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with applications to complex porous media flows*

Martin Vohralik! Soleiman Yousef*

February 13, 2018

Abstract

This paper develops an a posteriori error estimate for lowest-order locally conservative methods on
meshes consisting of general polytopal elements. We focus on the ease of implementation of the method-
ology based on H'-conforming potential reconstructions and H(div, )-conforming flux reconstructions.
In particular, the evaluation of our estimates for steady linear diffusion equations merely consists in
some local matrix-vector multiplications, where, on each mesh element, the matrices are either directly
inherited from the given numerical method, or easily constructed from the element geometry, while the
vectors are the flux and potential values on the given element. We next extend our approach to steady
nonlinear problems. We obtain a guaranteed upper bound on the total error in the fluxes that is still
obtained by local matrix-vector multiplications, with the same element matrices as above. Moreover, the
estimate holds true on any linearization and algebraic solver step and allows to distinguish the different
error components. Finally, we apply this methodology to unsteady nonlinear coupled degenerate prob-
lems describing complex multiphase flows in porous media. Also here, on each step of the time-marching
scheme, linearization procedure, and linear algebraic solver, the estimate takes the simple matrix-vector
multiplication form and distinguishes the different error components. It leads to an easy-to-implement
and fast-to-run adaptive algorithm with guaranteed overall precision, adaptive stopping criteria, and
adaptive space and time mesh refinements. Numerous numerical experiments on practical problems in
two and three space dimensions illustrate the performance of our methodology.

Key words: A posteriori error estimate, polytopal meshes, stopping criteria, adaptivity, porous media flow

1 Introduction

The use of general polygonal/polyhedral meshes (we henceforth use the term polytopal for any space di-
mension) is very appealing in various domains in computational practice. In these last years, there has been
a growing mathematical background for a priori analysis (existence, uniqueness, convergence, a priori error
estimates), see, e.g., Brezzi et al. [16, 17], Wheeler and Yotov [68], Aavatsmark et al. [2], Droniou et al.
[34, 35], Beirdo da Veiga et al. [8, 9], Vohralik and Wohlmuth [67], Bonelle and Ern [13], Cangiani et al.
[21], Cockburn et al. [27], and the references therein.

Literature on a posteriori analysis on polytopal meshes is much less plentiful. Beirdo da Veiga [7] and
Beirdo da Veiga and Manzini [10] derive a posteriori error estimates for low-order mimetic finite difference
methods; extension to higher-order is presented in Antonietti et al. [5]. Arbitrary-order discontinuous
Galerkin methods are analysed in Ern and Vohralik [38], relying on the concept of a simplicial submesh.
Similarly, Vohralik and Wohlmuth [67] cover at once all the mimetic finite difference, mixed finite volume,
hybrid finite volume, and mixed finite element methods on general polytopal meshes. Beirao da Veiga and
Manzini [11] as well as Cangiani et al. [22] then derive a posteriori error estimates for the virtual element
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method. Among related results, one could mention Buffa and Giannelli [18] who study the isogeometric
methods, cf., e.g., Bazilevs et al. [6].

The purpose of the present contribution is to derive simple a posteriori error estimates applicable on
general polytopal meshes. Developing the ideas from [38, 67], we do so in a framework including any lowest-
order locally conservative method like the mimetic finite difference [16, 17], multi-point finite volume [1, 2,
14, 37], mixed finite volume [33], hybrid finite volume [42], multipoint flux mixed finite element [68], mixed
virtual element [9], or mixed finite element [24, 52, 53, 61, 67] ones, see also [12, 13, 23, 32, 35, 47, 51] and
the references therein. Higher-order methods could be treated similarly. Our focus is to derive estimates
that can be easily coded, cheaply evaluated, and efficiently used in practical simulations. In particular, we
want to avoid, if possible, the physical construction and coding of a simplicial submesh and solution of local
problems. The evaluation of our estimates is fully explicit and merely consists in multiplication of the vectors
collecting flux and potential values on each polytope K by the some local matrices associated with K. This
probably gives the easiest and most practically accessible application to polytopal meshes of the general
methodology of H'!-conforming potential reconstruction and H(div, {2)-conforming flux reconstruction, see
Ern and Vohralik [40] and the references therein. In the first part of the paper, namely in Section 3, we
give all the details for a model steady linear diffusion problem, after having set the notation in Section 2.
Numerical illustration for this case forms a content of Section 4.

In the second part of our paper, in Section 5, we show that structurally the same results can be obtained
for a model nonlinear steady diffusion problem. The estimators still take the form of a simple matriz-vector
multiplication, with the same local matrices as in the linear case. The guaranteed upper bound on the error
in the fluxes in addition allows to identify the parts corresponding to the three arising error components
because of discretization, linearization, and algebraic solver.

In the third and last part of our paper, we apply the entire methodology to the context of numerical
approximation of unsteady nonlinear systems of partial differential equations describing the multiphase
porous media Darcy flow. The estimates derived in Section 6 are still fully computable and feature no
unknown generic constant. They are crucially valid at each stage of the overall solution algorithm: on each
time step n, each linearization step k, and each linear solver step i. They also allow to distinguish different
error components and design adaptive stopping criteria for the involved iterative solvers, as well as adaptive
choice of space and time meshes. A detailed numerical study in this case forms the content of Section 7.
Finally, conclusions of our paper are drawn in Section 8.

2 Setting

Let Q € R?, d > 1, be an open interval /polygon /polyhedron for respectively d = 1,2,3, or a polytope in
general, with a Lipschitz-continuous boundary 92. We are interested in partitions 7y of the domain 2 into
polytopes K such that Uger;,, K = Q. The elements K can in particular be nonconvex and the mesh 7z can
be nonmatching in the sense that intersection of two neighboring polytopal elements is not necessarily their
entire face. The only assumption we impose is that there exists a (virtual, not necessarily to be constructed
in practice) simplicial submesh 7;, of Ty which is matching, shape-regular, and such that any polytopal
element K € Tg is covered by a patch of simplices Tx. In the present work, for simplicity of exposition
and of the developed formulas, we suppose that there is one point inside each K € Ty shared by all the
simplices in T, as well as that the boundary faces of the simplices in Tk create no new vertices on 0K.
Relaxing these two constraints, we could also allow for unlimited maximal number of faces of K € Ty, no
condition on Ty to be shape-regular, and non star-shaped elements. Altogether, each element x € Tj, is a
simplex, UxeT;, £ = Q, Useric i = K, Ugey; Tk = Th, the intersection of two elements in 7}, is either empty
or their d’-dimensional common face, 0 < d’ < d — 1, and the ratios of the diameter of each x € T to the
diameter of its largest inscribed ball are uniformly bounded by a constant o7 > 0 for all considered meshes
{Tu}r. An illustration in two dimensions is provided in Figure 1.

Let £y be the set of the (d — 1)-dimensional faces of Ty, divided into interior faces £ and boundary
faces £t o € £ if there exist K, K' € Ty, K # K’, such that 0 = KN K’, and o € £ if there exist
K € Ty such that 0 = K NON. Similarly, let &, be the set of the (d — 1)-dimensional faces of the simplicial
mesh 7. We denote by Eg p, the set of such faces from &, that lie in some polytopal face of £x. If the faces
of T;, do not subdivide the faces of T, then €y ), = Ex. Let Ex CEY be the set of the (d — 1)-dimensional
faces of the polytope K € Ty, and let 8}?‘% collect those faces of £y 5, that lie on the boundary of the element
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Figure 1: Example of a general polygonal element K with its faces £k, corresponding face fluxes USX*, and
pressure head (P)x (left); virtual simplicial submesh Tx of K (right)

K € Ty, whereas E}K(“h those faces of £ p that lie inside the element K € Ty, see Figure 1. To complete
the notation, we also let V), be the set of the vertices of the mesh 7}, V, vertices of the face o € &, Vi
vertices of the element K € Ty, and Vi 5, the vertices of all the elements x € Tk

For a set S, |S| henceforth stands for its cardinality. We also use the notation |K| for the Lebesgue
measure of an element K € Ty, |o| for the (d — 1)-dimensional Lebesgue measure of a face o € £y, and |v|
for the (Euclidean) size of a vector v € RY. For an interior face o € £, we fix an arbitrary orientation and
denote the corresponding unit normal vector by n,. For a boundary face o € E5, n, coincides with the
exterior unit normal ng of Q. Finally, for all K € Ty and all o € £k, we denote by ng , the unit normal
vector to o pointing out of K.

3 A steady linear problem

We describe here first a model steady linear problem together with its generic locally conservative poly-
topal discretization. Then our a posteriori estimates, relying on the methodology of flux and potential
reconstructions where we avoid their factual construction, are described.

3.1 Single-phase Darcy flow
Consider the problem of finding p : 2 — R such that

-V (KVp) f in (3.1a)
0 on 0f. (3.1b)

Here f is a source term and K is a symmetric, positive definite, and bounded diffusion tensor with values
in R¥*?; we suppose for simplicity that both f and K are piecewise constant with respect to the mesh 7.
In weak form, (3.1) amounts to looking for p € Hg(£2) such that

(KVp, Vv) = (f,v) Yo € Hy (). (3.2)
From the pressure head p, we can define the Darcy velocity
u:=-KVp; (3.3)

we also refer to p as potential and to u as fluz. It follows from (3.2) that u lies in H(div,{2) and is such

that V-u = f. In the sequel, we will often use the local energy norm on K € Ty; for v € [L2 (K)}d,

LZ(K {/ ‘Kif x)v(x ‘ dx}é.

1
2v

V-t gy = ||



3.2 Generic discretizations on a polytopal mesh

Let Ty be a polytopal mesh of  satisfying the assumptions of Section 2 and define a vector F € RI7#1 by
Ak :=(f1)r VKeTq.
We consider in this paper any scheme that can be written under the following abstract form:

Assumption 3.1 (Locally conservative discretization on a polytopal mesh). Find U € RI€#] gnd P € RI7#|
such that the fluz balance
3" (V)onkon, = (F)x VK € Th (3.4)

oc€lK

is satisfied. Here U := {(U)s}oeey, and the unknown (U), € R for each face o € Ex approximates the
normal flurx (ung, 1), over the face o. Similarly, P := {(P)x }keTy, and the unknown (P)x € R for each
element K € Ty represents the pressure head p in the element K.

Many lowest-order locally conservative methods take a more specific form, contained in Assumption 3.1.
We consider them separately under the following assumption (see in particular [67, Theorems 7.2 and 7.3]
for the relation to mixed finite elements):

Assumption 3.2 (Saddle-point discretization on a polytopal mesh). Find U := {(U),}oce, € RI€#! and

P:={(P)k}rery € RI7H| such that
(55)(2)-(%)

where 1) B has a full rank; 2) for K € Ty ando € €y, Bk o = —ng o0, if 0 € Ex and B, = 0 otherwise;
3) A is square and invertible; 4) A&K € RIE<IXIEL] gre the symmetric and positive definite “element matrices”
of the given method for each K € Ty; 5) on each K € Ty, there exists a lifting of the face normal fluzes
UE' = {(U)s }oegy to the interior of K according to [16, Theorem 5.1]; 6) for 0,0’ € €y, Ay =0 if o
and o' are not faces of the same element K € Ty and Ay o = EKGTH,{J,U’}GSK nKﬁ-nanK’g,.nU/(&K)U’U,
otherwise.

