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Basic CV

Basic CV

@ joined Université Pierre et Marie Curie, Laboratoire
Jacques-Louis Lions as a “maitre de conférences” in
September 2006

@ January 2005-August 2006: post-doc at CNRS, Université
Paris-Sud

@ December 2004: Ph.D. at Czech Technical University in
Prague & Université Paris-Sud
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Topics of the habilitation
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Topics of the habilitation

Topics of the habilitation

@ a posteriori error estimates
@ guaranteed and robust error control
@ unified frameworks
Part 2
@ stopping criteria
@ equilibration of error components
@ adaptive algorithms

@ a priori error estimates

@ inexpensive implementations

@ development of scientific calculation codes
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Background

Background

@ GNR MoMas project Mathematical Modeling and
Numerical Simulation for Nuclear Waste Management
Problems

@ ERT project with the French Petroleum Institute Enhanced
oil recovery and geological sequestration of CO,: mesh
adaptivity, a posteriori error control, and other advanced
techniques

@ HydroExpert society, simulations of flow and contaminant
transport in underground porous media (code TALISMAN)
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Co-supervision of Ph.D. candidates

Nancy Chalhoub

@ framework of the GNR MoMas project

@ co-supervision with Alexandre Ern (ENPC) and Toni Sayah
(Université Saint-Joseph, Beirut, Lebanon)

@ general framework for a posteriori error estimation in
instationary convection—diffusion—reaction problems
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Nancy Chalhoub

@ framework of the GNR MoMas project

@ co-supervision with Alexandre Ern (ENPC) and Toni Sayah
(Université Saint-Joseph, Beirut, Lebanon)

@ general framework for a posteriori error estimation in
instationary convection—diffusion—reaction problems

Soleiman Yousef, Carole Widmer

e framework of the ERT project with the French Petroleum
Institute

@ co-supervision with Daniele Di Pietro (French Petroleum
Institute) and Vivette Girault (LJLL)

@ a posteriori estimates, stopping criteria, and adaptive
algorithms for the Stefan problem (S. Yousef) and a
posteriori estimates and adaptivity for cell-centered finite
volume discretizations of two-phase flows (C. Widmer)
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Numerical approximation of a nonlinear, instationary
PDE

Exact and approximate solution

@ let p be the weak solution of Ap = F, A nonlinear,
instationary

@ let p, be its approximate numerical solution, Apps = Fp
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Numerical approximation of a nonlinear, instationary
PDE

Exact and approximate solution

@ let p be the weak solution of Ap = F, A nonlinear,
instationary

@ let p, be its approximate numerical solution, Apps = Fp
Solution algorithm

@ introduce a temporal mesh of (0, T) givenby t",0 <n< N

@ introduce a spatial mesh 7, of Q on each t"

@ on each t”, solve a nonlinear algebraic problem Ajpy = F//
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lterative linearization and iterative algebraic solvers

lterative linearization of Ajp; = F/

o AP () — pMUE): giscrete Newton or fixed-point
linearization
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o AP () — pMUE): giscrete Newton or fixed-point
linearization
@ loopini
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lterative linearization and iterative algebraic solvers

lterative linearization of Ajp; = F/

o AP V) = FMI7Y: discrete Newton or fixed-point
linearization

@ loopini

@ when do we stop?

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C

lterative linearization and iterative algebraic solvers

lterative linearization of Ajp; = F/

o AP Ff”,(,’_”. discrete Newton or fixed-point
Imeanzahon
@ loopini
@ when do we stop?
Iterative algebraic system solution on each t"” and for
each /
o AP Vppt) = ;MY is a linear algebraic system

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C

lterative linearization and iterative algebraic solvers

lterative linearization of Ajp; = F/

o AP V) = FMI7Y: discrete Newton or fixed-point

Imeanzahon

@ loopini

@ when do we stop?
Iterative algebraic system solution on each t"” and for
each j

o AP Vppt) = ;MY is a linear algebraic system

o we onIy solve it inexactly by, e.g., some iterative method
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lterative linearization and iterative algebraic solvers

lterative linearization of Ajp; = F/
o AP V) = FMI7Y: discrete Newton or fixed-point
Imeanza’uon
@ loopini
@ when do we stop?
Iterative algebraic system solution on each t"” and for
each /
o AP Vppt) = ;MY is a linear algebraic system
o we onIy solve it inexactly by, e.g., some iterative method
@ when do we stop?
Approximate solution

@ the approximate solution pj, that we have as an outcome
does not solve Axp} = Fp
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lterative linearization and iterative algebraic solvers

lterative linearization of Ajp; = F/
o AP V) = FMI7Y: discrete Newton or fixed-point
Imeanza’uon
@ loopini
@ when do we stop?
Iterative algebraic system solution on each t"” and for
each /
o AP () — f,(,’ " is a linear algebraic system
o we onIy solve it inexactly by, e.g., some iterative method
@ when do we stop?
Approximate solution
@ the approximate solution pj, that we have as an outcome
does not solve Axp} = Fp
@ how big is the overall error [[p — pjllo.(0,7)?
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A posteriori error estimates: 5 optimal properties

Guaranteed upper bound (global error upper bound)

2 N
© [Ip = Phllaxo,ry < 2on=1 2keTy k(o5
@ no undetermined constant: error control
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A posteriori error estimates: 5 optimal properties

Guaranteed upper bound (global error upper bound)
a N a
° [lp- th%X(o,T) < Donet 2oKeTy i (oh)?
@ no undetermined constant: error control
Local efficiency (local error lower bound)

2
° nK(ph) ffKnZLclosetoK Hp thLx tn—1,tn)
@ enables to predict the overall error dlstrlbutlon
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A posteriori error estimates: 5 optimal properties

Guaranteed upper bound (global error upper bound)
N

° [lp- P%H%X(O,T) < Donet 2oKeTy i (oh)?

@ no undetermined constant: error control
Local efficiency (local error lower bound)

° nK(ph)z ffKnZLclosetoK Hp thLx tn—1,tn)

@ enables to predict the overall error dlstrlbutlon
Asymptotic exactness

° Zn 1 EKGT" nK(ph)z/Hp thQx(O T 1

° overestlma’uon factor goes to one Wlth meshes size

Robustness
@ C.r k n does not depend on coefficients, their relative size
and variation, solution regularity, domain €, final time T
@ estimators equally good in all situations
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A posteriori error estimates: 5 optimal properties

Guaranteed upper bound (global error upper bound)

2 N
© [Ip = Phllaxo,ry < 2on=1 2keTy k(o5
@ no undetermined constant: error control

Local efficiency (local error lower bound)

2
° nK(ph) ffKnZLclosetoK Hp thLx tn—1,tn)
@ enables to predict the overall error dlstrlbutlon

Asymptotic exactness

° Zn 1 EKGT” nK(ph)z/Hp thQx(O T 1
° overestlmatlon factor goes to one Wlth meshes size
Robustness
@ C.r k n does not depend on coefficients, their relative size
and variation, solution regularity, domain €, final time T
@ estimators equally good in all situations
Negligible evaluation cost
@ estimators can be evaluated locally
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Aims and benefits of this work

Aims of this work

@ give a guaranteed and robust upper bound on the overall
error [|p — pillax(o,7), if possible asymptotically exact
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Aims and benefits of this work

Aims of this work

@ give a guaranteed and robust upper bound on the overall
error [|p — pillax(o,7), if possible asymptotically exact

@ ensure local efficiency (optimal mesh refinement)

@ develop unified frameworks

@ distinguish the algebraic/linearization errors, due to inexact
solution of linear/nonlinear problems, and the space and
time discretization errors, due to mesh size, time step, and
numerical scheme
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Aims and benefits of this work

Aims of this work

@ give a guaranteed and robust upper bound on the overall
error [|p — pillax(o,7), if possible asymptotically exact

@ ensure local efficiency (optimal mesh refinement)

@ develop unified frameworks

@ distinguish the algebraic/linearization errors, due to inexact
solution of linear/nonlinear problems, and the space and
time discretization errors, due to mesh size, time step, and
numerical scheme

@ stop the iterative solvers whenever algebraic/linearization
errors do not affect the overall error significantly

@ equilibrate the space and time error components

Benefits
@ optimal computable overall error bound
@ improvement of approximation precision
@ important computational savings
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Previous results

Continuous finite elements

@ Babuska and Rheinboldt (1978), introduction

@ Ladeveze and Leguillon (1983), equilibrated fluxes
estimates (equality of Prager and Synge (1947))

@ Zienkiewicz and Zhu (1987), averaging-based estimates
@ Verflrth (1996, book), residual-based estimates
@ Repin (1997), functional a posteriori error estimates

@ Destuynder and Métivet (1999), equilibrated fluxes
estimates

@ Ainsworth and Oden (2000, book), equilibrated residual
estimates

@ Luce and Wohlmuth (2004), equilibrated fluxes estimates
@ Braess and Schdberl (2008), equilibrated fluxes estimates
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Previous results

Finite volumes
@ Ohlberger (2001), non-energy norm estimates
@ Achdou, Bernardi, Coquel (2003), links FV-FE
@ Nicaise (2005, 2006), postprocessing
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@ Ainsworth (2007), reconstruction of side fluxes
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Mixed finite elements
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@ Carstensen (1997)
@ Hoppe and Wohlmuth (1997)
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@ Kim (2007)
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Previous results: inhomogeneous diffusion, reaction

Diffusion with discontinuous coefficients
@ Dérfler and Wilderotter, conforming finite elements
@ Bernardi and Verflrth (2000), conforming finite elements
@ Petzoldt (2002), conforming finite elements
@ Ainsworth (2005), nonconforming finite elements
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Diffusion with discontinuous coefficients

@ Dérfler and Wilderotter, conforming finite elements

@ Bernardi and Verflrth (2000), conforming finite elements
@ Petzoldt (2002), conforming finite elements

@ Ainsworth (2005), nonconforming finite elements

Reaction-dominated problems

@ Verfiirth (1998), residual estimates

@ Ainsworth and Babugka (1999), equilibrated residual
estimates

@ Grosman (2006), equilibrated residual estimates,
anisotropic meshes
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Previous results: parabolic problems

Continuous finite elements

@ Bieterman and Babuska (1982), introduction

@ Eriksson and Johnson (1991), rigorous analysis

@ Picasso (1998), evolving meshes

@ Strouboulis, Babuska, and Datta (2003), guaranteed
estimates

@ Verfiirth (2003), efficiency, robustness with respect to the
final time

@ Makridakis and Nochetto (2003), elliptic reconstruction
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Finite volumes
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Previous results: algebraic error

A posteriori estimates accounting for algebraic error
@ Repin (1997)
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A posteriori estimates accounting for algebraic error
@ Repin (1997)
Stopping criteria for iterative solvers
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@ Arioli (2004)
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@ Repin (1997)

Stopping criteria for iterative solvers
@ Becker, Johnson, and Rannacher (1995)
@ Maday and Patera (2000)

@ Arioli (2004)
@ Meidner, Rannacher, Vihnarev (2009)

Algebraic energy error estimation in the conjugate
gradient method

@ Meurant (1997)
@ Strako$ and Tichy (2002)
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Previous results: nonlinear problems

