Gn) = Wz ||evaVun + e V||, + |5 [Ma(vaun) — anlll2,

with the weight w, := min {1 , Cs mwa} Combine

opi= Z of € RTNo(T) N H(div,Q), ¢n:= Zcﬁ% € Pp(T).

acy acy

Comments
@ local discrete constrained minimization problems
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Flux and potential reconstructions

Definition (Flux o, and potential ¢p)
For each vertex a € V, let

(ks @h) 1= arg MiN (0o va w08 Ho(divywa) x 2(wa) o (Vi Gh)
V-Vh+r2qp=Tp(fpa) =V Up-Visa
S (Vh, Gn) := W5 llevaVup + e all3, + ||k [Ma(vatn) — gulllZ,
with the weight w, := min {1 , Cs %} Combine

opi= Z of € RTNo(T) N H(div,Q), ¢n:= Z¢?7 € Pp(T).

acy acy
Comments
@ local discrete constrained minimization problems
@ yields | V.o, + k2¢p = Mpf )
&1/,7 ,,,,,  motrematics : erc
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution and let u, € Vy, be its finite element
approximation.
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let u, € Vy, be its finite element

approximation. Let o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
be the flux and potential reconstructions.
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution and let u, € Vy, be its finite element
approximation. Let o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
be the flux and potential reconstructions. Then

_ ~ 2
llu—unllP< " [willeV unte o nllk+lx(Un—dn) | k+ Wil F-Taf | ]
KeT
with

WK::miﬂ{1,C* ;}, WK::min{W,T}, KeT.

rhk
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution and let u, € Vy, be its finite element
approximation. Let o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
be the flux and potential reconstructions. Then

_ ~ 2
llu—unllP< " [willeV unte o nllk+lx(Un—dn) | k+ Wil F-Taf | ]

KeT
with
€ ~ , he 1
WK::min{LC* }, WK::mII‘I{K,}, KeT.
rhy e K
Comments

@ fully computable upper bound on the unknown error
@ the weight wy with min will be important for robustness
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Local efficiency and robustness

Theorem (Local efficiency and robustness)

Let u be the weak solution, u, € Vy its finite element
approximation, and o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
the flux and potential reconstructions.
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Theorem (Local efficiency and robustness)

Let u be the weak solution, u, € Vy its finite element
approximation, and o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
the flux and potential reconstructions. Let f be a piecewise
polynomial for simplicity.
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Local efficiency and robustness

Theorem (Local efficiency and robustness)

Let u be the weak solution, u, € Vy its finite element
approximation, and o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
the flux and potential reconstructions. Let f be a piecewise
polynomial for simplicity. Then, for all K € T,

Wk|[eVun + e "onllk + |5 (un — én)llk < Cllu — ]|

where the constant C depends only on the space dimension d,
the shape-regularity constant 1 of the mesh T, and on the
polynomial degree p of up,.

wgk’
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Theorem (Local efficiency and robustness)

Let u be the weak solution, u, € Vy its finite element
approximation, and o, € RTNp(T) N H(div, Q) and ¢, € Pp(T)
the flux and potential reconstructions. Let f be a piecewise
polynomial for simplicity. Then, for all K € T,

Wk|[eVun+ e onllk + ||k (un — én)llk < Cllu — up|

where the constant C depends only on the space dimension d,
the shape-regularity constant 1 of the mesh T, and on the
polynomial degree p of up,.

wgk’

Comments

@ the computable elementwise estimators are local lower
bounds for the unknown error

@ C independent of the parameters = and » = robustness
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e The heat equation
@ Equivalence between error and dual norm of the residual
@ High-order discretization & Radau reconstruction
@ Guaranteed upper bound
@ Local space-time efficiency and robustness
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u=0 ondQx(0,T),
u0)=uy InQ
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The heat equation

The heat equation
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0) =uy inQ
fel2(0,T;L3(Q)), u < L3(Q)
X = L3(0, T; H}(R)),
T
M = [ IvviZat
Y = L2(0, T; HI(Q) N H'(0, T; H(Q)),

(
I3 = /0 1012+ + IV VI dt 4 [v(T)|2

Spaces
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The heat equation

The heat equation
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up inQ
fel?(0,T;L3(Q)), up € L3(Q)

X = L3(0, T; H}(R)),
% = [ v,
Y = L2(0, T; HI(Q) N H'(0, T; H(Q)),
VIS = /OTlé‘rVIIZH 1) FIIVVIEdt+ [lv(T)|?
Weak solution

Find u € Y with u(0) = up such that
.