3.3 A fictitious flux reconstruction under Assumption 3.1

Following the concept of lifting operators used in, e.g., Eymard et al. [41, Section 1.2], Kuznetsov and
Repin [52], Brezzi et al. [16, Theorem 5.1], Beirao da Veiga [7, Section 2.1], Beirdo da Veiga and Manzini [10,
Section 2.4], Kuznetsov [53], Vohralik [64, Section 3.2], or Sboui et al. [61], we will now extend the fluxes
(U)y, 0 € &k, to the interior of each polytopal element K € Ty. The obtained flux u,|x will be the
approximation for which we will estimate the error. Actually, it needs not be constructed in practice, unless
one wants to compute the error in model cases with known exact flux u; for this reason, we call it fictitious.
We proceed here under the very general Assumption 3.1, the case of Assumption 3.2 is treated in Section 3.4
below.

Following [67, Theorems 7.2 and 7.3], consider the mixed finite element method on the simplicial mesh
Tk to approximate separately in each element K € Ty the problem: find px : K — R such that

~V-(KVpk) = flx, (3.6a)
(pr, DK

|]{| ( )KW (3 Gb)

—KVpr -ny, = (Ua)|a Vo' € EF),, 0’ C o, 0 € Ek. (3.6¢)

Note that if the faces of the simplicial mesh 7; do not subdivide the faces of the polytopal mesh 7z, then
£, = €k, so that it is enough to consider directly all faces o € € in (3.6¢). Henceforth, we will also use
the notation

(U)o

(U)gr := o] lo'| Vo' € &R, o' Co, o€k (3.7)




for the normal flux over the given simplicial subface ¢’ of each original polytopal face o.
The approximation will be done by means of the lowest-order Raviart—Thomas-Nédélec spaces over
the simplicial submesh Tx of K: for each polytope K € Ty, define RTNy(K) := {v, € H(div, K);
Vile € [Po(k)]¢ + xPo(k) V& € Tx}. Here Py(x) stands for constants on the simplex «, and we will also
denote by Py (Tx ) the space of piecewise constants on the polytope K with respect to its mesh Tx. We then
set
V,If,N :={vp € RTNy(K), (vin,, 1), = (U), Vo € 5?;‘7';1},
V£ == {va € RTNy(K), (vin,,1)s = 0 Vo € £},

(3.8)
QK y = {an € Po(Ti); U5t = (P},
Qro = {an € Po(Tk); (gn, 1) = 0}
and can consider:
Definition 3.3 (Element fictitious flux reconstruction). For all K € Ty, define
u = ar min v it 3.9
h|K gthVhK’N.,V-vh:constant” h” L2(K) ( )
e, upli € VhK’N together with py|x € QhK)N are given by
(K_luh,vh)K — (ph» V'Vh)K =0 Vv, € V}ISO, (310&)
—(Veu,qn)k =0 Vg € QF. (3.10D)

It is worth noting that the constraint in (3.9) together with the assumption that f is constant on each
K € Ty, the definition of VfN, and the flux balance (3.4) gives V-v;, = f. It can alternatively be written as
HQK (V-vp) =0, which leads to (3.10b). Note also that since the normal fluxes (U), are univalued on the

faces from Em.h, the resulting flux reconstruction uy, has the normal trace continuous and thus belongs to
the Raviart—-Thomas—Nédélec space RTN((Q2) associated with the simplicial mesh 7}, of the entire domain
Q. In matrix form, Definition 3.3 takes the following form:

Remark 3.4 (Matrix form of problem (3.10)). Let v,, o € 5}?51, be the basis functions of the space V,IEO,
ext

and v, o € E5X},, be the remaining basis functions of the space RTNo(K). Similarly, let i, 1 <i < |fo70|,
be the basis functions of the space QhK’O. Consider these basis functions of VKO and QhKO as test functions

in (3.10) and develop up|x = Zoesggth(ul? JoVo + degmc (U v, and pplik = (P)k + ZIQ" 0‘(PO )i,
where UE' == {(U)g}oeeexe and (P)x are the given data of the problem (3.6). Then (3.10) in matriz form
corresponds to: find Ut € RViol gnd PO € RIQ%o! such that

int,int 0,int\¢ int int,ext| jext
AK. (BK ) UK — _AK UK (3 11)
BO,mt 0 P(}( - 7BO,cxt Uext ’ .
K K K
where
int,int / int
(A" )g0r = (K~ VU’aVU)K 0,0 € E}? h>
int,ext — t t
(AK )0,0’ =K VJ’aVU)K oc 8}1(1 h:a € g?,hv
0,int int
(BK ) Ko ‘= 71K Ny o< E}I(I ho
By k.o = —ngon, o €ER.

Definition 3.3 lifts the information from the boundary of an element K € Ty given by the fluxes Ut

to the interior of the element K. It is thus clear that the energy ||11h||K—%_L2(K) needs to only depend on

US¥t. It turns out that this link can be expressed by the element matriz Ayrg, . Define, in addition to
Remark 3.4,
(A%t,ext)mal = (Kilvo’ava)K o, o c Sext

As in [67, proof of Theorem 7.3|, we indeed have:



Lemma 3.5 (Energy norm and MFE element matrix). For each polytopal element K € Ty, define the
element matrixz of the mixed finite element method

—1

N Aint,cxt t A&int,int (B&int)t Aint,cxt
A = ARt _ K K. K 3 . 3.12
MFE,K K ( B%ext ) ]B(I)(,lnt 0 B(])éeXt ( )
Let up|k € VifN be given by Definition 3.3. Then

||11hH (UCXt)tAMFE U

T30 (K)
Proof. Let K € Ty. Following Remark 3.4, decompose up|x = uh b Jru““t and pplx = (P)k +p2 - Note

that choosing ulnt € VK o as the test function in (3.10a) and ph K € Qh o as the test function in (3.10b),

one has
int

(K™ 'uy, we )k = (P) g V- uhtK)K —(ph x> V-u;

ext )K
7

where we have used ((P)x, V-u,ﬂK)K = 0. Consequently,

||uh|| = (K 'up, wp) i

T3L2(K)
= (K_luh,ugltK)K + (K~ 111}?}(7‘1?;()K + (K~ 1“2)(;0“}1 K)K

*(pg,va'uh,K)K (K~ 1UZH3<7UZX}()K+(K 1112)(}(’11}1 KK
Aint7ext t Umt ¢ oxt
—i) (phoe ) (BF )+ umageug
1% K

Combining this with the MFE matrix form (3.11) and the MFE element matrix definition (3.12) finishes
the proof. O

3.4 A fictitious flux reconstruction under Assumption 3.2

There exist other ways how to lift the face normal fluxes U$X* into the interior of each polytope K € Ty
than via Definition 3.3. In particular, under Assumption 3.2, one can use the general notion of the lifting
operator from mimetic finite differences according to [16, Theorem 5.1] to define @, € H(div, K). This
lifting is truly fictitious in the sense that it cannot in general be constructed in practice and leads to:

Lemma 3.6 (Energy norm and given discretization scheme element matrix). Let a discretization scheme
of the form of Assumption 3.2 be given, leading to the element matrices Ay and normal face flures UFE* =
{(U)o}oeey for all K € Ty Let EF5, = Ek, i.e., the simplicial faces of Ty, do not subdivide the faces of the
polytopal mesh Ty . Let finally @), € H(div, K) be the lifting according to [16, Theorem 5.1]. Then

= (U A UG, (3.13)

”uh” -3 Lz(K)

Proof. Property (3.13) is nothing but equality (5.7) from [16, Theorem 5.1]. O

To interconnect Lemmas 3.5 and 3.6, we now evoke [67, Theorem 7.3]. This shows that the mixed finite
element element matrix &MFE, k defined by (3.12) belongs to the same family as the element matrices A K
of mimetic finite differences, mixed finite volumes, and hybrid finite volumes of Assumption 3.2 when the
simplicial faces of 7;, do not subdivide the faces of the polytopal mesh Tg. This leads to the following result:

Lemma 3.7 (Approximate energy norm). Let the assumptwns of Lemmas 3.5 and 3.6 be satisfied. Then
there exist two constants ¢, C > 0 independent of the matrices AK, AMFE K, and the mesh size but depending

on the shape-regularity of the simplicial submesh Tk such that

(Uext) Uext < ||uh|| < C(Uext) Uext (314)

K77 ;L2 (K

that we denote by

a2 1 ey A (U BRUR (3.15)



Proof. Any scheme of the form of Assumption 3.2 with the lifting operator according to [16, Theorem 5.1]
satisfies inequalities (5.8) from [16, Theorem 5.1]. As mixed finite elements on polytopal meshes belong to
the mimetic finite difference family by [67, Theorem 7.3], see also Lemma 3.5, this implies (3.14). O

3.5 A fictitious potential reconstruction under Assumption 3.1

As a second ingredient of our a posteriori analysis, we will now define a simple potential reconstruction
sn€ P1(Tn) N HE (), piecewise affine with respect to the simplicial submesh 7, and HE(Q)-conforming.
Crucially, it will also be fictitious in the sense that it does not need to be constructed in practice in order
to evaluate the resulting a posteriori error estimate, where we will go along with its point values.

In the spirit of usual averaging operators, cf. Durdn and Padra [36], Achdou et al. [3], Karakashian and
Pascal [49], Ainsworth [4], or Burman and Ern [19], the easiest way is to set the nodal values sj(a) in the
vector {(S)a}acy, by average values of (P)x in the neighboring elements:

Definition 3.8 (Element potential reconstruction). For each polytopal element K € Ty and each vertex a
of the simplicial mesh Ty, lying on OK but not on 0X), let T, denote the set of polytopal elements K € Ty
sharing a. We set

(S)a :=(Sk)a (3.16)
IT | KeT

We also set (S)a :=(Sk)a := (P)k for the vertex a of Ty, lying inside K € Ty and (S)a := (Sk)a := 0 for
any vertex a lying simultaneously on 0K and the domain boundary 0X), in accordance with the boundary
condition (3.1b).