Continuous finite elements

Han (1994), general framework

Verflrth (1994), residual estimates

Barrett and Liu (1994), quasi-norm estimates

Liu and Yan (2001), quasi-norm estimates

Veeser (2002), convergence p-Laplacian

@ Carstensen and Klose (2003), guaranteed estimates

@ Chaillou and Suri (2006, 2007), distinguishing
discretization and linearization errors (only fixed-point, one
linearized problem (not an iterative loop))

@ Diening and Kreuzer (2008), linear cvg p-Laplacian
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@ Liu and Yan (2001), quasi-norm estimates for the
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Previous results: various

Variational inequalities
@ Hlavacek, Haslinger, Necas, and LoviSek (1982)
@ Ainsworth, Oden, and Lee (1993)
@ Chen and Nochetto (2000)
@ Wohlmuth (2007)
Stokes problem
@ Verflrth (1989)
@ Dérfler and Ainsworth (2005)
Unified frameworks
@ Ainsworth (2005)
@ Carstensen (2005-2009)
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Previous results: error components equilibration

Error components equilibration

@ engineering literature, since 1950’s

Ladevéze (since 1980’s)

Verfurth (2003), space and time error equilibration
Braack and Ern (2003), estimation of model errors
Babuska, Oden (2004), verification and validation

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Previous results: implementations, relations

Implementations, mixed methods

@ Arnold and Brezzi (1985)
@ Arbogast and Chen (1995)
@ Cockburn and Gopalakrishnan (2004, 2005)
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Previous results: implementations, relations

Implementations, mixed methods

@ Arnold and Brezzi (1985)

@ Arbogast and Chen (1995)

@ Cockburn and Gopalakrishnan (2004, 2005)
Relations between different methods

@ Russell and Wheeler (1983)
@ Younes, Ackerer, Chavent (1999-2004)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Papers of this habilitation (a posteriori estimates)

Co-authors No.  Year Journal Problem Num. meth. Main results
— [A13] 2010 JSC D FE, VCFV, CCFV, FD  guar. & rob. estimates w.r.t.
the jumps in dif. coef.
Cheddadi, Fucik, Prieto [A4] 2009 M2AN RD FE, VCFV guar. & rob. estimates w.r.t.
the reaction
Ern, Stephansen [A6] 2010 JCAM CRD DG guar. & rob. estimates w.r.t.
the convection and reaction
— [A11] 2007 SINUM CRD MFE guar. estimates
— [A12] 2008 NM CRD FV guar. estimates
Emn [A7] 2010 SINUM heat DG, MFE, VCFV, CCFV unified framework
FCFV, FE, NCFE
Hilhorst [A9] 2010 CMAME CRD instat. VCFV guar. (& rob.) estimates
Hannukainen, Stenberg [B2] 2010 submt. Stokes DG, MFE, FV unified framework
FE, FES, NCFE
Pencheva, Wheeler, Wildey [B3] 2010 submt. D DG, MFE, FV extension to multiscale,
multinumerics, and mortars
Ben Belgacem, Bernardi, Blouza [B1] 2010 submt. syst. var. ineq. FE optimal a posteriori estimates

M. Vohralik

A posteriori estimates, stopping criteria, and implementations
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Papers of this habilitation (stopping criteria)

Co-authors No. Year Journal Problem Num. meth. Main results
Jirdnek, Strako$ [A10] 2010 SISC D CCFV, MFE algebraic error, stopping criteria
El Alaoui, Ern [A5] 2010 CMAME monot. nonlin. FE guar. & rob. estimates w.r.t.

the nonlinearity;
linealization error, stoping criteria
—_ [B4] 2010 prep. two-phase DG, MFE, VCFV a posteriori estimates, stoping criteria
CCFV, FCFV

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Papers of this habilitation (implementations, relations
between methods, postprocessing, a priori estimates)

Co-authors No. Year Journal Problem Num. meth. Main results

Eymard, Hilhorst [A8] 2010 NMPDE CRD par. deg. VCFV convergence proof

Ben Belgacem, Bernardi, Blouza [A1] 2009 M2AN  syst. var. ineq. FE well-posedness, a priori estimates,
residual a posteriori estimates

Ben Belgacem, Bernardi, Blouza [A2] 2009 MMNP syst. var. ineq. FE inexpensive implementation

— [A14] 2010 MC D MFE unified a priori and a posteriori analysis

Wohlmuth [B5] 2010 submt. D MFE inexpensive implementation,

relation to FV methods

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Outline

9 Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

Dominant reaction

Dominant convection

Heat equation

Stokes equation

Multiscale, multinumerics, and mortars

System of variational inequalities
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Introduction

Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

O Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
—-V(SVp) = f inQ,
p = 0 ondQ
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
—-V(SVp) = f inQ,
p = 0 ondQ
Assumptions

@ Q CRY d=2,3,is apolygonal domain
@ S is a piecewise constant scalar, inhomogeneous

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V(SVp) = f inQ,
p = 0 ondQ
Assumptions
@ Q CRY d=2,3,is apolygonal domain
@ S is a piecewise constant scalar, inhomogeneous
Energy norm

1
llell® = 182Vel?, v e H(Q)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
—-V(SVp) = f inQ,
p = 0 ondQ
Assumptions

@ Q CRY d=2,3,is apolygonal domain
@ S is a piecewise constant scalar, inhomogeneous

Energy norm
.
llell? := 182Vl v e Hy ()

VOHRALIK

Guaranteed and fully robust a posteriori error estimates for
conforming discretizations of diffusion problems with
discontinuous coefficients

J. Sci. Comput. 2010 [A13]

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Properties of the weak solution
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Solution pis in H} () Flux —SVp is in H(div, Q)
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Approximate solution and approximate flux

— exactfx
— — -approximate flux

—— exact solution
— — _approximate solution

Approximate solution py, is in Approximate flux —SV py, is not
H () in H(div, Q)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Approximate solution and postprocessed flux

Approximate solution pp, is in Construct a postprocessed flux
H{ () t;, in H(div, Q) (Prager-Synge
(1947))

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate for —V-(SVp) = f

Theorem (A posteriori error estimate)
Let
@ p be the weak solution,
® py € HJ(Q) be arbitrary,
@ D, = Di™ U DM be a partition of Q,
® t, € H(div, Q) be arbitrary but such that

(Vtp,1)p=(f,1)p  forall D c D

Then 1/2
llp — pnll| < { Z (mr,p + 77DF,D)2} .

DeDy,

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate for —V-(SVp) = f

Estimators
@ diffusive flux estimator

® prp = [|[S2VPh + S 2|
e penalizes the fact that —SVp, ¢ H(div, Q)

_ A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate for —V-(SVp) = f

Estimators
@ diffusive flux estimator

® npep = ||S2VPs+ S 2ty p
e penalizes the fact that —SVpy, ¢ H(div, Q)

@ residual estimator

@ "R, D = mD,st— v'th”D
e residue evaluated for t;,

_ A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate for —V-(SVp) = f

Estimators
@ diffusive flux estimator

® norp = ||S2 Vs + S 2o
e penalizes the fact that —SVpy, ¢ H(div, Q)

@ residual estimator

mr,0 := Mps|f — Viallp

residue evaluated for t,

m% s = Co.php?/cs p for D € Dy, Cp p = 1/7? if D convex
m3 g == Cr.php?/cs p for D € DY, Crp = 1 in general

Cs p is the smallest value of S on D

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

A posteriori error estimate for —V-(SVp) = f

Estimators
@ diffusive flux estimator

® norp = ||S2 Vs + S 2o
e penalizes the fact that —SVpy, ¢ H(div, Q)

@ residual estimator

mr,0 := Mps|f — Viallp

residue evaluated for t,

m2D’s := Cp,php?/cs p for D € DI, Cp p = 1/72 if D convex
m3 g == Cr.php?/cs p for D € DY, Crp = 1 in general

Cs p is the smallest value of S on D

Cp,p and Cr p can be replaced by 1 /77 for appropriate
construction of t, (always done in practice)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof, cf. Prager—Synge equality (1947).

@ energy norm characterization:

e — pnll| = sup (SV(p —pn), V)
eeHL(Q), llell=1

V.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof, cf. Prager—Synge equality (1947).

@ energy norm characterization:
lle=pulll=" sup  (SV(p—pn),Ve)
PEH(Q), llllll=1
@ adding and subtracting t, € H(div, Q2), Green theorem:

llo=palll =, _ inf sup  {[(F=Vty,0)|+|(SVPr+th V)| }
theR(AvDoerg @), llell=1

V.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof, cf. Prager—Synge equality (1947).

@ energy norm characterization:

llp=pnlll=" sup  (SV(p—pn), V)
peH (Q), lllelll=1
@ adding and subtracting t, € H(div, Q2), Green theorem:
llp=palll = _int sup  {[(Ff=V-tn,0)|+[(SVPr+th Vo)[}
theR(dv-Qoe i (@), llell=1
@ Cauchy—Schwarz inequality:

1/2
[(SVph + th, V)| < HS%VPh—FS_%thH = { Z 77123F,D}

DeDy,

V.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof, cf. Prager—Synge equality (1947).

@ energy norm characterization:
lle=palll = sup  (SV(p—pn), V)
PEH(Q), llllll=1
@ adding and subtracting t, € H(div, Q2), Green theorem:
llp—=pnlll =, _ inf sup  {|(F=V ty,0)[+|(SVPr+taVe)|}
theR(dv-Qoe i (@), llell=1
@ Cauchy—Schwarz inequality:

1/2
(SVPh + th, V)| < ||S2Vps + S 2ty || = { > n]ZDF,D}
DeDy,
@ local conservation property (V-tp,1)p = (f,1)p VD € Dint,
Poincaré and Friedrichs inequalities:

1/2
(f — V-tp, )| < { > nRD}

DeDy,

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Construction of t,

Practical construction of t;

@ relies on the local conservation property of the given
numerical method

@ uses Raviart-Thomas—Nédélec spaces, two types

e direct prescription of the degrees of freedom by averaging
the normal fluxes Vpu-n

e solution of local Neumann problems by mixed finite
elements (Bank and Weiser (1985), Ern and Vohralik
(2009))

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency of the estimates for —V-(SVp) = f

Theorem (Local efficiency)
Suppose that

@ ty, is constructed from py, by direct prescription or solution
of local Neumann MFE problems

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency of the estimates for —V-(SVp) = f

Theorem (Local efficiency)
Suppose that

@ ty, is constructed from py, by direct prescription or solution
of local Neumann MFE problems

@ the discontinuities are aligned with the dual mesh Dp;
@ harmonic averaging was used in the scheme;
@ harmonic averaging was used in the construction of ty,.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency of the estimates for —V-(SVp) = f

Theorem (Local efficiency)
Suppose that

@ ty, is constructed from py, by direct prescription or solution
of local Neumann MFE problems

@ the discontinuities are aligned with the dual mesh Dp;
@ harmonic averaging was used in the scheme;
@ harmonic averaging was used in the construction of ty,.

Then
"R, + 7oE,0 < Clllp = Palll7y,,

where C depends only on the space dimension d, on the shape
reqularity parameter -, and on the polynomial degree m of f.

V.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof.

nl=

morp < C$ > ([SVern]|3

o€&p

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof.

1
2
E,D < C{ > ||I[SVph'n]1||§}

o€&p

nr,0 < C(||lp — palllp + 7oF,D)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main steps of the proof

Main steps of the proof.