)
/<a,u,v>+(w,w)dt:/ (f.v)dt  WveX
0 0
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound

N
° |lu- Uhr”_gygx(oj) < D1 2KeTn n;@(uhr)z
@ no undetermined constant: error control

.

lrezia— = 7.
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
2 N 2
© [[u—unrlSq. 0.7y = 2on-1 2 KeTn Mk (Unr)
@ no undetermined constant: error control
Local efficiency
©® g (Unr) < Cetel|U — Unr |7 e -1
K\¥nr) = “e 7 117,neighbors of Kx (17—1,i7)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound

.
7 Ry —

rezia—

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 12 /37

‘erc



| Reaction—diffusion eq. Heateq. Numerics C Error & residual Reconstruction Reliability Efficiency and robustness

An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
o |u-— UhrH?zygx(oAT) < an:1 > KeTn n}@(uhr)z
@ no undetermined constant: error control
Local efficiency
° U}Q(UhT) < Cerrllu — UhTH?,neighbors of Kx(tn—1,tn)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C. independent of data, domain €, final time 7, meshes,
solution u, polynomial degrees of uy. in space and in time
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
N

o |u-— UhrH?zygx(oAT) < D n1 2KeTn n}@(uhr)z

@ no undetermined constant: error control
Local efficiency

® ng(Unr) < Cesrl|u — UhTH?,neighbors of Kx(tn-1,11)

@ optimal space-time mesh refinement

@ local in time and in space error lower bound
Robustness

@ C. independent of data, domain €, final time 7, meshes,

solution u, polynomial degrees of uy. in space and in time
Asymptotic exactness
N
@ > ZKeT“ n%(UhT)Z/”U - Uh‘r”?z,QX(O,T) N1
@ overestimation factor goes to one with increasing effort

% i
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
N
° flu- Uh7'||?279><(o‘7') < D1 Lkern Mk (Unr)?
@ no undetermined constant: error control
Local efficiency
° 77;”<(Uhr) < Cefl|U — UhTH?,neighbors of Kx(tn=1,tm)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C. independent of data, domain €, final time 7, meshes,
solution u, polynomial degrees of uy. in space and in time
Asymptotic exactness
N
@ > ZKeT“ n%(UhT)Z/”U - Uh‘r”?z,QX(O,T) N1
@ overestimation factor goes to one with increasing effort
Small evaluation cost
: n ;
@ estimators 7y (ux,) can be evaluated cheaply (Ig;:%uy? ) e
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Previous results (heat equation)

@ Picasso / Verfurth (1998), work with the energy norm X:

7 upper bound ||u — unr|% < C3op 4 Skern i(Unr)?
X constrained lower bound (h and 7 strongly linked)

,,,,,,,,,,, —
Oozza— =
A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 13 /37



| Reaction—diffusion eq. Heateq. Numerics C Error & residual Reconstruction Reliability Efficiency and robustness

Previous results (heat equation)

@ Picasso / Verfurth (1998), work with the energy norm X:

7 upper bound ||u — unr|% < C3op 4 Skern i(Unr)?
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound

,,,,,,,,,,, P erc

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 13 /37



| Reaction—diffusion eq. Heateq. Numerics C Error & residual Reconstruction Reliability Efficiency and robustness

Previous results (heat equation)

@ Picasso / Verfurth (1998), work with the energy norm X:

/ upper bound [[u — |3 < CY 3y Y xern 1 (Unr)?
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound

@ Verflrth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), work with the Y norm:

7 upper bound [|u — Un |3 < C 0"y Yern i (Unr)?

v efficiency 3 e g (Un-)? < Cllu — un, |3

v/ robustness with respect to the final time 7, no link h— 7
X efficiency local in time but global in space
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Previous results (heat equation)

@ Picasso / Verfurth (1998), work with the energy norm X:

/ upper bound [[u — |3 < CY 3y Y xern 1 (Unr)?
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound

@ Verflrth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), work with the Y norm:

7 upper bound [|u — Un |3 < C 0"y Yern i (Unr)?

v efficiency 3 e g (Un-)? < Cllu — un, |3

v/ robustness with respect to the final time 7, no link h— 7
X efficiency local in time but global in space

@ Makridakis and Nochetto (2006): Radau reconstruction
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Previous results (heat equation)

@ Picasso / Verfurth (1998), work with the energy norm X:

/ upper bound [[u — |3 < CY 3y Y xern 1 (Unr)?
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound

@ Verflrth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), work with the Y norm:

7 upper bound [|u — Un |3 < C 0"y Yern i (Unr)?

v efficiency 3 e g (Un-)? < Cllu — un, |3

v/ robustness with respect to the final time 7, no link h— 7
X efficiency local in time but global in space

@ Makridakis and Nochetto (2006): Radau reconstruction

@ Ern and Vohralik (2010): unified framework for different
spatial discretizations

rd i
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O The reaction—diffusion equation
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@ Guaranteed upper bound
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@ Guaranteed upper bound
@ Local space-time efficiency and robustness

@ Some numerical experiments (steady case)