For each polytopal cell K € Ty, let Sg € RVl collect the values (Sk)a for the vertices a of the
simplicial mesh 7k lying on the boundary 0K and the value inside K, see Figure 2 in two space dimensions.
We will also need the vector St € RI€K. hl collecting the values associated with faces o € £3Xj, that we

prescribe by
xt .
(557 =+ Z (3.17)
acV,

where, recall, V, collects the vertices of the given face o € £5¥},. Note that (SE'), = sn(x,), i.e., it is
the punctual value of the reconstruction s, in the face barycenter Xy, 0 € EXY . Figure 2 also gives an
illustration of the vector S§*. /

Consider the usual hat basis functions 1, on the simplicial mesh 7j: 1, is piecewise affine on T, and
H}(Q)-conforming, ¥(a’) = 1 if a = a’ and 0 otherwise, where a,a’ € V, are the vertices of 7;,. We will
need below the stiffness matriz SFE K € RIVErlXIVicnl of a polytopal element K € Ty defined by

(gFE,K)a,a/ = (KV¢3/7 Vlﬂa)K a, a' ¢ VK,h- (3.18)
An immediate consequence is that
\|Kvsh||K,, L) = St Srp, xSk (3.19)
Similarly, we let the element mass matriz MFE, K € RVERIXIVKr] e given by
(MFE,K)a,a/ = (1/131, L/}a)]( a, a e VK_’},,. (320)
Then N
(1,sn)k = 1'Mrg, xSk (3.21)

Remark 3.9 (Element matrices §FE,K and MFEK) To obtain the finite element stiffness and mass matrices
§FE,K of (3.18) and I\AAIFEK of (3.20), one could use a finite element assembly code linked to a simplicial
mesh on the polytopal cell K € Ty. Note, however, that there exist simple analytical formulas for the
basis functions ¥, of affine Lagrange finite elements and for their gradients Vip, that merely necessitate
the position of the vertices of the polygonal element K and of the central point. In this sense, we say that
neither Ty, nor Tk need not be constructed in practice in order to obtain Sy x and Mrg i .
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Figure 2: Example of nodal and facial potential reconstruction values Sy and S$**

3.6 A fictitious potential reconstruction under Assumption 3.2

A more straightforward and precise fictitious potential reconstruction can be designed under Assump-
tion 3.2. The main idea is that any scheme of the form (3.5) can be hybridized, following, e.g., Roberts
and Thomas [60], Brezzi and Fortin [15], or Droniou et al. [34], giving rise to one Lagrange multiplier A,
per face o € Eg. Indeed, consider the line associated with a given face o € £y in the first block equation
of (3.5). For an interior face o, let it be shared by two polytopes K, K’ € Ty such that n, points from K
to K’. From the structure of the matrices A and B supposed in Assumption 3.2, it follows that

> ngene(A)ee (U)o — (P)k = Y. nxroe(Ag)oe (U)o — (P)kr,

o' €€k o' €€t

so that these expressions are univalued from both elements K and K’. As such an expression is also clearly
univalued on boundary faces, we can define the Lagrange multipliers

Ari= (Pl = Y nror o (B)oo (V)

ol e€fk

for each element K € Ty and each face o € k. We impose the nodal values sp(a) of s, piecewise affine
with respect to the simplicial submesh 7;, and Hg (Q)-conforming in the vector {(S)a}acy, by averaging the
values A,:

Definition 3.10 (Element potential reconstruction based on Lagrange multipliers). For each polytopal
element K € Ty and each vertex a of the simplicial mesh Tk lying on 0K but not on the boundary OS2
and shared by faces of the polytope K from Ex collected in the set Ea, define first (S)a :=(Sk)a =

ﬁ ZoesK,a A,. On the boundary 0%, define (S)a := (Sk)a := 0. Let now a verter a of the simplicial
mesh Ty, lie on OK for some K € Ty and let T, denote the elements K' € Ty sharing a. We then set

- nl,—‘ S ) (3.22)

K'€Ta

(S)a :=(Sk)a:

together with (Sk)a := (P)k for the vertex a of Ty, lying inside K € Tg.

We finish this section by a remark on an alternative, still more precise potential reconstruction, that we
will namely use for comparison in numerical experiments below:

Remark 3.11 (Piecewise quadratic potential reconstruction). Let (up,pn) be given by Definition 3.35.
Following [63, Section 4.1], let pp, be a piecewise quadratic polynomial on the simplicial mesh Ty, given by

(ﬁha 1)&
|l

—KVDp|x = upnls, = Pl Vi € Th.
A typically more precise piecewise quadratic but computationally more demanding potential reconstruction

sp € Po(Th)NHE(Q) can be obtained by averaging the values of py, in all Lagrangian degrees of freedom, cf.
[63, Section 4.2].



3.7 A simple guaranteed a posteriori error estimate

We now present our simple a posteriori error estimate for the model problem (3.1). Our main result is
given for the error between the exact Darcy velocity u € H(div, Q) of (3.2)—(3.3) and the reconstruction
u;, € RTN((Q) of Definition (3.3), under the general Assumption 3.1:

Theorem 3.12 (A simple guaranteed a posteriori error estimate). Let u be given by (3.2)-(3.3). For any
polytopal discretization satisfying Assumption 3.1, let the flux up, € RTNy(Q) be reconstructed following
Definition 3.3 with the vectors UeXt given by (3.7). Let the element matrices &MFE,K, ng’K, and MFE’K
be respectively defined by (3.12), (3 18), and (3.20). Let finally the vectors Sk and S$* be given by (3.16),
(3.17), or alternatively, for schemes of the form of Assumption 3.2, by (3.22), (3.17). Then there holds

||u7uh|| -5 LQ(Q) { Z T’K} ) (323)

KeTu

where
T]K (UEXt) AMFE KUeXt + S}(SFE,KSK + Q(U?t)tS?t — Q(F)K|K|711tMFE7KSK. (324)

Proof. The assumption that the source term f is elementwise constant and (3.4) of Assumption 3.1 together
with Definition 3.3 imply V-u;, = f. Thus, as u;, € H(div, ), an argument of the type of the Prager-Synge
equality [58] gives

||uh + KV

|lu— g (3.25)

K 7;02(Q) K 3:02(Q)’

see, e.g., [65, Theorem 6.1]. Consequently, for an arbitrary sp € HE (),

[l =l < [Jup + KVs||

T2 L2(Q K7, iL2(Q)

‘We now choose for sy, the fictitious potential reconstruction s of Definition 3.8, continuous and piecewise
affine with respect to the simplicial submesh 7}, and given by the nodal values of the vector S. Developing
elementwise, we obtain, for each polytopal mesh element K € Ty,

[un + KVsp|?

2
k- bz = Ml 0 ) +2(un, Vsn)x + ||KV$h||

by
We now use Lemma 3.5 for the first term and (3.19) for the last one. For the middle term, recall first that

the normal components of vector fields in RTN(2) are constant on each face. Thus the Green theorem
together with (3.17) and (3.21) give

(uh, Vsh)K = (uh-n, $h>8K — (V-uh, Sh)K = (U'};‘t)tS‘}?t — (F)K|K‘711tMFE7KSK. (3.26)
Thus the proof is finished. O

Note that the estimate of Theorem 3.12 takes a simple form of matrix-vector multiplication on each
polytopal mesh element K € Ty, and yet it delivers a guaranteed upper bound on the Darcy velocity error.
Under Assumption 3.2, the following result also holds true:

Corollary 3.13 (A simple guaranteed estimate with the given element matrices I&K) Let u be given
by (3.2)=(3.3). For any polytopal discretization of the form of Assumption 3.2, let Ag be its element
matrices. For all K € Ty, let uy, € H(div, K) be the lifting according to [16, Theorem 5.1], see Lemma 3.6.
Let the element matrices ng,K and MFE,K be respectively defined by (3.18) and (3.20). Let finally the
vectors S and S$¥* be given by (3.22) and (3.17). Then there holds

ol

e T {Z nK} , (3.27)

KeTu

where
e o= (U AU + SYSpr xSk + 2(USN)'SSEY — 2(F) | K|~ ' 1*Mpg, xSk (3.28)



Proof. The proof is similar to that of Theorem 3.12, using the facts that w, € H(div,Q), V-u;, = f, and
upn, = (U),/|o| for all o € Ek following [16, equality (5.4)], and replacing Lemma 3.5 by Lemma 3.6. O

Finally, relying on Lemma 3.7, we also have:

Corollary 3.14 (A simple estimate with the given element matrices Z&K) Let the assumptions of Corol-
lary 3.183 hold, let Sf(xth = &k, i.e., the simplicial faces of T, do not subdivide the faces of the polytopal mesh
T, and let the flux uy, € RTNO(Q) be constructed by Definition 3.3. Then

o= wnlley o) S {Z } : (3.29)

KeTu

where Tk s given by (3.28) and the “approximately less than or equal to” denoted by < stems from the
approzimation (3.15).

A few comments are in order:

Remark 3.15 (Comparison of Theorem 3.12 with Corollaries 3.13 and 3.14). Theorem 3.12 is applicable
to any scheme of the form of Assumption 3.1 and relies on the the mized finite element matrices I&MFE,K
that one needs to construct by (3.12). In contrast, Corollaries 3.13 and 3.1/ are only applicable to schemes
of the form of Assumption 3.2, but use directly the matrices &K. The estimates (3.23) and (3.29) hold
for the reconstruction uy, that one can compute in practice if needed by Definition 3.3, whereas (3.27) only
holds for the generally unavailable lifting @y, as in [7, 10]. Finally, both (3.23) and (3.27) are guaranteed,
whereas (3.29) is not. In the numerical experiments in Section 4 below, though, it is hard to distinguish the
two estimators (3.24) and (3.28).

Remark 3.16 (Simplicial submeshes and solution of local problems). We can avoid the physical con-
struction of the simplicial submeshes Tk under the conditions that 1) the given scheme takes the form of
Assumption 8.2; 2) the elemental matrices AK are explicitly given; 3) the stiffness matriz SFE x of (3.18)
and the mass matriz MFE,K of (3.20) of the conforming finite element method on Ty for each polytopal
cell K € Ty are constructed from the geometry K only in the sense of Remark 3.9; 4) we use the estimator
i (3.28) of Corollary 3.13 or 3.14. Note, however, that one may need a submesh of each polytopal cell K
already to produce the scheme element matriz &K, Similarly, a typical implementation of &MFE,K (3.12)
will also need the submesh Tx. Remark finally that behind (3.12), there is the local Neumann problem of
Definition 3.35.

4 Numerical experiments: single-phase Darcy flow

The purpose of this section is to numerically illustrate the performance of the estimators of Theorem 3.12,
as well as the simplified estimate (3.29) of Corollary 3.14 . We also compare this methodology to a reference
estimate on the simplicial submesh in particular using the potential reconstruction of Remark 3.11. The
test is taken from [55], where a collection of two-dimensional elliptic problems for testing adaptive grid
refinement algorithms is proposed. We approximate —Ap = f on the space domain Q = (0,1)? where the
analytical solution is 24*z®(1 — z)*y®(1 — y)* with a = 200, see Figure 3. The source term f prescribed
correspondingly and we neglect here that it is not piecewise constant, i.e., the data oscillation. We use
homogeneous Dirichlet boundary conditions.

The mesh Ty consists of general polygonal elements, with the fictitious triangular submesh 7} shown in
Figure 4. We consider the hybrid finite volume (HFV) discretization (Droniou et al. [42] or [34, Section 2.2]),
taking the form (3.5) with the matrix A formed by local element matrices Ag. We compare three versions of
a posteriori error estimates: a) the estimators ny in (3.24) of Theorem 3.12 are replaced by the expression

HK_%uh + K%VShH , where up|x € V5 is given in Definition 3.3 and s, € P2(7,)NH§ () is described in
K )

Remark 3.11 (called triangular MFE estimate); b) Theorem 3.12 is used, with the estimators nx evaluated

via the matrix form (3.24), relying on the element matrices AMFE K SrE K, and MFE k of respectively (3.12),

10
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Figure 3: The solution of the analytic problem with o = 200

(3.18), and (3.20) (called polygonal MFE estimate); ¢) Corollary 3.14 is employed, with the bound (3.29)
and the estimators of (3.28) using the element matrix Ax of the HFV scheme that is already available

(called polygonal HFV estimate). In the last two cases, the vectors Sk and S$** are given by (3.16) and
(3.17).