° 1
2
"DE,D < C{ > III[SVph-n]IIIE}
o€&p
o
nr,p < C(|[lp — palllo + 1pE,D)
Philosophy

@ our estimates are, up to a generic constant, a lower bound
for the residual ones

@ we then can use the results for the residual estimates (R.
Verfurth)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Estimates for —V-(SVp) = f, FE, VCFV, CCFV, FD

Properties
@ guaranteed upper bound
@ local efficiency

@ full robustness, singular cases included (no
monotonicity-like assumption as in Dérfler and Wilderotter
(2000), Bernardi and Verflrth (2000), Petzoldt (2002),
Ainsworth (2005), Chen and Dai (2002), or Cai and Zhang
(2009))

@ almost asymptotically exact

@ negligible evaluation cost

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Vertex-centered finite volumes in 1D

Model problem

—p" = #2sin(zx) in]0,1],
p = 0 in0,1

_ A posteriori estimates, stopping criteria, and implementations
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Vertex-centered finite volumes in 1D

Model problem
—p" = #2sin(zx) in]0,1],
p = 0 inO0,1
Exact solution
p(x) = sin(mx)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Estimated and actual errors

10 e e e ] 1.14 ———rrrr—— T
—e— error uniform —a— effectivity ind. uniform
—a— estimate uniform 3 112 B
10° b res. est. uniform 2
L —A—dif. flux est. uniform > 11 =
S =
3 S 1.08 -
5107 : 5
) S 1.06 -
[im} 3
10*4, - 5 1.04— N
[}
£
w 1.02— N
-6 I I
10 IENEREETT IENEREETT coovnnd® e 1 T ) . i
10° 10" 10° 10° 10* 10° 10* 10° 10° 10*
Number of vertices Number of vertices
Actual error and estimator and Effectivity index

its components
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Discontinuous diffusion tensor and vertex-centered
finite volumes

@ consider the pure diffusion equation
—V(SVp)=0 in Q= (-1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$;=5 s,=1 §,=100 s,=1

= -
1 0 1 11 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ad))

e (r,0) polarcoordinates in Q
e a;, b constants depending on Q;
e o regularity of the solution

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Analytical solutions
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Error distribution on a uniformly ref. mesh, case 1

06719 03400

0.6047

03068

0.5375

02728

0.4703 02387

0.4031 02047
0.3350 0.1708
0.2687 0.1366

02016 0.1025

01344 006847

0.06719 003441

1.011E-16 00003574

Estimated error distribution Exact error distribution

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Error distribution on an adaptively ref. mesh, case 2

1.265

1.518E-16

Estimated error distribution Exact error distribution
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Approximate solutions on adaptively refined meshes

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Estimated and actual errors in uniformly/adaptively
refined meshes
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Effectivity indices in uniformly/adaptively refined
meshes
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Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

O Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions




Problem
—Ap+rm = f inQ,
p = 0 onodQ

Assumptions
Q cRY d=2,3,is a polygonal domain
r € L*°(Q) such that for each D € Dy, 0 < ¢,p < r < C,p,
a.e.inD

Energy norm

2 . 2 1/2 112 : 1
llellle == Vel +r 7=l v e Hp()

CHEDDADI, FUCIK, PRIETO, VOHRALIK

Guaranteed and robust a posteriori error estimates for
singularly perturbed reaction—diffusion problems
M2AN Math. Model. Numer. Anal. 2009 [A4]
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A reaction—diffusion problem

Problem
—-Ap+rm = f inQ,
p = 0 ondQ
Assumptions
@ Q CRY d=2,3,is apolygonal domain

@ r € L*>(Q) such that for each D € Dp, 0 < ¢, p < r < C; p,
a.e.inD

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A reaction—diffusion problem

Problem
—-Ap+rm = f inQ,
p = 0 ondQ
Assumptions
@ Q CRY d=2,3,is apolygonal domain

@ r € L*>(Q) such that for each D € Dp, 0 < ¢, p < r < C; p,
a.e.inD

Energy norm

llelld = Vel + I 2el2, o e H3(Q)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A reaction—diffusion problem

Problem
—-Ap+rm = f inQ,
p = 0 ondQ
Assumptions

@ Q CRY d=2,3,is apolygonal domain
@ r € L*>(Q) such that for each D € Dp, 0 < ¢, p < r < C; p,
a.e.inD

Energy norm

lellE = IVl + [Ir' 20l v € Hy(Q)
CHEDDADI, FUCiK, PRIETO, VOHRALIK

Guaranteed and robust a posteriori error estimates for
singularly perturbed reaction—diffusion problems
MZ2AN Math. Model. Numer. Anal. 2009 [A4]

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate for —Ap+rp=f

Theorem (A posteriori error estimate)
Let
@ p be the weak solution,
® py € HJ(Q) be arbitrary,
@ D, = Di™ U DM be a partition of Q,
® t, € H(div, Q) be arbitrary but such that

(V-th+rph,1)D:(f,1)D forallDeDi,?‘.

Then 1/2
llp — pnlll < { Z (mr,p + 77DF,D)2} .

DeDy,

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Residual and diffusive flux estimators

Estimators
@ residual estimator

nr,p := Mpl|f — V-tn — rpsllp

_ A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Residual and diffusive flux estimators

Estimators
@ residual estimator
nr,p = Mpl|f — V-tn — rpxllp
@ diffusive flux estimator

- 1 2
"IpE,p = Min {n](Dll,D777]()ll,D}

]
77](31!,9 :=|Von + thllp

771()212,0 :_{ Z <mKHAPh + Vtnh — (Apn + V)il
KeSp
1

2 L

1 1 2

+mg > CfK,U\I(Vpthth)-nIIg)}
a€£ng}7"‘

e mp, Mk, My: cutoff factors as in Verfrth (1998)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency of the estimates for —Ap+rp=f

Theorem (Local efficiency)

Suppose that ty, was constructed from py, by direct prescription.
Then there holds

nr,0 + 1oE,0 < Cl||p — palllp,

where C depends only on d, k1, m, and C, p/¢c; p.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency of the estimates for —Ap+rp=f

Theorem (Local efficiency)

Suppose that ty, was constructed from py, by direct prescription.
Then there holds

nr,0 + 1oE,0 < Cl||p — palllp,

where C depends only on d, k1, m, and C, p/¢c; p.

Properties

@ guaranteed upper bound
@ local efficiency

@ robustness

@ almost asymptotically exact
@ negligible evaluation cost

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Problem and exact solution

50007€-01 1 so00zs00
=

— —=m
90600E05 To0E0 2 ooonesn

Problem

-Ap+rm=0 in Q,
P = po on 0Q

Solution

po(x,y) = e V¥ eV

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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C

Dif.

React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Effectivity indices in dependence on r

uniform grid, 32 triangles
T T

7 T T

uniform grid, 131072 triangles
T T

6l
sk
3 3
2 24} 1
5 z
% 3 _®
--o--c-e--""C 1 il ___0” |
Al 1 @---0---6----0---o-
0 : : : : : 0 : : : :
10° 10" 107 10° 10° 10* 10°  10° 10" 107 10° 107 10° 10°
reaction term r reaction term r
Mesh with 32 triangles Mesh with 131072 triangles
M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C

Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Estimated and actual errors in uniformly/adaptively
refined meshes and effectivity indices

10° . . 2.8
= © =min. est,, uniform
—©— min. est., adaptive
= = = exact error, uniform 2.6F
exact error, adaptive
2
10°F x
£ ﬁ 2.4
S -0 £
< ~ < z
. e £
5] g
S . % 22
10t
2L
= © = min. est., uniform
—©— min. est., adaptive
10° . . . . 18 — — = — X
10* 10° 10° 10* 10° 100 10 10 10 10 10 10

number of triangles

Est. and act. errors, r = 10°

M. Vohralik

number of triangles

Effectivity indices, r = 108

A posteriori estimates, stopping criteria, and implementations
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Error distribution on an adaptively refined mesh,
r=108

,,,,,,,,,,,,,,,,,,,,,,

Exact error distribution

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Introduction

Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

O Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions
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A convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o

Energy norm
Set 5 = Bs + Ba, where

Bs(p, @) = (SVp, V) + ((r — 3V-W)p,¢),
Ba(p, @) := (W-Vp+ 5(V-W)p, ¢)

@ Bs is symmetric on H'(Tp); put |[[||? = Bs(, )
@ 134 is skew-symmetric on H} ()

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o
Energy norm
Set 5 = Bs + B, where
Bs(p. ) := (SVp, Vi) + ((r— 3V-W)p, ),
Ba(p, @) := (W-Vp+ 3(V-W)p, )

@ Bs is symmetric on H'(Tp); put |[[||? = Bs(, )
@ 134 is skew-symmetric on H} ()

ERN, STEPHANSEN, VOHRALIK

Guaranteed and robust discontinuous Galerkin a posteriori
error estimates for convection—diffusion—reaction problems
J. Comput. Appl. Math. 2010 [A6]

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A dual norm augmented by the convective derivative

e for p,p € H'(7},) define

BD(p> 90) = Z (Wnl[p]]’ {n0¢}>a

o€€p

_ A posteriori estimates, stopping criteria, and implementations
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A dual norm augmented by the convective derivative

e for p,p € H'(7},) define

Bo(p,#) :=—>_ (w-n[p], {Mov})s

o€y

@ introduce the augmented norm

llpllle =[Pl + sup {Ba(p,¢) + Bo(p:»)}
pEH}(Q), llll=1

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A dual norm augmented by the convective derivative

e for p,p € H'(7},) define

Bo(p,#) :=—>_ (w-n[p], {Mov})s

o€y

@ introduce the augmented norm

llpllle =[Pl + sup {Ba(p,¢) + Bo(p:»)}
pEH}(Q), llll=1

@ when p € H}(Q) and V-w = 0, recover the augmented
norm introduced by Verflirth '05

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A dual norm augmented by the convective derivative

e for p,p € H'(7},) define
Bo(p,¢) = — Y _ (w-n[p], {Moe})s
o€y
@ introduce the augmented norm

llpllle =[Pl + sup {Ba(p,¢) + Bo(p:»)}
pEH}(Q), llll=1

@ when p € H}(Q) and V-w = 0, recover the augmented
norm introduced by Verflirth '05

@ 3 contribution is new and specific to the nonconforming
case

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

@ 7: fully computable estimate

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

@ 7: fully computable estimate
@ ||| - |ll4.g,: jump seminorm

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

@ 7: fully computable estimate

@ ||| - ||l#.e,: jJump seminorm

@ fully robust with respect to convection or reaction
dominance

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

@ 7: fully computable estimate

@ ||| - ||l#.e,: jJump seminorm

@ fully robust with respect to convection or reaction
dominance

@ nonconforming setting

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

@ 7: fully computable estimate

@ ||| - ||l#.e,: jJump seminorm

@ fully robust with respect to convection or reaction
dominance

@ nonconforming setting

@ only
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

Let p be the weak solution and py, its DG approximation. Then
there holds

llo = pnllle + [llP = Palll#.e, < 1+ lllonlll.e,
< C(|llp = pallle + lllp = Pallls.e,)-