O Conclusions and future directions




| Reaction—diffusion eq. Heateq. Numerics C Error & residual Reconstruction Reliability Efficiency and robustness

Equivalence between error and residual

The heat equation
ou—Au=f inQx(0,T),
u=0 ondQx(0,T),
u(0) =uy inQ
Spaces
X = L3(0, T; H}(R)),

(
VI = /0 IVv|2dt,
Y = L2(0, T; HI(Q)) n H'(0, T; H1(Q)),
T
M= [ 10w o + IVVIRat+ TR

Weak solution
Find u € Y with u(0) = up such that

T T
/<a,u,v>+(w,w)dt:/ (f.v)dt  WyeX
0 0
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Equivalence between error and residual

Theorem (Parabolic inf-sup

For every ¢ € Y, we have
T 2
lolZ = | sup /0 (Orp, V) + (Vio, TV) dt |+ [|o(0)]2.

veX, [lvilx=1
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Equivalence between error and residual

Theorem (Parabolic inf-sup

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of uy, in the weak formulation:

(R(Upy), V) = /OT(f, v)—(0tupr, V)—(Vup,, Vv)dt veX

@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1
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Equivalence between error and residual

Theorem (Parabolic inf-sup

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of uy, in the weak formulation:

(R(Upy), V) = /OT(f, v)—(0tupr, V)—(Vup,, Vv)dt veX

@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1

Y norm error is the dual X norm of the residual + IC error

2 2
lu— unr 1% = IR (unr )% + llto — unr(0)]
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWw, VV) = (Orp, V) VveEH(Q) = IIVW*szllarsalliq(Q)
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, V) = (0o, v) WEHYQ) = VWl =[19rl3-1(cy

2

veX, [lv)x=1

.
[ sup /<8ts0,v>+(V<p,VV)df
0
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

2

veX, [lv)x=1

[ sup /()T(V(W*Jr(p),Vv)dt
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

2

veX, [lv)x=1

[ sup /()T(V(W*Jr(p),Vv)dt

= |lws + ollx
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(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

2

veX, [lv)x=1

[ sup /()T(V(W*Jr(p),Vv)dt

)
— W, + oll3 = /O IV (W + )P dt
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(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

2
.
[ sup /<8ts0,v>+(V<p,VV)df

0

veX, |lvix=1
2 T 2
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Error & residual Reconstruction Reliability Efficiency and robustness

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (9o, V) WveHI(Q) = [V W= 10r]1F-1(q

2
.
[ sup /<8ts0,v>+(V<p,VV)df

0

veX, |lvix=1
2 T 2
— W, + oll3 = /O IV (W + )P dt

)
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Proof of the parabolic inf-sup identity: ¢ € Y

Error & residual Reconstruction Reliability Efficiency and robustness

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

@ using [, 2(dp. ¢) dt = [|lp(T)|12 - [|(0)|? gives
T 2
[ sup /<8ts0,v>+(V<p,VV)df
0

veX, |lvix=1
2 T 2
— W, + oll3 = /O IV (W + )P dt

)
— / VW2 + 2(Vwe, Vo) + [Vl P dt

/ 10eellfi-1(q) + 200k, ) + IV ol|? dt = [l —lo(0)]Z
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Approximate solution and Radau reconstruction

—

Upr
A . —_—
Approximate solution o

v Up (1), t € Iy, is a piecewise continuous polynomial in
space in V1= {vy € HI(Q), Vnlx € Pp(K) YKeT"}

X Uup, is a piecewise discontinuous polynomial in time

X up¢/ Y = impossible to estimate ||u—up.||y

-~
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Approximate solution and Radau reconstruction

Un
. . T —_—1
Approximate solution o

v Up (1), t € Iy, is a piecewise continuous polynomial in
space in V| := {vy € H{(Q), Vhlx € Pp(K) VKeT"}

X Up, is a piecewise discontinuous polynomial in time

X up.¢ Y = impossible to estimate ||u—up. |y

) Uhr Zupr
Radau reconstruction

v Tup € Y, Zup|, € Qg,+1(In: VJ) (Makridakis—Nochetto)

~
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Approximate solution and Radau reconstruction

Un
. . T —_—1
Approximate solution o

v Up (1), t € Iy, is a piecewise continuous polynomial in
space in V| := {vy € H{(Q), Vhlx € Pp(K) VKeT"}

X Up, is a piecewise discontinuous polynomial in time

X up.¢ Y = impossible to estimate ||u—up. |y

) Uhr Zupr
Radau reconstruction

v Tup €Y, Zupel, € gyt (In; VE’) (Makridakis—Nochetto)

/(()IZUhT, VhT)—I-(VUhT,VVhT) dt:/(f, th—) dt VVhTEQqn(/n; V,’;)
In /

n
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Approximate solution and Radau reconstruction