I L N 7
4
N N g |
/ ~ T \/
/
! >
\ e
\\\ P . - 7 \\\ / ~
| | b
\\ / // '
~ e / N\
/ o \ _— —

Figure 4: An example of a polygonal mesh 7Ty and the corresponding triangular submesh 7,

Note that if the mixed finite element method on polygonal meshes of [67, Theorem 7.2] was used instead
of the HFV discretization, the first procedure would be, following [67, Remark 7.3], fully equivalent to
solving the problem (3.1) directly on the simplicial mesh 7; by the lowest-order Raviart—Thomas—Nédélec
mixed finite element method and applying the a posteriori error estimates of [63]. This is why the triangular
MFE estimate serves here as a reference a posteriori error estimate. The second procedure only uses the
piecewise affine potential reconstruction s, of Definition 3.8, which allows for the simple matrix form (3.24)
of the estimators. The last procedure is definitely the easiest choice in practice, where only the already
g\vailable element matrices A g are used and there is no need to construct the mixed finite element matrices
AMFE,K via (312)

In Figure 5 we compare the actual and predicted error distributions. Obviously, the energy error and
the rigorous triangular MFE estimate distributions match perfectly. The polygonal MFE estimate and the
polygonal HF'V estimates give similar results and match also well with the energy error. We depict in Figure 6
the error and estimates as a function of the total number of unknowns and the corresponding effectivity
indices for a uniform mesh refinement. This is in this test performed as follows: we refine uniformly the
triangular submesh 7y, giving actually rise to a Delaunay triangulation on each step, and then we merge
triangles into polygons. All the three estimators behave in a similar way, with a slight advantage for the

11



(a) Energy error (b) Triangular MFE estimate (c) Polygonal MFE estimate (d) Polygonal HFV estimate

Figure 5: Actual and estimated error distributions, entire domain (top) and center zoom (bottom)

1.6;1\0\\2” ; 2 — —
—— Energy error
1.4+ —— Triangular MFE est. |
—4— Polygonal MFE est. 19 k&"y/‘t‘t\h‘aﬁ‘ a
1.2 —=— Polygonal HFV est. || % -,
. 1 5 —E 1.8+ 5
g 0.8 g
= g L7) |
0.6 |- 5 ES
—— Triangular MFE est.
041 7 1.6 —4— Polygonal MFE est. )
02l | —s— Polygonal HFV est.
[ L1l Ll [ Lol L
10* 10° o 101 10°
Number of unknowns Number of unknowns

Figure 6: Error and estimators (left) and effectivity indices (right), uniform mesh refinement

triangular MFE estimate. The graphs confirm in particular that replacing the mixed finite element matrix
Anrg k in (3.24) by Ak in (3.28) has a very small influence.

Figure 7 shows the results for adaptive mesh refinement, achieved by using the local distribution of the
predicted error as an indicator to refine only the cells of the mesh where the error is important. More
precisely, we refine the cells K € Ty such that ng > 0.7maxg/c7;, {nx'}. Note that, in this test for the
refinement algorithm, we act on the triangular submesh in order to have a Delaunay triangulation on each
step and then we merge elements into polygons.

We observe quasi-identical values of the polygonal MFE and polygonal HFV estimates; consequently, we
obtain the same number of unknowns at each step of adaptivity and almost identical final energy error for
these two estimators. The left part of Figure 7 displays the results where we present the estimators and two
energy errors, one resulting with adaptivity based on the polygonal estimates and another with adaptivity
based on the triangular MFE estimates. Finally, adaptive mesh refinement leads to both smaller error and
better effectivity indices in comparison with uniform mesh refinement.
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Figure 7: Error and estimators (left) and effectivity indices (right), adaptive mesh refinement

5 A steady nonlinear problem

As a passage between the model steady linear Darcy flow of Section 3 and the complex multiphase Darcy
flow of Section 6, we consider here a steady nonlinear Darcy flow. We showcase that our methodology
applies here in a similar simple fashion as in Section 3. We in particular give all the details how inexact
linearization and linear solvers can be taken into account, following the concept in Ern and Vohralik [39],
giving rise to a simple adaptive inexact Newton method on polytopal meshes. 1t’s particularity is that it gives
a guaranteed upper bound on the total error in the fluxes on each linearization and algebraic solver step,
distinguishes the different error components, and is obtained by simple multiplications of the same element
matrices as in the linear case by vectors of face normal fluxes and potential values immediately available in
each lowest-order locally conservative polytopal scheme.

5.1 Single-phase nonlinear Darcy flow

For simplicity of exposition, let us consider the following quasi-linear version of (3.1): find p : Q@ — R such
that

-V{(K(Vp)Vp)=f  inQ, (5.1a)
p=0 on Of). (5.1b

The weak form looks for p € H{(2) such that
(K(Vp)Vp, Vo) = (f,v) Vv e Hy(9), (5.2)
and the Darcy velocity is given by
u:=-K(Vp)Vp. (5.3)

We suppose that the nonlinearity can be inverted in the sense that

v=-Kww << w=-K(v)v (5.4)

for all v,w € R%, so that in particular ~
Vp = -K(u)u. (5.5)

We suppose strong monotonicity and Lipschitz-continuity, i.e., that there exist two positive constants cg, Cx
so that for all v, w € R¢,

cglv — w2 < (v —w)-(K(v)v — K(w)w), (5.6a)

K(v)v — K(w)w| < Cglv —wl. (5.6b)

13



Moreover, we let K and K take symmetric values and, in order to arrive at a simple matrix-vector multi-
plication form of the estimates, we also suppose that, for all v, w € R?,

VP S vRWv,  [K(w)v] < Cglvl (5.7)

Note that for a linear problem, K=K ¢k is simply the smallest eigenvalue of K, i.e., the reciprocal

of the largest eigenvalue of K, and Cg is the largest eigenvalue of K, i.e., the reciprocal of the smallest
eigenvalue of K. B

5.2 Discretization on a polytopal mesh, linearization, and algebraic system
solution

Here again, we can accommodate any discretization of the form of Assumption 3.1, the only difference being
that the face normal fluxes U are now nonlinear functions of the pressures P that we denote by U(P). Then,
the flux balance (3.4) takes the form, on each polytopal element K € Ty,

Z (U(P))UHK,U'HU = (F)K VK € TH, (58)

o€lk

which gives rise to a system of |Ty| nonlinear algebraic equations for the |Tg| unknowns P.
To solve approximately(5.8), one typically employs an iterative linearization such as the Newton or the
fixed point method. On a linearization step k > 1, the flux balance takes the form

Z (Ukil(Pk))anK,cr’na = (F)K VK € TH, (59)

c€EK

where U¥~1(P*) are the linearized face normal fluxes, being affine functions of the pressures P*.
Finally, on a step ¢ > 1 of an iterative algebraic solver applied to this system of linear equations, the
flux balance takes the form

> (U P ))ons o me = (Flx — (R VK € T, (5.10)
oelk

where the constant (R)’;(Z is the residual on element K, the misfit of U*~1(P*:¥) not to satisfy (5.9) defined by

(R)];(’z = (F>K_ZO'€5K (UF=1(Pk%)),nf »-n,. In order to estimate the algebraic error, we will, following [44,
48, 39], also need j > 1 additional algebraic solver steps in (5.10), giving rise to

> (URH PR ong e m, = (F)x — (R VK € Ty (5.11)
c€€K
A concrete example of a discretization of problem of a form (5.1) by the so-called two-point finite volume
scheme with Newton or fixed-point linearization and an arbitrary iterative algebraic solver is given in [39,
Section 6.5]; Section 6 below provides another example within a much more complicated context.

5.3 Fictitious flux and potential reconstructions

On linearization step k > 1 and algebraic solver step i > 1, we dispose from (5.10) of the pressures P+,
Plugging them into the given nonlinearity and discretization scheme, we obtain the normal face fluxes
(U(P¥%)), for all ¢ € £f. Consider now these as the data in definition (3.8) of the spaces VﬁN, in place of
(U),. As an approximate solution, also termed a fictitious flux reconstruction as it is not necessarily to be
constructed in practice, we understand uﬁ’i S V,{iN constructed by (3.9) with clf{lCI%{I in place of K71, i.e.

ki -1 .
u,” :=c-2Cx ar min v . 5.12
h K K gvh Evi,(,m V-vj,=constant ” h||L2(K) ( )

This replaces Definition 3.3 in the present nonlinear case. It is important to stress that just like in Section 3,
this problem is linear and can be written in a matrix form as in (3.11), just replacing K ' by 012101221.

Similarly, as in Section 3.5, the vectors S];(’i and S’;(’i’e’(t of the values of the potential reconstructions in the
vertices of the simplicial submesh Tx of the polytopal element K can be immediately obtained.
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5.4 A simple guaranteed a posteriori estimate distinguishing the error compo-
nents

Let a polytopal cell K € Ty with its face 0 € Ex be fixed. For a given linearization step k > 1, algebraic
step ¢ > 1, and j > 1 additional algebraic iterations, define

(UR"o = (U(P*),, (5.134)
(U)o := (UF1(PE)) — (U(PF)),, (5.13b)
(USe 10)o o= (UFTH(PRIHI)), — (U1 (PR, (5.13¢)

The simple choice (5.13¢) is motivated by the developments in [44, 48, 39], where j is typically chosen
adaptively. A more involved choice can be made following [57]. Then no additional iterations are needed,
the last term in (5.15) below vanishes, and the a posteriori bound is typically slightly more precise.

Let Cg be the constant from the Friedrichs inequality

[0l L2y < Crha IVl L2q); (5.14)

there holds 1/(nd) < Cr < 1, as Crhg is the square root of the reciprocal of the smallest eigenvalue of the
Laplace operator on €2 with homogenous Dirichlet boundary condition. The main result of this section is:

Theorem 5.1 (Simple a posteriori error estimate distinguishing the error components). Let u be given
by (5.2)—(5.3). For any polytopal discretization of the form (5.8), any linearization (5.9) on step k > 1, and
any algebraic solver (5.10) on step i > 1, let the flux uZ’i € RTNy(Q) be reconstructed following (5.12).
Consider j > 1 additional algebraic solver steps leading to (5.11). Let the element matrices &MFE,K and
ng’K be defined by (3.12) and (3.18), where one respectively takes the multiples of the identity matriz
cIT{ICI%(I in place of K and CIj(zCKI in place of K. Let also MFE’K be given by (3.20). Let finally the

vectors S];(’i and S];(’i’cm be constructed following Section 5.3. Then there holds

i ki ki i
¢ u—u, < 775; + Thin + nalg + nfem (515)

‘ ki

‘xx S

L2(Q)
with

1
) 2]
nht = { Z (77’:;() } , e = {sp, lin, alg, rem},

KeTn
where the (spatial) discretization estimators are given by
k i\t R k EivtQ k - k k —1t5 k
() = (UR) Baarmsc VR + (SR Srmae S + 205! O [(URH)SEH = (F)se | K| 1Bl SR
the linearization estimators by
2
ki  (1)E N ki
(nlinZ,K) = (UlirZ,K)tAMFE,KUIinZ,K7
the algebraic estimators by,
2
ki ki NER ki
(nalg,K) T (Ualg,K) A1\/[1:]“37K'Ua1g,K7

and the algebraic remainder estimators by

ki -1 _1 k,itj
nrem,K = CK2 CKCthlK‘ 2 |(R)K +j|'