@ 7: fully computable estimate

@ ||| - ||l#.e,: jJump seminorm

@ fully robust with respect to convection or reaction
dominance

@ nonconforming setting

@ only

o , since the estimators for both

the energy and the augmented norm are (almost) the
same and hence the adaptive strategies are the same

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)
Let p be the weak sol. and let p;, = H'(T,) be arbitrary. Then

Il — pallle

<2 inf {||phsh||+ inf sup  {(f-V-t,—W-Vs,—rsp, ¢)
sheH} ()

0 theH(@v.2) e (@), [l plll=1

~ (8VPn +1.V¢) + (= Vw)(sn—prho)} |+ sup
peH(Q), lllelll=1

{thed{gm){(f—V-th—W'VPh—me ©)—(SVpn +th, Vi) } —Bo(ps, »9)}

< 5|llp — pnllle-

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)
Let p be the weak sol. and let p;, = H'(T,) be arbitrary. Then

Il — pallle

<2 inf {||phsh||+ inf sup  {(f-V-t,—W-Vs,—rsp, ¢)
sheH} ()

b bRV Dot (), lilel=1

~ (8VPn +1.V¢) + (= Vw)(sn—prho)} |+ sup
peH(Q), lllelll=1

{thed{gm){(f—V-th—W'VPh—me ©)—(SVpn +th, Vi) } —Bo(ps, »9)}

< 5|llp — pnllle-

Comments
@ characterization of the error

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)
Let p be the weak sol. and let p;, = H'(T,) be arbitrary. Then

Il — pallle

<2 inf {||phsh||+ inf sup  {(f-V-t,—W-Vs,—rsp, ¢)
sheH} ()

b bRV Dot (), lilel=1

~ (8VPn +1.V¢) + (= Vw)(sn—prho)} |+ sup
peH(Q), lllelll=1

{thed{gm){(f—V-th—W'VPh—me ©)—(SVpn +th, Vi) } —Bo(ps, »9)}

< 5|llp — pnllle-

Comments
@ characterization of the error
@ distance of potentials to H] (%)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)
Let p be the weak sol. and let p;, = H'(T,) be arbitrary. Then

Il — pallle

<2 inf {||phsh||+ inf sup  {(f-V-t,—W-Vs,—rsp, ¢)
sheH} ()

0 theH(@v.2) e (@), [l plll=1

~ (8VPn +1.V¢) + (= Vw)(sn—prho)} |+ sup
peH(Q), lllelll=1

{thed{gm){(f—V-th—W'VPh—me ©)—(SVpn +th, Vi) } —Bo(ps, »9)}

< 5([|p = prllle- )
Comments

@ characterization of the error

@ distance of potentials to H] (%)

@ distance of fluxes to H(div, Q)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Potential and flux reconstructions

—— -exactflux
--- -approximate flux
-~ -postprocessed flux

A postprocessed potential sy, is A postprocessed flux tp is in
in HJ () H(div, Q)

_ A posteriori estimates, stopping criteria, and implementations



Introduction

Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

Q Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions




_ Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.
The heat equation

The heat equation

op—Ap=f aeinQ:=Qx(0,T),
p=0 ae ondQx(0,T),
p(-,0) =py a.e.inQ

_ A posteriori estimates, stopping criteria, and implementations
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The heat equation

The heat equation
op—Ap=f ae inQ:=Qx(0,T),
p=0 aeondQx(0,T),
p(-,0)=py a.e.inQ
Assumptions

@ Q cRY d>2,is apolygonal domain
@ T > 0is the final simulation time

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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The heat equation

The heat equation

op—Ap=f ae inQ:=Qx(0,T),
p=0 aeondQx(0,T),
p(-,0)=py a.e.inQ

Assumptions
@ Q cRY d>2,is apolygonal domain
@ T > 0 is the final simulation time

ERN, VOHRALIK

A posteriori error estimation based on potential and flux
reconstruction for the heat equation

SIAM J. Numer. Anal. 2010 [A7]

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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The heat equation: the setting

Spaces
e X :=L2(0,T; HI(Q)
e X' =20, T,H(Q)
o Yi={yeXoyecX}

_ A posteriori estimates, stopping criteria, and implementations
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The heat equation: the setting

Spaces
® X :=12(0,T; HI(Q))
e X' =12(00,T,H(Q))
oY ={yeXoyeX}

Norms

i
o energy norm [ly|l% := /0 IV yI2(t) t

@ dual norm [ly|ly := ||l¥llx + [|0ty | x, following Verfurth
(2003)

T 1/2
10ey || xr = { /0 10y 1121 (1) dt}

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Time-dependent meshes and discrete solutions

t
3 3
! AR Phr
I I i i 3
3 T
o 9
R EEEEEEE CEELEE P EELLLLY CELLELE Dhr
2 | | | 2
T | | | 7};
| | | 1
R ¢t Phr
! 1
7l | 72 0
! Phr
tO ——————————————————————————————
X

Time-dependent meshes and discrete solutions
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s« Hj(Q) forall0 <n< N

_ A posteriori estimates, stopping criteria, and implementations
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s« Hj(Q) forall0 <n< N

@ flux reconstruction ty, is piecewise constant in time with
(th )], € H(div.Q) forall1 <n<N

_ A posteriori estimates, stopping criteria, and implementations
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s« Hj(Q) forall0 <n< N

@ flux reconstruction ty, is piecewise constant in time with
(th)l), € H(div,Q) forall1 <n< N

Two additional assumptions

n - .
e t]_satisfies a local conservation property

(F— o — VAl =0 VYKeT,

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s« Hj(Q) forall0 <n< N

@ flux reconstruction ty, is piecewise constant in time with
(th)l), € H(div,Q) forall1 <n< N

Two additional assumptions

e t]_satisfies a local conservation property

("= oph, — Vtp )k =0 VKT
@ s)_preserves the mean values of p;_

(SZT7 1)K = (sza 1)K VK € 777n,n+1

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate

Theorem (A posteriori error estimate)

Let
@ p be the weak solution

@ pl < H'(T,") be arbitrary
@ s, be the mean values-preserving potential reconstruction
and t,, locally conservative flux reconstruction.

Then N 1/2
lp—pn-lly < 3{ // Z (R K + noE.k(1))? dt}
n=1

nKe’7’hn

N 1/2
+{Z // 3 (nﬁa,Kf(t)dt}

n=1"n ke

N 1/2
+ {ZT” > (nﬁcz,x)z} + mic + 3||f = fl|x

n=1 KeT)

<

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Estimators
@ diffusive flux estimator
o mork(t) = Vsn() + 1 |k, teh
residual estimator
ek =1 /w7 = isp, — V45

nonconformity estimators

penalize the fact that

initial condition estimator

data oscillation estimator
|f— fllx



_ Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.
Estimators

Estimators
@ diffusive flux estimator
o mprk(t) :==|Vsn(t) +1] |k, te€l,
@ residual estimator
o mr = 1/mhil|f" = drsp, — V47 |k

_ A posteriori estimates, stopping criteria, and implementations
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Estimators

Estimators
o diffusive flux estimator
o nprk(t) = [Vsa-(O) + 17 [k, t€
@ residual estimator
o nrk = 1/mhic|[f" — disf, — V47 |«
@ nonconformity estimators

® e k() = IV(Shr — Prr)()llk, teE
® nxcak = 1/7hkl|0t(Shr — Par )"k
e penalize the fact that p ¢ H]}(Q)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Estimators

Estimators
o diffusive flux estimator
o nprk(t) = [Vsa-(O) + 17 [k, t€
@ residual estimator
o nrk = 1/mhic|[f" — disf, — V47 |«
@ nonconformity estimators

® e k() = IV(Shr — Prr)()llk, teE
® nxcak = 1/7hkl|0t(Shr — Par )"k
e penalize the fact that p ¢ H]}(Q)

@ initial condition estimator

o nic = 2"/2||s® — p°

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Estimators

Estimators
o diffusive flux estimator
o nprk(t) = [Vsa-(O) + 17 [k, t€
@ residual estimator
o nrk = 1/mhic|[f" — disf, — V47 |«
@ nonconformity estimators

® i k(1) =V (Shr — Pnr)(D)|lk, te€ly
® ek = 1/7hkl|0(Shr — Phr)" Ik
e penalize the fact that p ¢ H]}(Q)

@ Initial condition estimator
® e :=2'2|s% — p°

@ data oscillation estimator
o |If — fllx

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Separating the space and time errors

Separating the space and time errors

@ triangle inequality: time-dependent x time-independent
terms (similarly to Picasso (1998), Verflrth (2003),
Bergam, Bernardi, Mghazli (2005), but no unknown
constant)

Corollary (Estimate separating the space and time errors)

N 172 . N 1/2
1P — Parlly < {Z(ns”p)z} +{Z(nﬁ’n)2} +mc+3|f — fl|x

n=1 n=1

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Efficiency

Approximation property

1/2

VP, + 4k < CJ S RIT — ah, + Aoy 2
LeTk

+ “[va7’“]]| 1 gint,n + ||Ip/qT]]|_l ¢n
+3.¢ 2.8k

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Efficiency

Approximation property

1/2
VP, + 4 < €4 S RRITT — oupf, + AR I2
LeTk
n n
+ “[vphT'n]]|+1§7Q§i;t7" + ||IphT]]|—%7Qf%

Theorem (Efficiency)

Under the approximation property, there holds, for all n,
Nep + Nim S 1P = Parlly(in) + T " (Phr) + EF

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A space-time adaptive time-marching algorithm

Achieving a given relative precision ¢

@ we want to satisfy P — prelly

<e
llpnrll 2

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A space-time adaptive time-marching algorithm

Achieving a given relative precision ¢

@ we want to satisfy P — prelly

<e
llpnrll 2

@ we achieve it by
S {05 + )} _
S l1Pnel2
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A space-time adaptive time-marching algorithm

Achieving a given relative precision ¢

@ we want to satisfy P — prelly

<e
llpnrll 2

@ we achieve it by
S {05 + )} _
S l1Pnel2

Algorithm
@ Initialization

@ choose an initial mesh 7,2;
@ select an initial time step 7°;

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A space-time adaptive time-marching algorithm

Achieving a given relative precision ¢

@ we want to satisfy P — prelly

<e
llpnrll 2

@ we achieve it by
S {05 + )} _
S l1Pnel2

Algorithm
@ Initialization

@ choose an initial mesh 7,2;
@ select an initial time step 7°;

@ Loop in time: while >~,7/ < T,
Q set7™ =7, "and r™ = "1,
@ solve p* := Sol(pp~ ", 7™, T,™);
@ estimate the space and time errors by ng, and 7,
o equilibrate //q) and I/{Z“ to prhrHZ(l,,)/\ﬁ

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Discontinuous Galerkin method

Definition (DG method)
Onlh, 77,1 < n< N, find pl_ < V] .= Pr(7)), k > 1, such that

(pf vi)= D {(n{VPL B, [Vl o +0(n-{V v}, [o7 1) }

ae&y

(VPR Vi) + Y laohy  Top 1 IVal)o = (7. Vi) Wvi € V4.

oc&p

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Discontinuous Galerkin method

Definition (DG method)
Onlh, 77,1 < n< N, find pl_ < V] .= Pr(7)), k > 1, such that