Un
. . T —_—1
Approximate solution o

v Up (1), t € Iy, is a piecewise continuous polynomial in
space in V| := {vy € H{(Q), Vhlx € Pp(K) VKeT"}

X Up, is a piecewise discontinuous polynomial in time

X up.¢ Y = impossible to estimate ||u—up. |y

) Uhr Zupr
Radau reconstruction

v Tup € Y, Zup|, € Qg,+1(In: VJ) (Makridakis—Nochetto)

/(()IZUhT, VhT)—I-(VUhT,VVhT) dt:/(f, th—) dt VVhTEQqn(/n; V,’;)
In

n

v final norm: || — up |12 = ||u — Zup |5 + [Unr — Zup. |5
—_———

known computable erc
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Results in the Y norm

Theorem (Reliability in the Y norm)

Suppose no data oscillation for simplicity. Then, for any
o € L2(0, T; H(div,Q)) with V-0, = f — 0{Zup,, there holds

)
lu = Tup |3 < / s + VZup |2 dt.
0

-
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Proof of the upper bound

@ equivalence error-residual (no error in the initial condition):

lu—Zup|ly = sup (R(Zup), V)
veX, [[vllx=1
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Proof of the upper bound

@ equivalence error-residual (no error in the initial condition):
|U—Zup|ly = sup (R(Zun),V)
veX, vl x=1
@ Green theorem

T
/ (hrs VIUk:) + (V-0 hr, Zup,)dt = 0
0
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Proof of the upper bound

@ equivalence error-residual (no error in the initial condition):

|U—Zup:|ly = sup  (R(Zup:),V)
veX,|lv] x=1
@ Green theorem

°
| @ Zte) + (-0, i) ét =0
0

@ residual definition, Cauchy—Schwarz inequality:

(R(Zup;), V) :/OT(f, V)—(0tZups, v)—(VZup,, Vv)dt

T
:/ (f—@tIUhT—V'O'hT, V)—(VIUhT—l-O'hT,VV) dt
0
=0

erc

T 1
< [Nom+vzom|?at} vix
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval /, and for each vertex a < V", let

an . ’ 2
o2 — arg min v+ a2, at.
vheVy In

V-Vh=ta(f—0tZup.)—V1pa-Vip,

-
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval /, and for each vertex a < V", let

a,n .__ i 2

Op, =arg mlr; n / H Vh+ T/JaVUhTHwa dt.

VhGthr In
V-Vp=tpa(f=0tLUpn;)—Vipa-Vp,
Then set N
. a,n
=33 o2
n=1aey"
7 e erc
&L'?W .
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval /, and for each vertex a < V", let

an . . 2
o2 — arg min v+ a2, at.
vheVy In
V-Vp=ta(f—0Lup, )—Vipa-Vup,
Then set N
a,n
o= 3 o
n=1aeyn
Comments

v satisfies o, € L?(0, T; H(div, Q)) with V.o, = f — 0:Zup,
@ works on the common refinement 72" of the patch wa
v uncouples to g, elliptic problems posed in Vf,’”

- i
‘erc
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Guaranteed upper bound

Theorem (Guaranteed upper bound)
In the absence of data oscillation (f and uy piecewise
polynomial), there holds

N

||U_Uhr||§' < ||GhT+VIUhT||%(+”V(uhr_zuhrﬂﬁ(dt‘
Y I
n=1Kegn~mn

v

-

&1/7 ..... — ‘erc
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O Introduction

O The reaction—diffusion equation
@ Equivalence between error and dual norm of the residual
@ Guaranteed upper bound
@ Local efficiency and robustness

© The heat equation
@ Equivalence between error and dual norm of the residual
@ High-order discretization & Radau reconstruction
@ Guaranteed upper bound
@ Local space-time efficiency and robustness

O Some numerical experiments (steady case)

o Conclusions and future directions
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Local space-time efficiency and robustness

Local error contributions
U — UnePan = [ 100U —Zun)I3 1, + IV(U—Zup,)|?, dt
EY ln ( a)

4 / 19 (U — Zupy) |, dt

n
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Local space-time efficiency and robustness

Local error contributions
0= tnelZyr = [ 100 =Tun )+ 90 = T 2, o
+/||V(uhT—IuhT)llia dt

n

recall

T T
lu— up |13, = /0 10e(u = Zup )2, ) dt + /O IV(u = Zun)|* dt

i
4 / I (Unr — Tun,)|2dt
0
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Local space-time efficiency and robustness

Local error contributions
U — UnePan = [ 100U —Zun)I3 1, + IV(U—Zup,)|?, dt
EY ln ( a)

4 / 19 (U — Zupy) |, dt

n

Theorem (Local space-time efficiency and robustness)

For each time-step interval |, and for each element K € T",
there holds, in the absence of data oscillation,

[ 1 T e+ e~ T Yt < O 3 0=l
n acVy
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Local space-time efficiency and robustness