Proof. The proof follows in spirit of previous works by Prager and Synge [58], Durdn and Padra [36], Dari et
al. [28], Ainsworth [4], Kim [50], Jirdnek et al. [48], and Ern and Vohralik [39, 40]. Let s € H(Q) be the
solution of 4

(K(Vs)Vs, Vo) = —(uf', Vo) Vo e H}(Q) (5.16)
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and set s := —K(Vs)Vs similarly to (5.3). By the triangle inequality,

1 p 1 i
CQK ’u—ui’ . <c 2K||u—s||L2 @) +c ‘s—uﬁ L) (5.17)
For the first term above, the strong monotonicity in particular implies
cg lu— sHiQ(Q) < (K(Vp)Vp —K(Vs)Vs, V(p — s)) by (5.6a) and (5.4)
= (K(Vp)Vp+u; ", V(p—s)) by (5.16)
= (f7p_8) (u:Z,V(p—S)), by (52)
Note that by the Lipschitz-continuity (5.6b) together with (5.4),
IV — 9)ll 2 < Ci Il = sl 2 (5.18)
Thus,
1 (fip—5) + (0", V(p—5))
cg lu—s 20 < —
CK||u_S||L2(Q) (519)
< g Ck s {(fv)+ (' Vo)),

- UEH(%(QLHVU”LZ(Q):l

To estimate (5.19) by a computable quantity, recall first that ulfb’i is given by (5.12) where we define

5T

the space V,I:N by the boundary normal fluxes (5.13a); ufl is termed discretization flux reconstruction.
Similarly, the linearization error ﬂuw reconstruction uﬁrf , is given by (5.12) with the fluxes (5.13b), and the

algebraic error flux reconstruction u o 18 given by (5.12) with the fluxes (5.13c). Observe now that

V-(uyt - ag F ) = 1KY (U ) onk e n, = fli - KN R VK € Ty (5.20)

o€k

by the Green theorem, (5 13), and (5.11). Fix now v € H}(Q) with V[l p2q) = 1. Then adding and
subtracting (ulln n ualg n» VU) and using the Green theorem together with (5.20),

ki ki ki
(f’ ’U) + (uh 7VU) = (f -V (uh + u11n h + ualg h) 1}) - (ulin,h + ualg,h7 V’U)

“L((R)R ki ki
= Z {IKI7H (R JvU)K*(ulinl,thual;,hvV“)K}
KeTu

The Cauchy—Schwarz inequality gives

Yo EITHRE T vkl < Y Klél(R)’;“é”jllvllKS{ > Klll(R)lféi”I?} [ollg - (5.21)

KeTu KeTu KeTu

Summing up these developments with the Friedrichs inequality (5.14), infer from (5.19)

« Ck CFhQ{ Z |K|7(R )]“HF} +H 11nh‘

1
g llu=sllp2q) < cg
- KeTu

[N

ki
alg,h

+|
L) £2(2)

Finally, to evaluate the middle term above, we use

ki |2
Ui p

2@ Z H hnh‘

KeTu

2
L2(K)
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and employ the constant matrix C;;C%l in place of K™! in Lemma 3.5 on each polytope K € Ty to infer

1 k,
‘g Ck Hulth Uher) Anire KUhnK (5.22)

for each polytopal element K € Ty, and we proceed similarly for the last term.
We finally estimate the second term in (5.17). For v € H}(f2) arbitrary, the strong monotonicity in
particular leads to

Ck Hs —up’ . < (K(Vs)Vs +ur’, Vs + K(upHul ) by (5.6a) and (5.4)
=(K (VS)VS + uh L Vo 4+ KuPHult) by (5.16)
< Hs - uh ot ’ gus Vv’ . by Cauchy—Schwarz,
so that,

¢t ‘s—uk’i <cP inf HK ’”—i—Vv‘ (5.23a)

K Ml T K weni@) L2(Q) '

1 > N 1

< et ROyl + Vsh‘ o (5.23b)

for an arbitrary s, € HJ(2). Consequently, for each polytopal mesh element K € Ty, employing here also
the eigenvalue hypothesis (5.7),

HK WO Vs ;(m:H[K(ui”dﬁ<[K<u’2’i>]%ui”+[K< Al ZVSh)’;(m
< Cg H[K(u,’m%uivi R by (5.7)
= Cg {(K(up)uy’ up ) + 200y, Vi) i + (K (uy")] " Vs, Vsn) i }
<c Huh’ i +2Cg (uh, Vn)xe + ez Cg | Vsnllc - by (5.7)

For the first term above, we proceed as in (5.22). For the second one, the development (3.26) remains
unchanged. Finally, for the third term, we use (3.19) where K has been replaced by C;(?CKI to see that

20 IVsnll%e = (Si)Brm xSy

k .

1
The proof is finished by combining the two estimates on cZ [[u — s|| 2 and cZ Hs —u, 2@y’ O
K L2 (Q
Remark 5.2 (Error structure). From (5.17), (5.19), and (5.23a), we immediately see that
1 . 1 . 1 .
c2 ’u —uf? <. ?Ck sup (u—uf’ Vv) +c.? inf HK LI v
K Ml K TweHE (), [Vl 20y =1 4 K vemi@) L2(Q)
<agtoga-u]
-TK K LI

in the second inequality, we have used properties (5.2)—~(5.3) for the first term and (5.5) together with (5.6b)

for the second one, accompanied by the Cauchy-Schwarz inequality. This means that the energy error
3 ki‘

cI2-< ’u —uy’ 1s equivalent to the sum of the dual norm of the residual and nonconformity evaluated

L2(Q)

as the distance to the HE(Q) space. This is an immediate extension from the linear case with an exact
algebraic solver giving V-uy, = f to the nonlinear case with inezact linearization and nonlinear solvers, so
that V-uﬁ’l #£ f. It also serves as our motivation for the definition of the error measure N™* in (6.18a)
in the complex multiphase flow below.
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Note that the estimate of Theorem 5.1 still takes the same simple matrix-vector multiplication form
of Theorem 3.12, with in particular the same element matrices Avrr x, Sre,x, Mrr k. Similarly to
Corollaries 3.13 and 3.14, a further simplification is to replace &MFE K by A &k whenever the latter matrices
are available. In practice, the distinction of the different error components is designed to be used in an
adaptive inexact Newton algorithm such as Algorithm 6.1 of the next section.

6 A coupled unsteady nonlinear problem

In this section, the methodology derived in Sections 3 and 5 is applied to polytopal discretizations of multi-
phase Darcy flows in porous media. An abstract framework for a posteriori estimates is already developed
for two-phase flow in [66, 20], for multiphase flow in [29], and for thermal multiphase flow in [30]. However,
these works do not handle general polytopal meshes often encountered in practice and do not address the
question of as cheap as possible form of the estimates. In the following, we describe briefly the multi-
phase model, discuss its discretization by an implicit finite volume scheme, the linearization by the Newton
method, and the algebraic solution of the arising linear system. We also explain the required fictitious
flux reconstructions and finally develop our simple a posteriori error estimate distinguishing different error
components. By decomposing the estimators into the space, time, linearization, and algebraic error com-
ponents, we can formulate criteria for stopping the iterative algebraic solver and the iterative linearization
solver when the corresponding error components do not affect significantly the overall error. Moreover,
the spatial and temporal error components can be balanced respectlvely by time step and space mesh
adaptation. In particular, denote by n:pT’ nglmktl, nﬁnktl, and ngl’g ’tl respectively the total spatial, temporal,
linearization, and algebraic estimators, on time step n, linearization step k, and algebraic solvers step i.
Let Yiin, Valg € (0,1) and Ty > Yem > 0 be user-given fixed parameters. Similarly, fix the fractions of cells
to refine (or and to derefine Cgeref, 0 < Cderer < Crer < 1. Following [39, 66, 20, 29, 30] and the references
therein, we derive in this section simple estimators to run the following fully adaptive algorithm:

Algorithm 6.1 (adaptive algorithm with time and space mesh refinement and adaptive stopping criteria).
Set n := 0.
while t" < tg do {Time loop}
Set n:=n+ 1.
loop {Spatial and temporal errors balancing loop}
Set k := 0.
loop {Newton linearization loop}
Set k := k + 1 and set up the linear system.
Set ¢ := 0.
loop {Algebraic solver loop}
Perform a step of the iterative algebraic solver and set ¢ := 4 + 1.
Evaluate the different estimators.
Terminate the algebraic solver loop if: nal’g’ < yalgnsp A

end loop _
Terminate the Newton linearization loop if: nﬁr’lkt” < 'yhnn:pktl.
end loop

Terminate the spatial and temporal errors balancing loop if

n,k,i n,k,i n
nbp K,t= > Gref max {nsp K’ t} VK € TH

) K eTﬂ ) )

n,k z n,k,i,

’thnsp t < Mem < thnsp t >

else
Refine the cells K € T} such that n:pkKlt > Crof MAX KT {an, t}

Derefine the cells K € T} such that 77 sp. K ¢ < Cderet maxg ey {nsp” t}

Refine the time step if nfm]ftl > I‘tmn:pk " derefine the time step if %mngpﬁl > nfmktz
end loop
Update data.
end while
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6.1 Multiphase Darcy flow

We counsider the generalization of Coats’ formulation [26] of multiphase Darcy flow models to an arbitrary
number of phases by [43]. The same formulation has already been used in [29], so we only give a concise
presentation. Let P = {p} be the set of phases, C = {c} the set of components, and, for a given phase
p € P, let C,, C C be the set of its components. .S, then denotes the saturation of the phase p and C), . the
molar fraction of the component c in the phase p. For a given component ¢ € C, denote by P, the set of the
phases which contain c.

We denote by P the reference pressure such that the phase pressures P,, p € P, are expressed as

P, := P+ P, (S,), (6.1)

where P, is a given generalized capillary pressure function. We collect the unknowns of the model in
the vector X:=(P, (Sp)pep, (Cp.c)pep,ccc,). We denote by ¢ the porosity of the medium and by K the
permeability tensor. For a phase p € P, k., is the relative permeability, p, is the dynamic viscosity, ¢, is
the molar density, p, is the mass density, and v, is the mobility given by v, := Cpk;—f; for simplicity, we
suppose here that only k, , (and consequently v,) can be functions of the unknown saturations S, the other
data being given as constants on each space-time element of the mesh introduced below. More general cases
can be treated as in [29].
The system of governing equations is posed in 2 x (0,tg) by

Ole +V-0,. = q., Ve e C, (6.2)

where ¢, for simplicity piecewise constant on the space-time meshes introduced below, denotes a source or
sink and . is the amount (in moles) of component ¢ per unit volume,

le = ¢ Z CpSpCp,c- (63)
pEP.
In (6.2), for each ¢ € C, the component flux 6. has the following expression:
0= Opc,  Opei=0,c(X) =1,Cpcvp(Pp), (6.4)
PEP.
where for all p € P, v,,(P,) represents the average phase velocity given by Darcy’s law,
vp(Bp) = —K(VP, + ppgVz). (6.5)

Here g is the gravitation acceleration constant. Note at this occasion that only the first part of the Darcy

velocity,
u,(Py) := —KVP,, (6.6)

is a gradient of the phase pressure. We will use this observation in our error measure below. We assume
that no-flow boundary conditions are prescribed for all the component fluxes,

0.ng=0 on 00 x (0,tr) Veel, (6.7)

where 02 denotes the boundary of 2 and ng its unit outward normal. At ¢ = 0 we prescribe the initial
amount of each component,
le(-,0) =19 Ve e C.