(pf vi)= D {(n{VPL B, [Vl o +0(n-{V v}, [o7 1) }

ae&y

(VPR Vi) + Y laohy  Top 1 IVal)o = (7. Vi) Wvi € V4.

oc&p

@ jump operator [vi] = v, — v,
e average operator {vy} = 3(v; + v;)
@ ¢: different scheme types (SIPG/NIPG/IIPG)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Discontinuous Galerkin method

Definition (DG method)
Onlh, 77,1 < n< N, find pl_ < V] .= Pr(7)), k > 1, such that

(pf vi)= D {(n{VPL B, [Vl o +0(n-{V v}, [o7 1) }

ae&y

(VPR Vi) + Y laohy  Top 1 IVal)o = (7. Vi) Wvi € V4.

oc&p

@ jump operator [vi] = v, — v,

e average operator {vy} = 3(v; + v;)

@ ¢: different scheme types (SIPG/NIPG/IIPG)
® o, ¢ HI(Q), —Vp, ¢ H(div, Q)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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DG flux reconstruction

RTN/(7,"): Raviart-Thomas—Nédélec spaces of degree |/

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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DG flux reconstruction

RTN/(7,"): Raviart-Thomas—Nédélec spaces of degree |/

=0 =1
Flux reconstruction t) < RTN/(7,/), /| = kor | = k — 1
@ normal components on each side: Vg, € P/(0),
{th- 1. Gn)o = (~n-{VPL} + ach; " [Ph]. ah)e
@ on each element (only for / > 1): vry € P? | (K),
(thes Tk = —(VPh- Th)k + 03 scen wo (NI, [P, 1) o

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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DG flux reconstruction

RTN/(7,"): Raviart-Thomas—Nédélec spaces of degree |/

=0 =1
Flux reconstruction t) < RTN/(7,/), /| = kor | = k — 1
@ normal components on each side: Vg, € P/(0),
({th 1, Gn)o = (~n-{VPL} + ach, ' [PR,1, h)o
@ on each element (only for / > 1): vry € P? | (K),
(thes Tk = —(VPh- Th)k + 03 scen wo (NI, [P, 1) o
Reconstructed flux property
For | = k and when 7,71 = T, -
OtPhy + V-tp, = Myaf"

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Cell-centered finite volume method

Definition (CCFV method)

On Iy, 7", 1 < n< N, find pl_ < V[":= Po(7,") such that

_(phT [r7)7—171 K+ZSKU: VK€777n.

ae&R

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Cell-centered finite volume method

Definition (CCFV method)

On Iy, 7", 1 < n< N, find pl_ < V[":= Po(7,") such that

— (PR — ph71,1K+ZsKU_(?",1)K VK € T,

ae&R

Flux t]_ € RTNo(77")
<tZT‘n7 1>U = Slr%,a

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Cell-centered finite volume method

Definition (CCFV method)

On Iy, 7", 1 < n< N, find pl_ < V[":= Po(7,") such that

_(phT lr7)q—171 K+ZSKO‘: VK€777n'

ae&R

Flux t]_ < RTNy(7,")
<tZT‘n7 1>U = Slr%,a
Postprocessing of the potential

@ Pl e V[ not suitable for energy error estimates (Vp_ = 0)
e pp_c V], VI'is P1(7,) enriched elementwise by parabolas

° _V,DZT = tZT’
(pg7'7 Dk = (bgr? Dk
o diffusive flux estimator np  ; vanishes (flux-conf. method)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Mixed finite element method

Definition (MFE method)

On Iy, 7", 1 < n< N, find o< W/ and pj_ ¢ V/ such that
(ohr»Wh) — (Phy, V-Wp) =0 vYwp € Wi,

1 - . _
(V-ohs Vo) + (PR — Phy ' vi) = (. vi) - Vv € V.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Mixed finite element method

Definition (MFE method)

On Iy, 7", 1 < n< N, find o< W/ and pj_ ¢ V/ such that
(ohr,Wh) — (Phe, V-Wh) =0 Vw, € W,

1 - . _
(V-ohs Vo) + (PR — Phy ' vi) = (. vi) - Vv € V.

Fluxt} < W}
t}_:= o} directly

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Mixed finite element method

Definition (MFE method)

On Iy, 7", 1 < n< N, find o< W/ and pj_ ¢ V/ such that
(ohr,Wh) — (Phe, V-Wh) =0 Vw, € W,

1 - . _
(V-ohs Vo) + (PR — Phy ' vi) = (. vi) - Vv € V.

Fluxt} < W}
t}_:= o} directly
Postprocessing of the potential
e pp_e V[, VI'is P,.1(7,) enriched by bubbles (Arbogast
and Chen, 1995)
° I_IWZ(_VPZT) = UZT’
o diffusive flux estimator ng 4 vanishes (flux-conf. method)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Vertex-centered finite volume method

Definition (VCFV method)

On Iy, 7", 1 < n< N, find pl_€ V]! :=P1(T,") N H{(Q) s.t.

(0o, 1) — (VPh-np, op = (f",11)p VD € Dj".

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Vertex-centered finite volume method

Definition (VCFV method)

On Iy, 7", 1 < n< N, find pl_€ V]! :=P1(T,") N H{(Q) s.t.

(0o, 1) — (VPh-np, op = (f",11)p VD € Dj".

Setting MV )

® S = DPhry et k> TINca,k VaNish (conforming method)

~l- = -

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Vertex-centered finite volume method

Definition (VCFV method)

On Iy, 7", 1 < n< N, find pl_€ V]! :=P1(T,") N H{(Q) s.t.

(Owpp., 1o — (VPR-np, 1)ap = (F1,1)p VD e D"
———=._D

%Efé N

® S = DPhry et k> TINca,k VaNish (conforming method)
Flux t}_ < RTNg(Sh)
@ by prescription: t}_-n,|,:=—{Vp}_-n,}} on faces o of Sy,
@ by MFE sol. of local Neumann problems on patches Sp:
(tZT + VU,’;T, Vh)D — (qh, V-Vh)D =0 YV, € RTNg’O(SD),

(VA2 dn)p — (F" — Ul dp)p =0  Vop € P5(Sp).

M. Vohralik A posteriori estimates, stopping criteria, and implementations

~l- = -
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Face-centered finite volume method

Definition (FCFV method)

On I, 77,1 < n< N, find pj_ € V/ (Crouzeix—Raviart sp.) s.t.
(0P, 1o — (VPh-Np, 1op = (f",1)p VD € D".

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Face-centered finite volume method

Definition (FCFV method)

On I, 77,1 < n< N, find pj_ € V/ (Crouzeix—Raviart sp.) s.t.
(0P, 1o — (VPh-Np, 1op = (f",1)p VD € D".

Setting

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Face-centered finite volume method

Definition (FCFV method)

On I, 77,1 < n< N, find pj_ € V/ (Crouzeix—Raviart sp.) s.t.
(0P, 1o — (VPh-Np, 1op = (f",1)p VD € D".

Setting

® ph & Hy (), —Vpp,. & H(div, Q)
Flux t7_ € RTNo(S)

@ by prescription: tf_-n, |, :=—{Vpp_-n, }} on faces o of Sy
@ by solution of local Neumann problems on patches Sp

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Spatial and temporal estimators equilibrated

107 T LB ) e R R T
—— spatial estimator
—A—temporal estimator
s g
s 510~ n
5 5 ]
2 gt 1
w [}
10 . . TR ET1 E R R U ET] B R R TET| B R AW
10° 10° 10° 10° 10° 10° 10° 10° 10°
Total number of space-time unknowns Total number of space-time unknowns
. . n e
Spatial estimators 7, and Equilibrated case

temporal estimators 7},
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Overrefinement in time

—A—temporal estimator - ¢ -error overref. tm.
_ w07t i )
g '—‘_Hi“"‘“‘“\ g 107 H
BECh ._4_“........\ L ]
107 . . . TN ETY R N ATT! R ST AT] R ET
10° 10° 10" 10° 10° 107 10° 10° 10° 10°
Total number of space-time unknowns Total number of space-time unknowns
Spatial estimators 7, and Comparison with the
temporal estimators 7}, equilibrated case
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Overrefinement in space

Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Energy error

10

10

-2

10

—— spatial estimator
—A—temporal estimator

10

* 10° 10°

Total number of space-time unknowns

Spatial estimators 7, and
temporal estimators 7},

M. Vohralik

Energy error

T
—e—error equil. sp.—tm.
- ¢ - error overref. sp.

TN ETY R N ATT! R ST AT] R ET
107 10° 10° 10° 10
Total number of space-time unknowns

Comparison with the
equilibrated case

6
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Error distributions

Estimated error distribution, Exact error distribution,
convection dominance convection dominance

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Adaptive refinement approximate solutions

Approximate solutions, Approximate solutions,
convection dominance, two convection dominance, four
levels of refinement levels of refinement

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Introduction

Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

Q Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions




Stokes problem )
—Au+Vp=f in Q

Vu=0 in Q,
Setting u=0 on 9Q
11(v, @)IIIZ == [VV]? + 5|q||?
B—the constant from the

inf sup (9. V-v) >
413 ve(ryye VIl
Cs—the constant from the
i o (Vv,Vz) —(q,V-z) — (r,V-v) > Gy
(VQEH (D)%) zrye(H ()exiz@) 1@ DIV gl

HANNUKAINEN, STENBERG, VOHRALIK

A unified framework for a posteriori error estimation for the
Stokes problem

submitted [B2]
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Stokes problem

React. Conv. Heat Stokes MsMnM Syst. var. ineq.

—Au+Vp=f in Q
Vu=0 in Q
Setting u=0 on 90

o [[l(v, @l := [VVI[® + 5[ ql?
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The Stokes problem

Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Stokes problem _
—Au+Vp=f in Q
Vu=0 in Q
Setting u=0 on 09
o [I(v,q)lll* := [IVV[® + #[ql?
@ (S-the constant from the inf—sup condition

inf sup (g.vv) > f
9<L3(@) ve(ry oo VIl
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The Stokes problem

Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Stokes problem _
—Au+Vp=f in Q
Vu=0 in Q
Setting u=0 on 09
o [I(v,q)lll* := [IVV[® + #[ql?
@ (S-the constant from the inf—sup condition

inf sup (g.vv) > f
9<L3(@) ve(ry oo VIl
@ Cs—the constant from the stability estimate
inf sup (VV, VZ) - (qv VZ) B (ra VV) > CS
(VM) LEQ) @z e (@)xiz@) 11 DIV, g
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The Stokes problem

React. Conv. Heat Stokes MsMnM Syst. var. ineq.