Local error contributions
U — UnePan = [ 100U —Zun)I3 1, + IV(U—Zup,)|?, dt
EY ln ( a)

+/||V(uhT—IuhT)llia dt

n

Theorem (Local space-time efficiency and robustness)

For each time-step interval |, and for each element K € T",
there holds, in the absence of data oscillation,

[ 1 T e+ e~ T Yt < O 3 0=l
n acVy

Comments
v local in space and time

v Cer Only depends on shape regularity = robustness w.r.t
the final time T and the polynomial degrees p and q
7/ no restriction on coarsening between 77" and 7"

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 21 /37



Q Introduction

Q The reaction—diffusion equation
@ Equivalence between error and dual norm of the residual
@ Guaranteed upper bound
@ Local efficiency and robustness

o The heat equation
@ Equivalence between error and dual norm of the residual
@ High-order discretization & Radau reconstruction
@ Guaranteed upper bound
@ Local space-time efficiency and robustness

e Some numerical experiments (steady case)

Q Conclusions and future directions




Model problem

—Au=f inQ:=(01)>
u=0 on 990
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Numerics: smooth case

Model problem

—Au=f inQ:=(0,1)?
u=0 on oQ

Exact solution

u(x,y) = sin(2nx) sin(2wy)

-
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Numerics: smooth case

Model problem

—Au=f inQ:=(0,1)3
u=0 on oQ

Exact solution
u(x,y) = sin(2nx) sin(2wy)

Discretization

@ symmetric interior penalty discontinuous Galerkin method:
up & Hy ()

@ unstructured triangular grids

@ uniform h and p refinement

-
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How large is the overall error? (model pb, known sol.)

h p n(un)

rel. error estimate (%)
[V upll

IV (u = up)l

Po 13

28 x107%

1.1

A. Ern, |. Smears, and M. Vohralik
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How large is the overall error? (model pb, known sol.)

; 7(Up) — TV @=un)T
h p n(up) rel. error estimate TVl [[V(u—up)|| rel error I
ho 1 13 28 x 107% 11 24x10'%
e S mernematics aérc
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How large is the overall error? (model pb, known sol.)

; 1(Up) _ TV {u—up)Tl eff _ __n(up)
h p n(up) rel. error estimate TVl [[V(u—up)|| rel error I " = TS (u—sp
ho 1 1.3 2.8 x 10™% 11 2.4 x10™% 1.17
e i S— aérc
&Z/?W .
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How large is the overall error? (model pb, known sol.)

i (un) TV {u—up)Tl ff _ (Un)
h p n(up) rel. error estimate H"W”hu IV(u—up)|| rel. error W "= HV?Thuh
ho 1 1.3 28 x107% 1.1 2.4 x107% 117
~hy/2 6.1 x 10~1 1.4 % 10'% 5.6 x 10~1 1.3 x10'% 1.09
7 e e erc
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How large is the overall error? (model pb, known sol.)

i (up) TV {u—up)Tl ff _ (un)

h p n(up) rel. error estimate H"W”hu IV(u—up)|| rel. error W "= HV?U—hu,,
ho 1 1.3 28 x107% 1.1 2.4 x107% 117
~hy/2 6.1 x 10~ 1.4 x10'% 5.6 x 10~ 1.3x10'% 1.09
~hy /4 3.1 x 107! 7.0% 29 x 107! 6.6% 1.06
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How large is the overall error? (model pb, known sol.)

h p n(un) rel. error estimate ‘fv(‘f/”h)” IV(u—up)|| rel. error 7”V”(§E:""”‘ P = Hv?lslfz):,,

ho 1 1.3 2.8 x 10™% 11 2.4 x10™% 1.17
~hy/2 6.1 x 10~ 1.4 % 10'% 5.6 x 10~ 1.3 x10'% 1.09
~ho /4 3.1 %x 10~ 7.0% 2.9 x 10~ 6.6% 1.06
~hy/8 1.5 x 10" 3.3% 1.4 x 10" 3.1% 1.04

Cozia—
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How large is the overall error? (model pb, known sol.)

h p n(un) rel. error estimate ‘fv(‘f/”h)” IV(u—up)|| rel. error 7”V”(§E:""”‘ P = Hv?lslfz):,,

ho 1 1.3 28 x 10'% 1.1 24x10'% 117
~hy/2 6.1 x 10! 1.4 x10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 3.1 x 10! 7.0% 2.9 x 10! 6.6% 1.06
~hy/8 1.5 x 10" 3.3% 1.4 x 10" 3.1% 1.04

ho 2] 1.6x107T 3.7% 1.5 x 101 3.5% 1.06
~hy/2 2| 42x1072 9.5x107'% 41 %102 92x107"'% 1.04
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How large is the overall error? (model pb, known sol.)