The previous PDEs is supplemented by a system of algebraic equations imposing the volume conservation

> S, =1,

peEP

the conservation of the quantity of matter

> Cphe=1 VpeP,

ceCyp
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and local thermodynamic equilibrium expressed by

Y (Pl=1)=>1C| ~c|

ceC peP

equalities of fugacities, see [29] for more details.

6.2 Finite volume discretization on a polytopal mesh

To discretize our model, we choose a fully implicit numerical scheme based on phase-upwind and multi-point
flux approximation L-method, see [2]. This method, in the steady linear case, fits our Assumption 3.1, but
is not of the form of Assumption 3.2. Among many variants of the MPFA methods, the L-method seems to
be a good choice for adaptive mesh refinement. Actually, for the L-method, the treatment of hanging nodes
is straightforward, see [69]. In order to define this numerical scheme, we start by giving some notations for
the space-time mesh. In addition to Section 2 for the space mesh, we let (7,,)1<n<n denote a sequence of
positive real numbers corresponding to the discrete time steps such that tp = Zﬁlzl Tn. We consider the
discrete times (t")o<n<n such that t® :=0and, for 1 <n < N, t" := Z?zl 7;; then we define the time
intervals I,, := ("1, t").

Let (T{)o<n<n denote a family of meshes of the space domain 2 defined in the sense of Section 2; we
suppose that T;} has been obtained from Tlf}_l by refinement of some elements and by coarsening of some
other. For all 0 <n < N, we define F, &, £f 1, E?(’;Xt, and 5;?’1,?'3 similarly to Section 2. The key idea of
the MPFA L-method is to express fluxes as a linear combination of cell pressures, using one value per cell.
Forall 1 <n < N, welet X7 = (X%)kery, with X% = (Pg, (S} x)per, (C} . i )peP,cec,) be the vector
of discrete unknowns. System 6.2 is then discretized as follows: for all time steps 1 < n < N, all polytopal
cells K € 77, and each component ¢ € C, we require

K n— n n
B e X0 — LX)+ bereo(XE,) = K]l (6.8)

cEERNERT

This equation expresses the mass balance for the element K. Here ¢’ j is the value of g, on element K and
time interval I,,; recall also that | K| stands for the Lebesgue measure of the element K. First, in a discrete
version of (6.3),

lex (X5) =0k Y Sy xCpexc (6.9)
pE'PC

Next, for each component ¢ € C, following (6.4), its total flux across the face o results from the sum of the
corresponding fluxes for each phase p € P, i.e., for all K € T/ and all 0 € Ex NER® with 0 = K N IK',

K if 0, 0(X2 ) >0,
90 K,o XTH Z v, KT KTap,K (T(X'TH) Kg = {K/ OchI‘VViSG " (610)
pPEP. ’

with C"C o and l/p K] + denoting, respectively, the upstream molar fraction and upstream mobility. In (6.10),
P

we have introduced the multi- point finite volume approximation of the normal component of the average
phase velocity on face o given by

Op k.0 (X5,,) = Op .o (X b iorese) = > % (Ppyer + pphn97K7), (6.11)
K'eSk

where, following (6.1),
Bx = P+ P, (S) k),

and, for all 0 € Ex NEMY SL is a flux L-stencil S& € T/. Moreover, for all K’ € SL, 7%, € R is the
transmissibility coeﬁiment of the face . Details about choosing the proper L-stencil and computing the
corresponding transmissibility coefficients can be found in [2]. Finally, boundary fluxes are set to zero to
account for the homogeneous natural boundary conditions.
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6.3 Linearization and algebraic system solution

At this stage, we need to solve, at each time step, the system of nonlinear algebraic equations resulting from
the discretization (6.8). First, for all times 1 < n < N, we apply the Newton linearization generating, for
X%? fixed, a sequence (X%f)kzl with X?—: solution to the following system of linear algebraic equations:
for all components ¢ € C and all mesh elements K € T},

S DBt (o) Xy~ X3 ) B (X 0 612

n
K'eTy K

with, for all ¢ € C and all K € Tj,

K
Rese(X%,) = Bk (X5 1) ¢ X o (K5,) — IKlal e

cEEKNERT

Second, for time 1 < n < N, and a given Newton iteration & > 1, to approximate the solution of the
system (6.12), we use an iterative algebraic solver. Developing the derivatives in (6.12), for X%f’o fixed,

this gives a sequence (X?—f’i)izl solving (6.12) up to the residuals, given for all ¢ € C and all K € T} by

. K , ,
n,k,i n,k,i n— n,k,i
RC,K = ‘Tn| (lc,K - lCaK(XK 1)) + § : HC,K,O' - |K|qZL,K7 (613)

ceEKNERt

where the linearization of the amount of component I, K(Xﬁk’i) of (6.9) is given by

Ol xc
oX7.

lz,ll?z — ZC,K(XrIL(,kfl) + (X?(,kfl) . (X;L(,k,i _ X?kfl)’

and where the linearization of the component fluxes 6. K)U(X?—f’i)of (6.10) is given by

n,kg n,k—1 ~n,k—1 n,k—1 K,o n,k—1 n,k,i n,k—1
GC,K,U T Z {Vp,KT Cp,c,KT |:9p7K70' (XTH ) + 8:pX_n (XTH ) ’ (XK, - XK/ ):| }' (6'14)
PEP: : ! K'eTy K’

We will also consider j > 1 additional algebraic solver steps in (6.13), similarly as we have done it in (5.11).

6.4 Fictitious flux reconstructions

Following Sections 3.3 and 5.3, we now define an equivalent of uy, of Definition 3.3 and u];L’i of (5.12). Here
again, it is only needed to define the approximate solution but not for the a posteriori error estimators, so
that it is not to be constructed in practical calculations. In what follows, we will systematically use the
convention (3.7) (without change of the notation) to define the fluxes of the simplicial submesh faces in case
they subdivide the original polytopal faces.

Let a time step 1 < n < N, a Newton linearization iteration £ > 1, and an algebraic solver iteration
i > 1 be fixed. For all phases p € P and all K € T}, define ugv’;f’l|K € RTNy(K) as a discrete counterpart
of (6.6) by

(Wring )y = > TR PI, Vo e ERTY (6.15)
K'eSk
with uZ’,’f’inQ = Kp,gVz-ng on 9§ coherently with the homogeneous Neumann boundary condition.
%

Similarly, for all components ¢ € C and all K € T}, we define 87,"*|x € RTN(K) as a discrete counterpart
of (6.4) by
n,k,i L n,k,i ~n,k,i n,k,i n,ex
O ng, 1)y = > vt OOy ko (X, Vo e Eg5F, (6.16)
PEPe
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with 0, k., defined by (6.11), while we set 87 ,]f "ng = 0 on 8Q. The other degrees of freedom are then
defined via a minimization solve as in (3.9). Note that in (6.16), no upwinding is used; these normal fluxes
will be compared below to

GC,K,U(X?';fJ) — Z n,k, zcn ki ep’K,U(X;L_,:yi)’ KT =

K if 0 " ){n,k,i > O,
pKT p { st ! )= (6.17)
pEP.

K’ otherwise,

which stem from (6.10).
n,k,i n,k,i
0>

In the present evolutive setting, we further need to let u, " and 6.’ be affine-in-time on the time
interval I,,, given respectively by u’ ,’f " and 02}1:,1 of (6.15)— (6.16) at the current time ¢", and by up;l and
0 hl obtained in the same way but on time previous time ¢"~! (here we systematically omit the linearization
and algebraic solver indices). Finally, we also need to define [ :TZ as affine-in-time on the interval I,,, given

respectively by the values . x (X% ') and ZC7K(X?{’k’i) at times ¢"~! and ", for all K € T}.

6.5 Error via dual norm of the residual and potential nonconformity

Suppose that a weak solution can be defined as in [29, Assumption 3.1]. Let X™ := L?(I,; H*(Q)) and set

2 2 1 2
loll5n = / > {hK ||9"”L"‘<K>+HKZVW’L2<K)} N

'n KGT‘VL
where h is the diameter of the cell K € T;;. Then the distance of the current approximate solution to the
exact solution can be evaluated as in [29, Section 4.5.1] via

{z<>}{z<>}

ceC peEP

where

Nkt = sup / {(5} — Oy Fip) — (0 Of;f:,Vgo)} dt (6.18b)
I

PeX™ ol xn=1
and

1
2

n,k,i
u' ki 4 KV3, HK e } dt} . (6.18¢)

The first term (6.18b) is the dual norm of the residual of the weak formulation for each component on the
time interval I,,, and the second term (6.18c) evaluates the nonconformity in the phase pressures. Indeed,
from (6.6), u,(P,) should be minus a gradient of a scalar-valued function, which is not necessarily the case

N\ 2
n,k,i . o ki ~n,k,i
NP s lg)f; { Z / { Vp K Cp,c,K) ‘

KeTy

for the discrete un;f " given at time ¢" by (6.15).

Remark 6.2 (Error measure N™*%). The error measure N™* is a natural extension of the energy error
from the simpler cases. Indeed, in the steady linear case of Section 3, under the assumption of exact linear
solver leading to the fluz reconstruction wy, lying in H(div,Q) and satisfying V-u, = f, one has (3.25)
which corresponds to vanishing (6.18b) and steady single-phase version of (6.18c). Similarly, in the steady
nonlinear case of Section 5, Remark 5.2 leads to the equivalent of the sum of the terms (6.18b) and (6.18c¢)
in the steady case for the only phase/component present.

6.6 Simple a posteriori estimate distinguishing the error components

We now extend the a posteriori estimates proposed in [29, Section 4.5.2] to polytopal meshes and derive
their simple form only using local matrix-vector multiplications. In extension of (5.13), we again only rely
on the following finite volume face fluxes associated with the polytopal mesh elements K € 7T;} and their
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faces o € EZ’EXt not lying on the boundary of €, for all components ¢ € C, time levels n > 1, linearization

steps k > 1, algebraic iterations ¢ > 1, as well as times t € I, if necessary:

b=t tn—t

(Url?f;’i)gz — Z T;'(/P;’I?’,i—&- - Z TR Pl (6.19a)
T K'eSt T K'eSt
@mkﬂ' — 0 Xn,k,i n,k,icn,k:,i 0 Xn,k:,i 6.19b
( upw,K,c)U T Cvaff( T )_ Z(Vp,K p,c,K) paKaU( Tu )7 ( . )
pEPe
en,k,i . t" —t mk,icn,k,i 9 Xk n—1com—1 g xn-1
( tm,K,c)o — Z Vo k YUpe K p,K,o( Tu )—Vp,K p,c, K p,K,U( TH) , (6.19¢)
PEPe

en,k,i R Hn,k,i 9 Xn,k:,i 1 d

( lin,K,c)O' — Ye, Ko C,K,U( Tu )7 (6 9 )
ki Jkiitg ki

(@ZIg,;(,c)O' = QZ,K,ZUH - GZ,KL; (6.19¢)

we set all these normal fluxes to zero for all faces located on the boundary of € in accordance with
the Neumann boundary condition (6.7) and define the local vectors as @ff{c = {(@:L:f(’fc)g}geg}(, o =

upw, tm, lin, alg, and similarly for (U%gi)a,
We also need to define the phase pressure reconstructions S}?Z’i and S‘Z{f};”’k’i, similarly to the steady

linear model in Section 3.5. We use directly the cells pressure values as in Definition 3.8. More precisely,
the building blocks are the phase pressure values obtained from the finite volume scheme, the current P;”’I@’Z

and the previous time step P;L}l, that we combine for each time ¢ € I, to

t— tnfl

Tn

ki  th—t_
Pt + — P (6.20)

Note that all quantities of (6.19) and (6.20) are readily available from the finite volume discretization of
Section 6.2, more precisely on each linearization step k > 1 and each algebraic solver step ¢ > 1 as described
in Section 6.3.