Stokes problem _
—Au+Vp=f in Q
Vu=0 in Q
Setting u=0 on 09
o [I(v,q)lll* := [IVV[® + #[ql?
@ (S-the constant from the inf—sup condition

inf sup (g.vv) > f
9<L3(@) ve(ry oo VIl

@ Cs—the constant from the stability estimate
inf SUp (VV, VZ) - (q> VZ) - (ra VV) 2 CS
(VM) LEQ) @z e (@)xiz@) 11 DIV, g
HANNUKAINEN, STENBERG, VOHRALIK

A unified framework for a posteriori error estimation for the
Stokes problem

submitted [B2]
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The Stokes problem

Theorem (A posteriori error estimate for the Stokes problem)
There holds 3

2
[[[(u—up, p—pp)|l| < ZWNC,K +toe E(TIR,K+77DF,K)2+7712),K
KeTy S \keT;

=

1
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The Stokes problem

Theorem (A posteriori error estimate for the Stokes problem)

There holds E ’ 5
[I(u—un, p~pn)]l| < { Znﬁc,K}+5{ Z(nR,K+nDF,K)2+n%,K}-
KeTy S \keT;

Estimators

@ nonconformity estimator
nne,k = [V(up —sp)llk
@ residual estimator
nr.k = 1/mhg||V-th + |k
@ diffusive flux estimator
nor,K = ||VSh — pall — thllk

@ divergence estimator
_ |IVshlx

"D,K -
p

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Dif. React. Conv. Heat Stokes MsMnM Syst. var. ineq.

The Stokes problem

Theorem (A posteriori error estimate for the Stokes problem)

There holds E ’ 5
[I(u—un, p~pn)]l| < { Znﬁc,K}+5{ Z(nR,K+nDF,K)2+n%,K}-
KeTy S \keT;

Estimators

@ nonconformity estimator
nne,k = [V(up —sp)llk
@ residual estimator
ek = 1/mhk||V-th +f||x
@ diffusive flux estimator
nor,K = ||VSh — pall — thllk
@ divergence estimator
_ IV-snllx
. K= "7
Properties B
@ loc. eff., unified framework (DG, MFE, FV, FE/S, NCFE)

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Introduction

Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

O Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions
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Multiscale, multinumerics, and mortars

Model problem
—-V(SVp) = f inQ,
p = 0 onoQ

_ A posteriori estimates, stopping criteria, and implementations
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Multiscale, multinumerics, and mortars

Model problem
-V(SVp) = f inQ,
p = 0 onoQ
Multiscale
@ decomposition of the problem into /-scale subdomain
problems and H-scale interface problems
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@ different numerical methods in different parts of the domain
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Multiscale, multinumerics, and mortars

Model problem
-V(SVp) = f inQ,
p = 0 onoQ
Multiscale
@ decomposition of the problem into /-scale subdomain
problems and H-scale interface problems
Multinumerics
@ different numerical methods in different parts of the domain
Mortar technique
@ flux normal components conservativity imposed weakly
e following Bernardi, Maday, Patera (1994)
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Multiscale, multinumerics, and mortars

Model problem
-V(SVp) = f inQ,
p = 0 onoQ
Multiscale
@ decomposition of the problem into /-scale subdomain
problems and H-scale interface problems

Multinumerics
@ different numerical methods in different parts of the domain

Mortar technique
@ flux normal components conservativity imposed weakly
e following Bernardi, Maday, Patera (1994)

PENCHEVA, VOHRALIK, WHEELER, WILDEY

Robust a posteriori error control and adaptivity for multiscale,
multinumerics, and mortar coupling

submitted [B3]
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Multiscale, multinumerics, and mortars

A posteriori error estimates
@ potential reconstruction
@ flux reconstruction

e direct prescription
e h-grid-size low order local Neumann MFE problems
e H-grid-size high order local Neumann MFE problems

@ guaranteed, locally efficient, robust with respect to the
ratio H/h for sufficiently regular p

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Multiscale, multinumerics, and mortars—num. exp.

16
14
12
10
8
6
4
2
Estimated error distribution Exact error distribution
inside the subdomains and inside the subdomains and
along mortar interfaces along mortar interfaces
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Multiscale, multinumerics, and mortars—num. exp.

<D
Kot
Adapted mesh in Corresponding adapted
multinumerics DG-MFE mortar mesh

discretization
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Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

@ Dominant reaction

@ Dominant convection

@ Heat equation

@ Stokes equation

@ Multiscale, multinumerics, and mortars

@ System of variational inequalities

O Stopping criteria for iterative solvers and linearizations

@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing

@ Primal formulation-based a priori analysis of MFE

@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions
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A system of variational inequalities

Contact between two membranes

—[L1A,D1 —-X = f in Q
—ppApo + A = fh in Q
pr—p2 = 0, A=0, (p1—p2)A=0 1inQ
p1 = 0 on 09,
po = 0 on oQ

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A system of variational inequalities

Contact between two membranes

—[L1A,D1 —-X = f in Q
—ppApo + A = fh in Q
pr—p2 = 0, A=0, (p1—p2)A=0 1inQ
p1 = 0 on 09,
po = 0 on oQ

BEN BELGACEM, BERNARDI, BLOUZA, VOHRALIK

On the unilateral contact between membranes. Part 2: A
posteriori analysis and numerical experiments

submitted [B1]
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A system of variational inequalities

Theorem (A posteriori error estimate for the contact between

two membranes)

Let p; be the weak solutions, py ; the finite element

approximations, and f; pw. constant. Then
1 1

2 2 2 2
{ZMHV(P/'—Ph,i)HZ} S{ > <Z(UDF,D,:'+77R,D,:')2+77C,D>} !
i=

DeDy \i=1
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A system of variational inequalities

Theorem (A posteriori error estimate for the contact between
two membranes)

Let p; be the weak solutions, py ; the finite element
approximations, and f; pw. constant. Then

1

2 3 2 z
{ZMHV(P/'—Ph,i)HZ} S{ > <Z(UDF,D,:'+77R,D,:')2+77C,D>} !
i=

DeDy \i=1

v

Estimators
@ residual estimator _
nR,0,i := Mpil|fi = V-tni — (=1)' Anllp
@ diffusive flux estimator | .
noE,D,i = [l18f VPni+ 11 *th
@ contact estimator
ne,p = 2(P1,n — P2,ns An)D

D

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A system of variational inequalities

Theorem (A posteriori error estimate for the contact between
two membranes)

Let p; be the weak solutions, py ; the finite element
approximations, and f; pw. constant. Then

1

2 3 2 z
{ZMHV(P/'—Ph,i)HZ} S{ > <Z(UDF,D,:'+77R,D,:')2+77C,D>} !
i=

DeDy \i=1

v

Estimators
@ residual estimator _
nR,0,i := Mpil|fi = V-tni — (=1)' Anllp
@ diffusive flux estimator | .
noE,D,i = [l18f VPni+ 11 *th
@ contact estimator
ne,p = 2(P1,n — P2,ns An)D

D

Properties
@ guaranteed, locally efficient, optimal (up to nc p)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Nonlinear diffusion problem

Nonlinear diffusion problem
—V.o(Vp)=f in Q,
p=0 on 012,
where V¢ € RY, o (&) = a(|€])¢
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Nonlinear diffusion problem

Nonlinear diffusion problem
—V.o(Vp)=f in Q,
p=0 on 012,
where V¢ € RY, o (&) = a(|€])¢

Fixed-point linearization
oL(§) = a(|Vpo|)€
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Nonlinear diffusion problem

Nonlinear diffusion problem
—V.o(Vp)=f in Q,
p=0 on 012,
where V¢ € RY, o (&) = a(|€])¢

Fixed-point linearization

oL(§) :== a(|Vpol)§
Newton linearization

o1 (€) = a(|Vpo|)E + a/(\VPoDWLO‘(VPo © Vo)(€ — Vo)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Nonlinear diffusion problem

Nonlinear diffusion problem
—V.o(Vp)=f in Q,
p=0 on 99,
where V¢ € RY, o(&) = a(|¢])¢
Fixed-point linearization
oL(§) = a(|Vpo| )¢
Newton linearization
1

oL(§) = a(|Vpo|)€ + a’(\Vpo!)W(Vpo ® Vpo)(€ — VPo)
EL ALAOUI, ERN, VOHRALIK
Guaranteed and robust a posteriori error estimates and
balancing discretization and linearization errors for monotone
nonlinear problems
Comput. Methods Appl. Mech. Engrg. 2010 [A5]
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Nonlinear operator A: V := W,9(Q) — V/
(Ap, @) vi,v = (a(VP), V)

Error measure

o(Vp) —o(V Vo
To(pLp) :=||Ap — ApLpllv = sup (e(Vp) (VoL ), Vo)
peV\{0} IVellq

based on the difference of the
dual norm of the residual

inspired from Angermann (1995), Verfirth (2005), Chaillou
and Suri (2006, 2007)

any of the constant /
constant
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Error measure

Linearization error  Algebraic error Two-phase flows

Nonlinear operator A: V .= WJ"’(Q) -V
<Ap7 90> (ZAt (U(Vp)a VQO)
Error measure

o(Vp)—o(V ,V
Tp(pLn) == |Ap — ApLallv = sup (0(VP) —a(VPLh), V)
peV\{0} Vellg

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Error measure

Linearization error  Algebraic error Two-phase flows

Nonlinear operator A: V .= WJ"’(Q) -V

(Ap,p)vr.v = (a(VPp), V)
Error measure

o(Vp)—o(V ,V
Tp(pLn) == |Ap — ApLallv = sup (0(VP) —a(VPLh), V)
peV\{0} Vellg

@ based on the difference of the fluxes
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Error measure

Linearization error  Algebraic error Two-phase flows

Nonlinear operator A: V .= WJ"’(Q) -V

(Ap,p)vr.v = (a(VPp), V)
Error measure

o(Vp)—o(V ,V
Tp(pLn) == |Ap — ApLallv = sup (0(VP) —a(VPLh), V)
peV\{0} Vellg

@ based on the difference of the fluxes
@ dual norm of the residual

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Error measure

Nonlinear operator A: V .= WJ"’(Q) -V
<Ap7 90> (ZAt (O'(Vp), VQO)
Error measure

o(Vp)—o(V ,V
Tp(pLn) == |Ap — ApLallv = sup (0(VP) —a(VPLh), V)
peV\{0} Vellg

@ based on the difference of the fluxes
@ dual norm of the residual

@ inspired from Angermann (1995), Verfirth (2005), Chaillou
and Suri (2006, 2007)
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Error measure

Nonlinear operator A: V .= WJ"’(Q) -V
<Ap7 90> (ZAt (U(Vp)a VQO)
Error measure

o(Vp)—o(V ,V
Tp(pLn) == |Ap — ApLallv = sup (0(VP) —a(VPLh), V)
peV\{0} Vellg

@ based on the difference of the fluxes
@ dual norm of the residual

@ inspired from Angermann (1995), Verfirth (2005), Chaillou
and Suri (2006, 2007)

@ avoids any appearance of the ratio continuity constant /
monotonicity constant

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let

@ p € V be the weak solution,

@ pp € V be arbitrary,

@ D, =Dty D be a partition of L,

® t, € H'(div, Q) be arbitrary but such that
(V -tp,1)p = (f,1)p for all D € D}".