h p n(un) rel. error estimate ‘fv(‘f/”h)” IV(u—up)|| rel. error 7”V”(§E:""”‘ P = Hv?lslfz):,,

ho 1 1.3 28 x 10'% 1.1 24x10'% 117
~hy/2 6.1 x 10! 1.4 x10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 3.1 x 10! 7.0% 2.9 x 10! 6.6% 1.06
~hy/8 1.5 x 10" 3.3% 1.4 x 10" 3.1% 1.04
ho 2] 1.6x107T 3.7% 1.5 x 101 3.5% 1.06
~hy/2 2| 42x1072 9.5x107'% 41 %102 92x107"'% 1.04
ho 3] 1.4x1072 32x107"% 1.4 x 102 31x107 "% 1.03
~hy/4 3| 26x10~4 5.9 x 1073% 2.6 x 1074 5.9 x 1073% 1.01
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How large is the overall error? (model pb, known sol.)

; (un) TV {u—up)Tl ff _ (Un)

h p n(up) rel. error estimate HnWhnH IV(u—up)|| rel. error W "= HV?U—hu,,
ho 1 1.3 28 x 10'% 1.1 24x10'% 117
~hy/2 6.1 x 101 1.4 x10'% 5.6 x 101 1.3x10'% 1.09
~hy/4 3.1 x 10! 7.0% 2.9 x 10! 6.6% 1.06
~hy/8 1.5 x 10" 3.3% 1.4 x 10" 3.1% 1.04
ho 2] 1.6x107T 3.7% 1.5 x 101 3.5% 1.06
~hy/2 2| 42x1072 9.5x 10~ "% 41 x 102 9.2x 107 "'% 1.04
ho 3] 1.4x1072 32x107"% 1.4 x 102 31x107 "% 1.03
~hy/4 3| 26x107* 5.9 x 107%% 2.6 x 1074 5.9 x 1073% 1.01
ho 41 1.0x10738 23x107%% 9.9 x 104 22x107%% 1.02
~hy/8 4| 26x1077 5.9 x 1076% 2.6 x 107 5.8 x 1076% 1.01

12777 50
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Numerics: smooth case with localized features

Model problem

~Au = f in Q= (-1,1)
u = 0 onoQ
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Numerics: smooth case with localized features

Model problem

~Au = f in Q:=(-1,1)?
u = 0 onoQ

Exact solution

u(x,y) = (x* = 1)(y? — 1) exp (=100(x* + y?))
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Numerics: smooth case with localized features

Model problem

~Au = f in Q:=(-1,1)?
u = 0 onoQ

Exact solution
u(x,y) = (x* —1)(y® — 1) exp (—100(x® + y?))

Discretization

@ conforming finite elements: up € H'(Q)
@ unstructured nested triangular grids
@ /p-adaptive refinement

-
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Effectivity indices on hp meshes

P. Daniel, A. Ern, I. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)
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Where (in space) is the error localized?

%10
8
7
6
5
4
3
2
1
Estimated error distribution Exact error distribution
1k (Un) |V(u— un)llk
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Can we decrease the error efficiently?

P4
ANV
S
([
> P3
4
4
P2
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Can we decrease the error efficiently?

P5
AMM# P4
(N
?' P3
P2
Im
Mesh 7 and pol. degrees px Exact solution

&z’m
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Model problem

AU = 0 in Q= (—1,1)2\[0,1]3,
u = up onoN
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Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,
u = up onoN

Exact solution

u(r,¢) = r?/3sin(2¢/3)

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations
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Numerics: singular case

Model problem

~Au = 0 inQ:=(-1,1)2\][0,1]?
u = up on 9N
Exact solution
u(r, ¢) = r¥3sin(2¢4/3)
Discretization
@ conforming finite elements: u, € H'(Q)

@ unstructured nested triangular grids
@ hp-adaptive refinement

-
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1.3

1.2

effectivity index of 7(7z)
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P. Daniel, A. Ern, I. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)
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Can we decrease the error efficiently?

10?

10t

10°

10t

1072

3 uniform h, p=1
10 m- h-adaptivity, p=1
—o— hp-adaptivity
—p—a priori best

relative errors in energy norm [%]

0 5 10 15 20 25 30
DoFY?

Relative error as a function of
no. of unknowns
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Can we decrease the error efficiently?

P5

P4

P3

P2

Mesh 7 and polynomial
degrees px

10?