Let ck be the smallest eigenvalue of the tensor K. Proceeding as for the steady linear problem in
Section 3.7 and the steady nonlinear problem in Section 5.4 while noting in particular that the chosen
MPFA L-scheme verifies Assumption 3.1 in that it provides one phase pressure unknown per element, one
normal flux unknown per face and per each component, and a flux balance, we can extend [29, Corollary 4.5]
to:

Theorem 6.3 (Simple a posteriori error estimate distinguishing the error components). Consider the
multiphase Darcy flow according to Section 6.1, the finite volume scheme of Section 6.2, and its linearization
and algebraic system solution according to Section 6.3. Let the approrimate solution be understood in the
sense of Section 6.4, and the error be measured in the sense of Section 6.5. Let the element matrices
AmrE Kk, Sre Kk, and Mpg ik be respectively defined by (3.12), (3.18), and (3.20). Let T} C 7}}1_1, i.e.,
there is no coarsening. Then

3

. . ki ki N ki )2

N”v’wg{ D (ke il il ) } (6:21)
ceC

with

%
it { /> (n?,’;'?fc)zdt} , (6:22)

where @ = sp, tm, lin, alg, rem and a, = 2, except for as, := 4. Here, for c € C, we prescribe the elementwise
spatial estimators

) 3
n,k,ag . n,k, n,k,i
Wit = Muprtce T3 D (”Nc,K,c,p) ; (6.23a)

PEP.
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with the nonconformity estimators
n,k,i 2 n,k,i ~mn,k,i 2 n,k,i\t X n,k,i n,k,i\tQ n,k,i
(”Nc,K,c,p> = (Vp,K Cp,c,K) (k') Are U y" + (SK,") SrexSk,

i\ beext,n ki L —1q1tRg LA
+ 2(U7Il<>pz) Sk 2 Z (U )oKl 11tMFE’KS?ﬂpZ ’
c€lK

and the upwinding estimators
n,k,i 2 n,k,i t N n,k,i
(nu};\)\;,K,c) = ( ui)“;,K,c) AMFEyK(euﬁ)v&,K,c)
together with the temporal estimators
n,k,i 2 n,k, i\t R n,k,i
(M) = (Ol ) Arare, kOt o
the linearization estimators

1
n,k,d . n,k,i \tR n,k,i b na—1
Mhin, B, {(elin,K,c) AMFEerlin,K,C} +hg(7")

XG0~

L2(K)’

the algebraic estimators

ln,k,i+j _ ln,k,i

1
n,k,i n,k,i [N n,k,i 2 ny—1
nalg,K,c T {(ealg,K,c) A&1\/“5‘1371((9alg,K,c} +hK(T ) ¢, K ¢, K

L2(K)’

and the algebraic remainder estimators by

nki -3 — 1 pnk,iti
nrem,K,c T mln{CFhQCE ’ hK}|K‘ 2 |RC,K |

(6.23b)

(6.23c)

(6.23d)

(6.23¢)

(6.23f)

(6.23g)

Proof. In order to obtain an a posteriori error estimate distinguishing the different errors components coming
from the space, time, linearization, and algebraic resolutions, we proceed as in [29, Section 4.5]. For all
components ¢ € C, all n > 1, kK > 1, ¢ > 1, and all polytopal cells K € T}, only for the purpose of this
proof, we first define some supplementary fictitious flux reconstructions by their normal fluxes over 0K the

other degrees of freedom are again defined via a minimization solve as in (3.9):

e The discretization flux reconstruction 03{5507,1 k € RTNy(K) such that
n,k,i L n,k,i n,ext
<0disc7c,h'nK’ 1>‘7 T echvU(XTH )’ Vo € gK,h ’

with 0. ko ( %i”) given by (6.17), while 3% , .ng = 0 on 9Q. Note that 875"  on

disc,c,h

0?;1“ given by (6.16) by the use of upwinding.

e The linearization error flux reconstruction Hﬁffh k € RTN((K) such that

n,k,i _ gn.k,i n,k,i n,ext
(O i, 1) =008 — e ko (X2, Vo € &y

with 9?21{, given by (6.14), together with 872" .ng = 0 on 9.

lin,c,h

o The algebraic error flur reconstruction Ozl’gk”;hh( € RTN(K) such that

n,k,i _ an.kitg n,k,i n,ext
<9alg,c,h'nK7 1>U - GC,K,U - ec,K,a’ Vo € SK,h ’

(6.24a)

ly differs from

(6.24b)

(6.24¢)

with 9?;210 given by (6.14) and GZl’g’ﬁ’th = 0 on 0%; recall that j > 1 additional algebraic solver

iterations need to be performed in (6.13).
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It crucially follows from (6.13) on algebraic step i + j, the different flux reconstructions (6.24), and the
Green theorem that there holds, for all ¢ € C,

ln,k,i+j —1 K(anl)
¢, K c, K n,k,: n,k,: n,k,i _ n,k,i+j
qZK - n -V (0d1§0 c,h + 011n c,h + aalg,c,h)7 1 - _RC,K VK € Tﬁ’
K

similarly as in (5.20). Let s/ € Py(T;) N HE () for any ¢ € I,,, be prescribed as in Definition 3.8 from

nkl+]

the phase pressures (6.20). Then, following [29, Corollary 4.5] and treating the terms R/ either as

in (5.21) or as 7y’ l;{lc in [29], (6.21) holds with (6.22) and with the local estimators given, for all components
cGCandallKE’Tﬁ, by

1
2 2
n,k,t n,k,i E: n,k,i
nspKC::nuprc+{ (nNCch) } 9 (625&)

pEP.
n,k,i o nkimki n ki n,k,i
INC.K.ep = Vp K Cplek |[Uphr T EVsy; k-4 (6.25b)
n,k,i L n,k,i n,k,i
Nupw. k. = ||Odisc.cn — 0 K-} (6.25¢)
n,k,g n,ki  pgn.k,i
ntm,K,c T Oc h c,ht 57% L2(K) ’ (625d)
n,k,g n,k,i ny—1 n,k,iy _ n,k,i
77hn K,c '™ ehn c,h ‘57% L2(K) + hK (T ) lcyK(XK ) lc,K L2(K) ’ (6256)
n,k,i L n,k,i ny— n,k,i+j n,k,i
nalg,K c alg,c,h ’5 1. L2(K) +h’K(T ) lc,K lc,K LZ(K)’ (625f)
ki Crhacg® s hi K| 3[R+ 6.25
nrem K, ¢ HllIl{ F QCK ’ K}| | ‘ | ( . g)

The bound (6.21) with the estimators given by (6.22) and (6.23) is now obtained by applying Theo-
rem 3.12 to evaluate the nonconformity estimator given by (6.25b) and by applying Lemma 3.5 to evaluate
the upwinding, temporal, linearization, and algebraic estimators of (6.25¢)—(6.25f). O

Remark 6.4 (Coarsening) If a mesh element K € Ty has been obtamed by coarsening of elements of
n,k,i
tm, K c

of (6.23d) need to be evaluated using the matrices AMFE K, SFE K, and MFE K stemming from a common
refinement of the element K by the simplicial meshes T, |T:f 1 and Tk and not T solely. In this sense

Theorem 6.3 also holds when T ¢ ThH .

the previous mesh T~ collected in the set HK , then the estimators nNC ‘K.ep Of (6.23b) and n

7 Numerical experiments: multiphase Darcy flow

In order to validate the results of Theorem 6.3 and of Remark 6.4 and to test the fully adaptive Algorithm 6.1,
we study here two different test cases. The first one is taken from [25], relying on the tenth SPE comparative
solution project model. It is an incompressible water-oil two-phase flow problem built on a Cartesian regular
geometry. This test corresponds to the layer 85 of SPE10. We choose here first the Cartesian regular mesh so
as to compare our new approach with approaches already validated on this type of meshes. The second case
is a simulation of a black-oil model. For this test, the problem is built on a three-dimensional corner-point
geometry (distorted grids), well-known and most often used in reservoir simulation due to the flexibility to
permit a good representation of reservoir description, see [31] and references therein. In what follows, the
proposed a posteriori error estimate framework has been implemented in a reservoir prototype simulator [59],
a thermal multi-purpose simulator written in C++, which is a part of the next generation IFPEn research
simulators based on the Arcane framework [46]. The execution platform is a public computer Intel Core i7,
8 cores, 3.7Ghz with 16GB of memory.

In our computational practice presented below, we perform a nonconforming-type mesh refinement
and allow one hanging node per cell face for the space mesh adaptation. Coarsening is then obtained
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by retrogressive cell agglomeration. During the coarsening and refinement phases, we use some upscaling
and interpolating mechanisms to ensure the mass balance. Geological data (rock properties like porosity
and permeability) are stored at the finest mesh level as data on a cloud of space points. These data are
used during mesh adaptation by standard upscaling algorithms to compute the values of the rock model
properties on the newly created cells following [54].

7.1 Two-phase flow problem

We consider a two-dimensional spatial domain discretized by a grid of 60 x 220 rectangular cells of size 6.096
m in the = direction and 3.048 m in the y direction. We choose the initial time step as 70 = 4.32 x 10%s,
which equals to 0.5 days, and the process is simulated to tr = 2000 days. The reservoir is initially saturated
with hydrocarbons and we consider the injection of water by a well located at the center of the grid. Four
production wells are placed at the four corners of the domain. Therefore, we have a water component
W and an oil component O collected in the set of components C = {W, 0} and two phases P = {w,o}
corresponding to water and oil. The model is actually simplified in that the components can be identified
with the phases, so that Pw = {w} and Po = {0}, Cw.w = Co,0 =1, Cow = Cow = 0, and the vector
of unknowns X reduces to (P, (Sp)pep). Note that then the accumulation term [. becomes linear in the
only unknown S, and one particular consequence is that the second term in the definition (6.23¢) of nﬁf}éyc
vanishes. The porosity ¢ and the permeability field K (scalar coeflicient times an identity matrix) are shown
in Figure 8. The other parameters of Section 6.1 are given by (see [25] for more details):

e o =103 Pa-s and py, = 0.3-1073 Pa-s,

o (, = (w = 1 mole-m™3,

Swi = Sor = 0.2,

Sw — Swi 2 So - Sor 2
ke (Sw) = <m> and  kro(So) = (m) »

P

Cp

(Sp) = 07

there is no gravitational force, z = 0, so that the mass densities p, need not be specified.

Porosity Permeability X, ¥
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Figure 8: Porosity (left) and permeability (right), 10th SPE case
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We consider a discretization by the implicit multi-point finite volume scheme of Section 6.2 with the
Newton linearization detailed in Section 6.3. For the linear solver, we use the Bi-Conjugated Gradient
Stabilized (BiCGStab) [62] with an ILU{0} preconditioner.