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let

@ p € V be the weak solution,
@ pp € V be arbitrary,
@ D, =Dty D be a partition of L,
® t, € H'(div, Q) be arbitrary but such that
(V -tp,1)p = (f,1)p for all D € D}".
Then there holds

1/r 1/r
Jp(PL,p) <n = { Z (mr,p + TIDF,D)r} + { Z 77£,D} :

DeDy, DeDy,

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Estimators

@ residual estimator
MR,D ‘= CP/F,q,DhDHf - V'thHr,D
diffusive flux estimator

moE,D = ||loL(VPL,n) + thllrp

linearization estimator

L0 =|o (VoL ) (Veun)llro




_ Linearization error  Algebraic error Two-phase flows
Estimators

Estimators

@ residual estimator

nr,0 := Cpr.g.0hollf — Vtallro

@ diffusive flux estimator

nor,0 = |loL(VPLn) + thllrp

_ A posteriori estimates, stopping criteria, and implementations
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Estimators

Estimators

@ residual estimator
nr,0 := Cpr.g.0hollf — Vtallro
@ diffusive flux estimator
noE,0 = |loL(VPLn) + tallrp
@ linearization estimator

nL,o =llo(VeLn) — o.(VeLn)lrp

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Linearization error Algebraic error Two-phase flows

Proof

@ take p € V with ||Vpllg =1

V.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Proof

@ take p € V with ||Vpllg =1
@ note that, for an arbitrary t, € H"(div, Q) by the Green thm

(f,9) = (a(VpL ), Vo) = (f=Vih,¢) = (tn+a(VpLh), V)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Proof

@ take p € V with ||Vpllg =1
@ note that, for an arbitrary t, € H"(div, Q) by the Green thm

(fv 90) - (U(vpL,h)v V‘P) = (f_ V'th, 90) - (th + O'(VPL,h), VQO)
@ (th+o(VpLh), Vo) < |th+o(VpL )| - by the Holder in.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Proof

@ take p € V with ||Vpllg =1

@ note that, for an arbitrary t, € H"(div, Q) by the Green thm
(fv 90) - (U(vpL,h)v V‘P) = (f_ V'th, 90) - (th + O'(VPL,h), v@)

@ (th+o(VpLh), Vo) < |th+o(VpL )| - by the Holder in.

@ |ltp+ (VoL n)llr < lloL(VeLn) + thllr
+|lo(VpLn) — on(VpL )| - by the triangle inequality

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Proof

@ take p € V with ||Vpllg =1

@ note that, for an arbitrary t, € H"(div, Q) by the Green thm
(fv 90) - (U(vpL,h)v V‘P) = (f_ V'th, 90) - (th + o-(vpL,h)a VQO)

@ (th+o(VpLh), Vo) < |th+o(VpL )| - by the Holder in.

@ |ltp+ (VoL n)llr < lloL(VeLn) + thllr
+|lo(VpLn) — on(VpL )| - by the triangle inequality
e for a locally conservative ty, (V-tp,1)p = (f,1p) VD € DI,

(f = Vtn,0)=> (f = Vin,o — 0p)o+ Y (f = V-in, ¢)p

DeDpim DeDg*
SZ CP/F.q‘DhDHf - v'thHr.DHVSOHq,Da
DeDy,

using the Hélder inequality and the generalized Poincaré
and Friedrichs inequalities

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Balancing the discretization and linearization errors

Global linearization stopping criterion
@ stop the Newton (or fixed-point) linearization whenever

nL < 7 Np,

where

1/r
n = { > 77£7D} linearization error,

DeDy,

1/r
np = { > (o + %F,D)r} discretization error
DeDy,

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Balancing the discretization and linearization errors

Global linearization stopping criterion
@ stop the Newton (or fixed-point) linearization whenever

. < v b,
where

1/r
n = { > ”ﬂ,D} linearization error,

DeDy,

1/r
np = { > (o + nDRD)’} discretization error
DeDy,

Local linearization stopping criterion
@ stop the Newton (or fixed-point) linearization whenever

nL,0 < vp (Mr,0 + MpF,D) VD € Dy,

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criterion, with vp small enough, hold.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency

Linearization error  Algebraic error Two-phase flows

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criterion, with vp small enough, hold. Then

nL,0 + 1,0 + MoE,0 < Cllo(Vp) —a(VpLa)lrp,

where the constant C is independent of a and q.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency

Linearization error  Algebraic error Two-phase flows

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criterion, with vp small enough, hold. Then

nL,0 + 1,0 + MoE,0 < Cllo(Vp) —a(VpLa)lrp,

where the constant C is independent of a and q.

@ local efficiency, but in a different norm

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criterion, with v small enough, hold.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criterion, with v small enough, hold. Recall that Jp(prp) < 7.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Global efficiency

Linearization error  Algebraic error Two-phase flows

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping

criterion, with v small enough, hold. Recall that Jp(prp) < 7.
Then

n < ij(pL,h)a
where the constant C is independent of a and q.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Global efficiency

Linearization error  Algebraic error Two-phase flows

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping

criterion, with v small enough, hold. Recall that Jp(prp) < 7.
Then

n < ij(pL,h)a
where the constant C is independent of a and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main elements of the proof

Lemma (Approximation property of the reconstructed flux)
There holds

TIDF,D < Thres,D

1
- { S Bl VoL (VoL i+ elllon(VpLs)nl ||£,F}

KeSp Fegg

@ uses the construction of t, from py p

@ properties of Raviart—-Thomas—Nédélec spaces, scaling
arguments, equivalence of norms on finite-dimensions
spaces

@ g-independent inverse inequalities

@ local postprocessing of potentials from MFE

@ Holder inequality, generalized discrete Poincaré and
Friedrichs inequalities

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main elements of the proof

Lemma (Local efficiency of residual estimators)

There holds

Thres,D S ||O'(V,D) - U(vpL,h)Hr,D + 7L,D-

@ element and face bubble functions, extension operators
@ g-independent estimates
@ Green theorem, Holder inequality, duality

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Main elements of the proof

Lemma (Local efficiency of residual estimators)

There holds

Thres,D S ||O'(V,D) - U(vpL,h)Hr,D + 7L,D-

@ element and face bubble functions, extension operators
@ g-independent estimates
@ Green theorem, Holder inequality, duality

Lemma (Global efficiency of residual estimators)

There holds
Tlres 5 ||Ap - ApL,hHV’ + L.

@ extension operators
@ dual norms

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Adaptive strategy
@ choose an initial mesh 72 and an initial guess
PE,h S Vh(7770)
on the mesh ﬁ/ >0, fori > 1, do the

the flux function at p|
the discrete linearized problem for p| ,,
if the linearization is , then
the linearization, else set i «— (i + 1) and go to step 1)
evaluate the

if the desired overall , then , else
the adaptively, interpolate to it the current
solution, j < (j+ 1), and go to the second step
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Adaptive strategy

Adaptive strategy

@ choose an initial mesh 7 and an initial guess
pg,h € Vn(Ty)

@ on the mesh T,{ j >0, fori > 1, do the iterative loop:

1) linearize the flux function at p/ !

2) solve the discrete linearized problem for pLh
3) if the linearization stopping criterion is reached, then stop
the linearization, else set i + (i + 1) and go to step 1)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Adaptive strategy

Adaptive strategy

@ choose an initial mesh 7 and an initial guess
pg,h € Vn(Ty)
@ on the mesh 7’,{ j >0, fori > 1, do the iterative loop:

1) linearize the flux function at p/ !

2) solve the discrete linearized problem for pLh
3) if the linearization stopping criterion is reached, then stop
the linearization, else set i + (i + 1) and go to step 1)

@ evaluate the overall a posteriori error estimate 7

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Adaptive strategy

Adaptive strategy

@ choose an initial mesh 7 and an initial guess
pg,h € Vn(Ty)

@ on the mesh T,{ j >0, fori > 1, do the iterative loop:

1) linearize the flux function at p/ !

2) solve the discrete linearized problem for pLh
3) if the linearization stopping criterion is reached, then stop
the linearization, else set i + (i + 1) and go to step 1)

@ evaluate the overall a posteriori error estimate 7

@ if the desired overall precision is reached, then stop, else
refine the mesh adaptively, interpolate to it the current
solution, j « (j+ 1), and go to the second step

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Numerical experiment |

Model problem
@ g-Laplacian

V-(IVplT2Vp)=f inQ,
p=py onoN

@ weak solution (used to impose a Dirichlet BC)

q

pOxy) =~ %5 (= 12+ (y = 1)) 7 + 251 (1)

@ tested values g = 1.4,3,10,50

Nl
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Error distribution on a uniformly refined mesh, g = 3

LY
RSO

S

Estimated error distribution Exact error distribution
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Estimated and actual errors and the eff. index, g = 1.4
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@ r ] 3
s r 1 S0 -
S °
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g 1 e -
[ ] 2
[ 1 & 0.95/%— ———a
r 7] o}
ol el il ool il il
10" 10° 10° 10 10° 10" 107 10° 10* 10°
Number of vertices Number of vertices
Estimated and actual errors Effectivity index
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Estimated and actual errors and the eff. index, g = 3

0
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F —e—error up uniform K] —=— effectivity ind. up uniform
F error low uniform 3 5125 effectivity ind. low uniform
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Estimated and actual errors and the eff. index, g = 10

10°

L L e B o 0.94 T T T
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Dual error
=
o
T
|

|
&
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Discretization and linearization components
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Evolution of Newton iterations

14 10 ﬁ
245 2 ) N - ¢ -bal. glob. adapt.
2 S 8 S =
o T ’ '
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g ;; 4 ,’l ‘\‘ Y --A--&-*-A\ -
£ E 3 o Y ‘A
= z \
z 2 - -
2 ‘ ‘ ‘ ‘ 1 ‘ ‘ ALY U N
1 2 3 4 5 6 0 2 4 6 8 10
Refinement level Refinement level
Classical versus balanced Classical versus balanced
Newton, uniform refinement Newton, adaptive ref.

M. Vohralik A posteriori estimates, stopping criteria, and implementations



| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C Linearization error Algebraic error Two-phase flows

Numerical experiment I

Model problem

@ g-Laplacian

V-(IVplT2Vp)=f inQ,
p=py onoN

@ weak solution (used to impose a Dirichlet BC)
po(r,0) = ré sin(03)

@ g = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Error distribution on a uniformly refined mesh

Estimated error distribution Exact error distribution
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Error distribution on an adaptively refined mesh
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Estimated error distribution Exact error distribution
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A model diffusion problem

A model diffusion problem

—-V(SVp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
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A model diffusion problem

A model diffusion problem

—-V(SVp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
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A model diffusion problem

A model diffusion problem

—-V(SVp) = f inQ,
p = 0 onoQ
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*
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A model diffusion problem

A model diffusion problem

—-V(SVp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*

JIRANEK, STRAKOS, VOHRALIK

A posteriori error estimates including algebraic error and
stopping criteria for iterative solvers

SIAM J. Sci. Comput. 2010 [A10]
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A posteriori estimate including the algebraic error

Theorem (Estimate including the algebraic error, FV/MFE)

There holds 1

1 1
2 2 2
llp - Bl < { 3 nﬁc,K} + { > nﬁ,x} + { ) niE,K} :

KeTh KeTh KeTh
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A posteriori estimate including the algebraic error

Theorem (Estimate including the algebraic error, FV/MFE)

There holds 1

1 1
2 2 2
|||p—f>%|||§{2n§c,,<} +{Znﬁ,x} +{Z’7§E,K}-

KeTh KeTh KeTh

@ nonconformity estimator

® ek = 1B — Zos(Bh) |k
o reflects the departure of p from HJ(Q2)
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A posteriori estimate including the algebraic error

Theorem (Estimate including the algebraic error, FV/MFE)

There holds 1

1 1
2 2 2
|||p—f>%|||§{2n§c,,<} +{Znﬁ,x} +{Z’7§E,K}-

KeTh KeTh KeTh

@ nonconformity estimator

® ek = 1B — Zos(Bh) |k
o reflects the departure of p from HJ(Q2)