10t

10°

10t

1072

relative errors in energy norm [%)]

[~ uniform &, p=1 |

—p—a priori best

= h-adaptivity, p=1
—o— hp-adaptivity

5 10 15 20 25 30
DoF*®

Relative error as a function of

no. of unknowns
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Problem and exact solution

So007-01 +5000E+00
=T

— —
Zo0EntD

sos00E-5 TO00oE

Problem

AU+ rK2u=0 in Q,
u=up on 9Q N

Solution

ulx,y)=e "™ +e

A. Ern, |. Smears, and M. Vohralik
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Effectivity indices in dependence on «: robustness

effectivity index

uniform grid, 32 triangles

uniform grid, 131072 triangles

7 T 7 T
6F B 6 B
5r 4 s5F
x
5
£
4t 4 Eap
2
H
3r 1 8ap ]
0-o__ 3
) /,’ ¢----0 %2 _-®
L ) L -]
¢---o0----0---"9 _.-e”
i 1 &---0---6----0---o0-"
-6 -4 ‘*2 ‘D ‘2 ‘4 6 0*6 ‘*4 ‘*2 ‘D ‘2 ‘0 6
10 10 10 10 10 10 100 10 10 10 10 10 10 10

reaction term kappa®2

Mesh with 32 triangles

A. Ern, |. Smears, and M. Vohralik

reaction term kappa*2

Mesh with 131072 triangles
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Estimated and actual errors in uniformly/adaptively
refined meshes and effectivity indices

energy norm

10° . . : : 19 ; -
= © = min. est,, uniform = © =min. est., uniform
—©— min. est., adaptive 18 —©— min. est., adaptive | ]
= = = exact error, uniform 17F
107 exact error, adaptive | .
107}
10°F RN
107 L L L L 15 - = X
10' 10° 10° 10" 10° 10 10 10 10 10 10 10
number of triangles number of triangles
Est. and act. errors, < = 1 Effectivity indices, x = 1
rd i
,,,,,,,,,,, S mernematics erc
Crsia— ,

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 33 /37



| Reaction—diffusion eq. Heateq. Numerics C

Estimated and actual errors in uniformly/adaptively
refined meshes and effectivity indices

10° . . : : 28
= © = min. est., uniform
=©— min. est., adaptive
= = =exact error, uniform 26
exact error, adaptive
107} x
g - € 24f --e--"°
2 ~
5 1 T~ N g
g - 8
S | % 22
oL
= © = min. est., uniform
) —©— min. est., adaptive
05 2 < vy 5 o 18 2 S o = 6
10 10 10 10 10 10 10 10 10 10 10 10
number of triangles number of triangles
e . . 3
Est. and act. errors, k = 103 Effectivity indices, k = 10
- i
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Error distribution, adaptively refined mesh, x = 10°
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Q Introduction

Q The reaction—diffusion equation
@ Equivalence between error and dual norm of the residual
@ Guaranteed upper bound
@ Local efficiency and robustness

o The heat equation
@ Equivalence between error and dual norm of the residual
@ High-order discretization & Radau reconstruction
@ Guaranteed upper bound
@ Local space-time efficiency and robustness

Q Some numerical experiments (steady case)

6 Conclusions and future directions
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Conclusions and future directions

Conclusions (reaction-diffusion)

v guaranteed upper bound

v/ local efficiency and robustness with respect to reaction
and diffusion parameters

v simple form, any polynomial degree
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Conclusions and future directions

Conclusions (reaction-diffusion)

v guaranteed upper bound

v/ local efficiency and robustness with respect to reaction
and diffusion parameters

v simple form, any polynomial degree
Conclusions (heat)

v/ guaranteed upper bound
v local space-time efficiency

v robustness with respect to both spatial and temporal
polynomial degree

v arbitrarily large coarsening allowed

-

,,,,,,,,,,, p— ‘erc
A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 36 / 37



| Reaction—diffusion eq. Heateg. Numerics C

Conclusions and future directions

Conclusions (reaction-diffusion)

v guaranteed upper bound

v/ local efficiency and robustness with respect to reaction
and diffusion parameters

v simple form, any polynomial degree
Conclusions (heat)

v/ guaranteed upper bound
v local space-time efficiency

v robustness with respect to both spatial and temporal
polynomial degree

v arbitrarily large coarsening allowed
Future directions
@ nonlinear and coupled problems .
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Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator

@ polynomial volume data
@ Costabel & MciIntosh (2010):

Let K € T and r € P,(K). Then there exists £, ¢ RTN,(K) s.t.
V&, =rand

1€nllc < Cllrlly-1(k) = sup (r,v)k.
veH(K), [V v]lx=1

rd i

,,,,,,,,,,,,,,,,,,,,,,, erc
Vo R PPy ] —

Lrzia— .