Figure 9 shows, at 500 days of the simulation, the evolution of the approximate water saturation, the
spatial estimator computed by the formula on Cartesian grid proposed in [70, Chapter 4], and the spatial
estimator given by (6.23a). Similar behavior is observed for the two a posteriori estimators. Furthermore,
we see that they both detect well the error following the saturation front despite the strong heterogeneity
of the domain.

Water saturation Spatial estimate Spatial estimate

0.35 05 0465 0000e+00 000027  0.00055 000082  1.099e-03 0000e+00 000034 000067 0001 137303
TN ERER A RERRARRARRINRT [ [T

TR YRR 1111

(a) Water saturation (b) Cartesian estimate of [45, 70] (c) Polygonal simplified estimate (6.23a)

Figure 9: Two-phase flow: results on the fine mesh at 500 days

The previous result motivates an adaptive mesh refinement/coarsening (AMR) strategy based on these
estimators. We now verify that the simple a posteriori estimators on polyhedral mesh of Theorem 6.3 give
the expected results, while comparing it with the already validated case in [70, Chapter 4]. We focus on the
mesh space adaptivity and we do not act on the time step. Actually, in our simulator, the time step size
is controlled by the behavior of the Newton algorithm (increased systematically in general, by multiplying
by 2, and divided by 2 if the Newton algorithm diverges), so the space-mesh adaptation only will enable an
easy comparison with the non-adaptive code.

We first apply Algorithm 6.1 with (et = 0.7, Cgeref = 0.2, and “exact” (i.e., negligible-error) algebraic
and linearization solvers. On the coarse scale, the domain is discretized by a grid of 30 x 110 cells and
we allow one refinement level. Figure 10 shows the evolution of the approximate water saturation and of
the meshes at two different simulation times. We remark that the refinement follows the saturation front
as time evolves. Additionally, the fact that we have a model with highly heterogeneous permeability, we
are lead to perform a slow derefinement process in the zone abandoned by the front of water saturation.
Figure 11 depicts the cumulated oil rate (left) and the water-cut! (right) during the simulation. We compare
there the results on the fine grid, the results on the coarse grid, and the results of the two AMR strategies.
We remark that the accuracy of the results on the fine grid is almost recovered by the AMR strategy, and
appears much better than the coarse-grid result.

IThe ratio of water produced compared to the volume of total liquids produced.
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Figure 10: Two-phase flow: results on the adaptive mesh at 400 days and 1100 days
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Figure 11: Fine mesh, coarse mesh, and adaptive meshes: cumulated oil rate (left) and water cut (right),
two-phase flow

The details of the efficiency of the AMR strategy based on the a posteriori error estimator can finally
be appreciated in Table 1. We compare the global CPU time of the simulation for the different strategies.
We detail the CPU time spent on the evaluation of the estimators and the mesh adaptation. We remark a
low cost of the estimators evaluation compared with the total computation CPU time, thanks to the use of
the simple and fast-to-evaluate form of a posteriori error estimates on polygonal meshes of Theorem 6.3. In
Table 1, when applying the mesh adaptation, the overall CPU time is the sum of the resolution time, AMR
time, and estimators evaluation time. We remark that applying the AMR strategy on this two-dimensional
test case leads to a gain factor in the overall CPU time at around 2, for both the polygonal estimate proposed
in this paper and the Cartesian estimate already validated on this type of meshes. Note that, however, that
the simulation is slightly faster when adapting using the Cartesian estimate, due to the fact that we can
here directly compute the RTIN basis functions on the rectangular cells.
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- Resolution | AMR | Estimators evaluation | Gain factor
Fine 603s - - -
AMR Cartesian est. 229s 39s 19s 2.1
AMR polygonal est. 242s 46s 27s 1.9

Table 1: Fine grid vs. adaptive mesh refinements, two-phase flow

7.2 Three-phases, three-components problem

In this section, we present a simulation of a black-oil model. Here, we have three phases constituted by water,
oil, and gas, represented by lowercase letters w, o, g as indices, respectively. The oil phase contains two
types of components: nonvolatile oil and volatile oil, which we call here oil component and gas component,
respectively. This is due to the fact that in this model, the hydrocarbon components are divided into light
and heavy components. The light component can dissolve into the liquid oil phase or volatilize in the gas
phase according to the pressure and temperature. The gas phase only contains the gas components and
the water phase only contains the water component. The components are represented by uppercase letters
W for the water component, O for the oil component, and G for the gas component. Therefore, we have a
problem with three phases P = {w, 0, g} and three components C = {W, O, G}.

Permeability z

Permeability X,Y

4.910e-12 le-11 2e-11 4.910e-11 2.450e-12 4e-12 5.50-12 7e-12  8.580e-12
LU L L L IERREARRERRERNRRRRRREN

i

Figure 12: Permeability, black-oil model

7.2.1 Model setting

The reservoir considered in this test case is a 3-dimensional domain €2 := 4750m x 3000m x 114m discretized
by a corner-point geometry grid. We consider a heterogeneous anisotropic reservoir with 0.3 porosity and
the permeability K in a form of a diagonal matrix with the x and y components identical and forming
three horizontal layers, and the z component forming two horizontal layers, see Figure 12. We consider
a gas injection in a reservoir initially unsaturated. A vertical gas injection well perforates a corner of the
reservoir in the z direction and a production well is located in the opposite corner. On the fine scale, the
domain is discretized by a grid of 76 x 48 x 10 elements and on the coarse scale by a grid of 38 x 24 x 5
cells, leading to one refinement level. The process is simulated to ¢t = 2000 days with initial time step
70 = 4.32 x 10%s, which equals to 0.5 days. Data, constraints, and pressure-volume properties are adapted
from the first SPE comparative solution project model (SPE1) designed to simulate a three-dimensional
black-oil reservoir, given in [56, Tables 1,2, and 3]. We consider a discretization by the implicit multi-point
finite volume scheme of Section 6.2 with the Newton linearization detailed in Section 6.3. For the linear
solver, we again use the BiCGStab [62] with an ILU{0} preconditioner. Figure 13 shows the evolution of
the gas saturation and the spatial estimator at 1000 days. Note that, for the spatial estimator, the data are
normalized by max value in order to have a [0, 1] range. We observe that the spatial estimator follows the
saturation front though the heterogeneous anisotropic medium with time evolution.
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Figure 13: Results on the fine mesh at 1000 days, gas saturation (left) and normalized polygonal estimate
(right)

7.2.2 Adaptive space mesh refinement and stopping criteria for the linear solver

In the standard resolution of our reservoir prototype simulator, the chosen grid is the fine-scale one and the
initial time step, as mentioned before, is chosen as 70 = 4.32 x 10%s. As in the test of Section 7.1, the time
step is increased systematically, by multiplying by 2, but also controlled by the convergence of the Newton
linearization loop in such a way that we divide it by 2 if a divergence of the Newton algorithm occurs.
We thus stick to this setting and only focus on the stopping criteria for the linear solver (and not for the
Newton one) and on mesh adaptivity in space (and not in time). For the adaptive resolution, we start on
the coarse-level grid allowing to one refinement level and we fix (ref = 0.7, (gerer = 0.2 in Algorithm 6.1.

Figure 14 illustrates the evolution of the approximate gas saturation at two different time steps. We
remark that the refinement follows the saturation front as time evolves. Additionally, the fact that the light
component G (gas component) can dissolve into the liquid oil phase or volatilize in the gas phase, we are
lead to perform some localized refinement in zones abandoned by the front of gas saturation.

We show in the left part of Figure 15, at a fixed time step 500 days and for the first Newton iteration, the

evolution of the total estimator (77"”” + nn’k’i + n"’k’i + —|—77n’k’i + 77”’“) with ¢ = G the gas component

sp,c tm,c lin,c alg,c rem,c

and the estimators given in (6.22)—(6.23), the algebraic estimator nglgkcl of (6.22), (6.23f) (with j = 20), and
the relative algebraic residual given by

. An,k—lxn,k,i _ Bn,k—l
errgfgk’l = H [Brk—1]| H

with A™*~1X™F = B™k~1 being the linear system resulting from the k-th iteration of the Newton method
at time step t", see Section 6.3. For the standard resolution, we stop the algebraic iteration using a fixed
threshold eHZl’g]C " <1079, following our usual practice. In the adaptive resolution based on Algorithm 6.1,
we fix Yalg = 10~2.

We remark, in the left part of Figure 15, that the algebraic estimator steadily decreases, while the total
estimator almost stagnates after about a third of total number of iterations necessary to converge using the
standard stopping criterion. In the right part of Figure 15, we depict the cumulated number of BiCGStab
iterations at each time step (the sum of the necessary number of BiCGStab iterations at each Newton
iteration of the time step). We observe a significant gain with the adaptive stopping criterion.

We compare in Figure 16 the number of cells and the cumulated rate of oil production resulting from
both the standard and the adaptive resolution. We can observe in the left part of Figure 16 that the
adaptive algorithm does not have any significant influence on the accuracy of production. The right part of
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Figure 14: Gas saturation: results on the adaptive mesh at 500 days (left) and 1500 days (right), black-oil
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Figure 15: Standard resolution vs. adaptive resolution: total estimator and its algebraic component (left)
and number of BiCGStab iterations per time step (right), black-oil model

Figure 16 shows an important reduction in the number of cells via the adaptive resolution compared with

the standard one.

The necessary linear solver steps and the different CPU times of the adaptive and standard resolutions
are collected in Table 2. It shows that the total number of linear solver steps is reduced by 70%, which is
an important gain. An important gain is also observed in the CPU time. We in particular remark that the
time spent for the adaptation (AMR and estimators evaluation) only represents a small part of the actual
resolution time. Globally, a reduction factor of 3.8 of the overall CPU time is obtained by comparing the
adaptive resolution with the standard one. Important increase of this reduction factor is still to be expected
when also the Newton solver stopping criteria and time step adaptation are used.

Linear solver |Resolution| AMR |Estimators| Gain
steps time time | evaluation |factor
Standard resolution 66386 1023s - - -
Adaptive resolution 20184 201s 42s 26s 3.8

Table 2: Comparison between standard and adaptive resolutions, black-oil model
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Figure 16: Standard resolution vs. adaptive resolution: cumulated oil rate (left) and number of cells (right),
black-oil model

8 Conclusions

This paper presents a posteriori error estimates that can be readily implemented into (reservoir engineering)
production codes on general polytopal meshes with a minimal overhead. These estimates allow for a very
fast evaluation and, according to Theorems 3.12 and 5.1, give a guaranteed control over the error committed
in the approximation of the exact Darcy velocity (flux) for the steady linear and steady nonlinear single-
phase Darcy flows. Theorem 6.3 then gives an extension of this result to unsteady multiphase Darcy flows.
In Theorems 5.1 and 6.3, additionally, all the different error components (time and space discretizations,
linearization, algebraic) are identified, leading to a proposition of a fully adaptive Algorithm 6.1 with all
adaptive stopping criteria for linear and nonlinear solvers, adaptive time step management, and adaptive
mesh refinement. Numerical experiments on real-life problems confirm important speed-ups that can be
achieved with our methodology, in addition to the certification of the computed output.
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