@ residual estimator
c/?
@ RK = 17z hKHf - fKHK
Cs,k

o reflects data oscillation
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A posteriori estimate including the algebraic error

Theorem (Estimate including the algebraic error, FV/MFE)

There holds 1

1 1
2 2 2
|||p—f>%|||§{2n§c,,<} +{Znﬁ,x} +{Z’7§E,K}-

KeTh KeTh KeTh

@ nonconformity estimator

® nc.k = [[1Bh — Zos(Ph)lllk
o reflects the departure of p from HJ(Q2)

@ residual estimator
c/?
® r K = =z hk|f—fkllk
Cs,k . )
o reflects data oscillation
@ algebraic error estimator

o nacic = S-Sl
o qn=arginf crrnery [|ST2rn||
v'rhIK:RK/‘Kl

e measures the algebraic error

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Stopping criteria for iterative solvers

Global stopping criterion (global efficiency)

@ stop the iterative solver whenever
NAE < 7Y NG,
where

1 1
2 2

2 2
TIAE = Z MAEK (» TINC = Z TINC,K
KeTh KeTh
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Stopping criteria for iterative solvers

Global stopping criterion (global efficiency)

@ stop the iterative solver whenever
NAE < 7Y NG,

where

1 1

2 2
2
e — { 5 77} e { 5 ?7}

KeTh KeTh

Local stopping criterion (local efficiency)
@ stop the iterative solver whenever

MAE.K < VK TINC,K VK € Th

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Local efficiency

Theorem (Local efficiency of the a posteriori error estimate)

Let the mesh Ty, be shape-regular and let the local stopping
criterion hold. Then

11 .
Nk +naek < (1+79k)(CC4 «Cs 7 Il — Phlll7i + h.o.t),

where the constant C depends only on the space dimension
and on the shape regularity parameter.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Global efficiency

Theorem (Global efficiency of the a posteriori error estimate)

Let the mesh Ty, be shape-regular and let the global stopping
criterion hold. Then

e +1mae < C(1+7)(lllp — Phlll + h.o.t).

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Linearization error

Overall error and overall error estimators

Algebraic error

Two-phase flows
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Effectivity indices of the overall error estimators
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Two-phase flows

Two-phase flow problem
0t(#Sa) + V-Uy = Qa inQx(0,7), a € {o,w},
_ kia(sw)

Mo

K(Vpa + pagVZz) = u, inQx(0,7), a € {o,w},
So+ Sy =1 in Q x

Po — Pw = Pc(Sw) inQ x

0,7),
0, 7)

~ ~~  ~
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Two-phase flows

Two-phase flow problem

0t(¢Sa) + VU, = Qo inQx (0, T), a €{o,w},
—kr’ol;(jW)K(Vpa +pagVZ) =u, inQx(0,7), a € {o,w},
So+ Sy =1 inQ x (0, 7),
Po — Pw = Pc(Sw) inQ2x(0,T)
VOHRALIK

A posteriori error estimates, stopping criteria, and adaptivity for
two-phase flows
CRAS note in preparation [B4]

CANCES, POP, VOHRALIK
Rigorous a posteriori error estimates for two-phase flows
in preparation
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Two-phase flows

Theorem (A posteriori error estimate for two-phase flows)

nj—=

N
11(Se— S s Pa—Pepr)lll <43 / S 1 ko1 ()2
n=17IkeTn
h

In KeT

N
ps | Y ettt
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Two-phase flows

Theorem (A posteriori error estimate distinguishing the different

error components)

Consider
@ time step n

@ linearization step k

@ iterative algebraic solver step i
and the corresponding approximations ( . hT, pa hT) Then

n,K,i n,k,i n,K,i n,k,i

K,i
H‘(SO& - a7ll17-7pa - ahr)mln = nsp, +77tma +7711 +7731g o

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Two-phase flows

Linearization error  Algebraic error Two-phase flows

Theorem (A posteriori error estimate distinguishing the different

error components)

Consider
@ time step n

@ linearization step k

@ iterative algebraic solver step i
and the corresponding approximations (s . hT, pa hT) Then

(e = b o = Bl < G+ il + il + - |
Estimators

o k! spatial estimator,

o kel temporal estimator

° n{fnkof linearization estimator

° nﬁ; ! algebraic estimator

M. Vohralik
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Outline

0 Implementations, relations, and local postprocessing
@ Primal formulation-based a priori analysis of MFE
@ Inexpensive implementations of MFE, their link to FV

M. Vohralik A posteriori estimates, stopping criteria, and implementations



Introduction

Guaranteed and robust estimates for model problems
@ Inhomogeneous diffusion

Dominant reaction

Dominant convection

Heat equation

Stokes equation

Multiscale, multinumerics, and mortars

System of variational inequalities

Stopping criteria for iterative solvers and linearizations
@ Linearization error

@ Algebraic error

@ Two-phase flows

Implementations, relations, and local postprocessing
@ Primal formulation-based a priori analysis of MFE
@ Inexpensive implementations of MFE, their link to FV
Conclusions and future directions

® ©6 6 6 60




| Guar. & rob. est. Stop. crit. Impl., rel., & loc. postpr. C MFE a priori analysis MFE implementations, links to FV

Primal formulation-based a priori analysis of MFE

A model diffusion problem

-V(SVp) = f inQ,
p = 0 onoQ

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

A model diffusion problem

-V(SVp) = f inQ,
p = 0 onoQ

Mixed finite element method
Find u, € Vy, and p, € o4 such that

0 Vv € Vh,
(f,on)  Voén € &y

(S~ 'up, V) — (Ph, V-Vp)
(V-up, op)

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

A model diffusion problem

-V(SVp) = f inQ,
p = 0 onoQ

Mixed finite element method
Find u, € V, and p, € ¢4, such that

0 Vv € Vh,
(f,on)  Voén € &y

(S~ 'up, V) — (Ph, V-Vp)
(V-up, op)

VOHRALIK

Unified primal formulation-based a priori and a posteriori error
analysis of mixed finite element methods

Math. Comp. 2010 [A14]

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

Traditional a priori analysis
, 1
@ get (with [|[v[[]. := [|S72v]])
[lu =l < [lu = v, (W]l
@ prove

@ get
o = pnll < Clip = 1(p)|

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

Traditional a priori analysis
® get (with [|[v]]l. := S~2v|)
[lu =l < [lu = v, (W]l
@ prove
@ get
o — pall < Cllp — I(p)||
Present a priori analysis

@ get
[[[u—ugllls < [[u—=Tv, (Wl

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

Traditional a priori analysis
. _1
@ get (with [|[v[[]. := [|S72v]])
[lu =l < [lu = v, (W]l
@ prove
@ get
o = pnll < Clip = 1(p)|

Present a priori analysis

@ get
[[[u—ugllls < [[u—=Tv, (Wl

@ use local postprocessing pn: Py, (Pn) = Un, Po,(Pn) = pn
(Arnold and Brezzi (1985), Arbogast and Chen (1995))
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Primal formulation-based a priori analysis of MFE

Traditional a priori analysis
o get (with [|[v]][. := [|S~2v]|)
[lu =l < [lu = v, (W]l
@ prove
@ get
o — pall < Cllp — I(p)||
Present a priori analysis
@ get
[[lu = unll[« < [lu =y, (W]l
@ use local postprocessing pn: Py, (Pn) = Un, Po,(Pn) = pn
(Arnold and Brezzi (1985), Arbogast and Chen (1995))
@ get optimal estimate for |||p — pp|| from that on |||u — up|||.

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

Traditional a priori analysis
, 1
@ get (with [|[v[[]. := [|S72v]])

[[[u—ugllls < [[u—=Tv, (Wl
@ prove
@ get
o — pall < Cllp — I(p)||
Present a priori analysis
@ get
[[[u—ugllls < [[u—=Tv, (Wl
@ use local postprocessing pn: Py, (Pn) = Un, Po,(Pn) = pn
(Arnold and Brezzi (1985), Arbogast and Chen (1995))
@ get optimal estimate for |||p — ppl|| from that on |[|u — up]||«
@ get optimal estimate for ||p — pp|| by the discrete Friedrichs
inequality

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

Traditional a priori analysis
, 1
@ get (with [|[v[[]. := [|S72v]])

[[[u—ugllls < [[u—=Tv, (Wl
@ prove
@ get
o — pall < Cllp — I(p)||
Present a priori analysis
@ get
[[[u—ugllls < [[u—=Tv, (Wl
@ use local postprocessing pn: Py, (Pn) = Un, Po,(Pn) = pn
(Arnold and Brezzi (1985), Arbogast and Chen (1995))
@ get optimal estimate for |||p — ppl|| from that on |[|u — up]||«
@ get optimal estimate for ||p — pp|| by the discrete Friedrichs
inequality
@ recover estimates for ||p — pp|

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Primal formulation-based a priori analysis of MFE

Extensions

@ unified a priori and a posteriori analysis
@ optimal a posteriori error estimates

@ the weak solution is the orthogonal projection of the
postprocessed mixed finite element approximation onto
H3 (Q)

@ links between mixed finite element approximations and
some generalized weak solutions

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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Inexpensive implementations of MFE, their link to FV

A model diffusion problem
—-V(SVp) = f inQ,
p = 0 onoQ

M. Vohralik A posteriori estimates, stopping criteria, and implementations
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A model diffusion problem
—-V(SVp) = f inQ,
p = 0 onoQ
Mixed finite element method

(50)(7)-(5)

@ matrix indefinite, of saddle-point-type
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A model diffusion problem
—-V(SVp) = f inQ,
p = 0 onoQ
Mixed finite element method

A B! uy [ F
B O P ) \ G
@ matrix indefinite, of saddle-point-type

Finite volume methods
SP=H

VOHRALIK, WOHLMUTH

Mixed finite element methods: implementation with one
unknown per element, local flux expressions, positivity,
polygonal meshes, and relations to other methods
submitted [B5]
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Goals

@ reduce equivalently MFE to FV
@ get local flux expressions for MFE
@ establish links between MFEs and FVs

@ achieve, if possible, symmetric and positive definite
matrix S

@ give a unified framework for such approaches
@ achieve inexpensive implementations
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System of variational inequalities
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@ Linearization error

@ Algebraic error

@ Two-phase flows
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Conclusions

A posteriori error estimates of this habilitation

@ satisfy as much as possible the five optimal properties
@ are typically simultaneously guaranteed and robust

@ are derived in unified frameworks for various numerical
methods

@ lead to adaptive algorithms yielding efficient
calculations through stopping criteria and error
components equilibration
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Conclusions

A posteriori error estimates of this habilitation

@ satisfy as much as possible the five optimal properties
@ are typically simultaneously guaranteed and robust

@ are derived in unified frameworks for various numerical
methods

@ lead to adaptive algorithms yielding efficient
calculations through stopping criteria and error
components equilibration

Other contributions

@ inexpensive implementations
@ relations between different numerical methods

@ improvement of approximate solutions by local
postprocessing
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Future directions

Future directions

@ nonlinear evolutive problems (Stefan problem, two-phase
flows, ...)

@ coupled systems

@ error control and efficiency for real-life problems
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