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for the reaction—diffusion and heat equations 38 / 37



Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator
@ polynomial volume data
@ Costabel & MciIntosh (2010):

Let K € T and r € P,(K). Then there exists £, ¢ RTN,(K) s.t.
V&, =rand

1€nllc < Cllrlly-1(k) = sup (r,v)k.
veH(K), [V v]lx=1

Polynomial extensions in H(div)

@ polynomial boundary data
@ Demkowicz, Gopalakrishnan, Schéberl (2012):

Let K € T and r € Pp(Fi) satistying (r,1)sx = 0. Then there
exists £, € RTN,(K) s.t. §,-ng = ron 0K, V£, = 0in K, and

1€l < Clirlly-12e00) = sup  (r,V)ok-
veH!(K). [ VVik=1 ¢
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7 C Fk. Letr € Pp(FR) x Po(K), satisfying
> Fer (rF1)F = (rk, 1)k if Fi¢ = Fx. Then for C = C(rk) > 0,

min v <C min |v
v,,eRTN,J(K)” hHK - veH(div,K) “ HK
Vp-Ng=IF VFE]‘-}}I V-Ng=rF VFG]'-E
V-Vp=rg V-v=rg

-
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—Alk = rx in K,
—Vik-nk = IF onall F ¢ 7§,

(k=0 onall F € Fi \ Fx.
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7 C Fk. Letr € Pp(FR) x Po(K), satisfying
> Fer (rF1)F = (rk, 1)k if Fi¢ = Fx. Then for C = C(rk) > 0,

MFEs

= min \' < C min Vl|xk =C .
lénllc "5 min il < C_min vl = Clléxllx
Vp-Ng=IF VFE]‘-}}I V-Ng=rF VFG]'-}}I
YV -Vp=rg V-v=rg
Context
—Alk = rx in K,
—Vik-nk = IF onall F ¢ 7§,
(k=0 onall F € Fi \ Fx.
Set £K = —VCK ,,,,,,,,,,, e , erc
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Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D

T™
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Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D
@ Ern & V. (2016), 3D
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Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D

@ Ern & V. (2016), 3D

@ Ern, Smears, & V. (2017), 2-3D, patches with

subrefinement

Wa

A. Ern, |. Smears, and M. Vohralik
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High-order space-time discretization

CG in space & DG in time
@ p-degree continuous piecewise polynomials in space

VI = {vh € H{(Q), Vhlx € Pp(K) YKeT"}
@ g-degree discontinuous piecewise polynomials in time

Qqn (In; V') := { V-valued pols of degree at most g, over I}

-
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High-order space-time discretization

CG in space & DG in time
@ p-degree continuous piecewise polynomials in space

VI = {vh € H{(Q), Vhlx € Pp(K) YKeT"}
@ g-degree discontinuous piecewise polynomials in time
Qqn (In; V') := { V-valued pols of degree at most g, over I}
High-order discretization

Find up,|), € Qq,(In; V) with up,(0) = Muup such that

/(atuhTJ VhT) + (vuhT7 vVh7') dt — ((]UhTI)n—h VhT(tf—7t1 ))

In

- /(f, Ve )dt  Yvh € Qg VE)  ¥1<n<N.
In
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[ 19+ VZunr | dt < Cirllu=Tunllvyy  VI<n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[0+ VTun [ dt < Calu=Tun vy VT<n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

Reason
X Zup misses the Galerkin orthogonality:

JF-thr) = @0 ) = (T701 5 oy )it 0 W € Qi V)
In
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[0+ VTun [ dt < Calu=Tun vy VT<n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

Reason
X Zup misses the Galerkin orthogonality:

/(fvVhT)_(atIUthVhT)_(vz-uhT’vth)dt Z/(V(UhTIUhT)VVhT)dt V Ve

In In
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[0+ VTun [ dt < Calu=Tun vy VT<n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

Reason

X Zup misses the Galerkin orthogonality:

/(fvVhT)_(atIUthVhT)_(vz-uhT’vth)dt Z/(V(UhTIUhT)VVhT)dt V Ve

In In

v/ the misfit is known: up, — Zup,

-
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Remedy

Augmented norm

e augment the norm: ||v|2 =|Zv|5+[lv—Zv|%, vE Y+ Vp,
e lu=u=

lu = unrlg, = lu—Zunr|[% + |lunr — Zun %
N————

known, computable

@ we are adding to Y norm the time jumps in X norm
(Schétzau—Wihler):

b — Tonm Iy = /, IV (Uns — Tup) 2 dt

+1)
= MWIIVGUMDn &

-
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Equivalence between the Y and £y norms

Theorem (Global equivalence)

Suppose no source term oscillation or no coarsening. Then
there holds

U —Zup|ly < ||u— Uprlle, < 3|lU—Zup|ly

@ the two norms ||-[|y and |[|-|¢, still may differ locally

@ in general, an additional source term oscillation or
coarsening term appears

-
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@ refinement & coarsening can also involve changing
polynomial degrees

- 14
Crszam. 2




Handling mesh adaptivity

A, -
PANZ\N

NP

Wa Wa

@ refinement & coarsening can also involve changing
polynomial degrees . P
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Handling mesh adaptivity

g1 7
o —
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Wa Wa
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@ refinement & coarsening can also involve changing
polynomial degrees o e
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