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Abstract

In this paper, we study the mixed finite element method for linear diffusion problems. We
focus on the lowest-order Raviart—Thomas case. For simplicial meshes, we propose several new
approaches to reduce the original indefinite saddle point systems for the flux and potential un-
knowns to (positive definite) systems for one potential unknown per element. Our construction
principle is closely related to that of the so-called multi-point flux-approximation method and
leads to local flux expressions. We present a set of numerical examples illustrating the influence
of the elimination process on the structure and on the condition number of the reduced ma-
trix. We also discuss different versions of the discrete maximum principle in the lowest-order
Raviart-Thomas method. Finally, we recall mixed finite element methods on general polygonal
meshes and show that they are a special type of the mimetic finite difference, mixed finite
volume, and hybrid finite volume family.

Key words: mixed finite element method, local static condensation, local flux expression, discrete
maximum principle, polygonal mesh, locally conservative methods

1 Introduction

Let Q € RY, d > 2, be a polygonal (we use this term also in R? d > 3) domain. We consider the
pure diffusion model problem: find the potential p : 2 — R such that

—V-(SVp) =g in Q, (1.1a)

p=0 on 012, (1.1b)

where S : © — R%? is a symmetric, bounded, and uniformly positive definite diffusion tensor and
g : Q — R is a source term. Let 7, be a matching simplicial mesh of €. For simplicity, we restrict
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ourselves to the homogeneous Dirichlet boundary condition (1.1b) but our approach can be easily
generalized to other boundary conditions. We also assume that S and g are piecewise constant on
the mesh 7. We denote by u := —SVp the flux.

We are interested in the discretization of (1.1a)—(1.1b) by mixed finite elements (MFEs). This
consists in finding pp € ®p, an approximation to the potential p, and u;, € Vj, an approximation
to the flux u, such that

(S~ "ap, vi) = (ph, Vovi) =0 Vv, € Vy, (1.2a)
=(Veup, én) = —(9,0n) Von € Pp. (1.2b)

Here, we focus on the lowest-order Raviart—Thomas case, where the degrees of freedom of the
potential space @, are elementwise constants on Ty, and the degrees of freedom of the flux space
V), represent the sidewise constant values of the normal component of the flux. The system (1.2a)—
(1.2b) can be written in matrix form as

(50 ) (%)= (%) @

and is of indefinite, saddle point type. In our case, thanks to the homogeneous Dirichlet boundary
condition (1.1b), F' = 0, but we prefer to write the general form (1.3) with F' not necessarily zero.
The system (1.3) is well-posed; A is symmetric and positive definite and B has a full row rank.
Thus, there exists a unique solution, on any simplicial mesh Ty, without any restriction on the
shape of the elements; the usual shape-regularity of the mesh is only necessary in convergence
proofs. Recall also that the system (1.3) is well-posed in any space dimension. All these classical
results can be found, e.g., in [16, 47, 54].

There has been a long-standing interest to reduce (1.3) to a system for the potentials P only.
The main motivations are to reduce the number of unknowns, to replace the saddle point sys-
tem (1.3) by, if possible, a symmetric and positive definite one, and to relate the mixed finite
element method to the finite difference and finite volume ones. A possible solution consists in
using the first block equation of (1.3) to eliminate the unknowns U through

U=A"(F-BP). (1.4)

Note that (1.4) represents a global flux expression, since A~! as the inverse of a mass matrix is not
sparse. Plugging (1.4) into the second block equation of (1.3), one can solve for P the system

BA™!B'P =BAT'F - G. (1.5)

The matrix BA™'B? is symmetric and positive; however, it is full and not locally computable. In
mixed Schur complement methods, the explicit construction of BA~!B! is avoided by solving (1.4)
in each step of an iterative process.

In the past, various approzimate numerical quadratures have been used, see, e.g., [48, 4, 11, §]
(we give references in the order of publication) to reduce (1.3) into a system of the form

SP =H, (1.6)

with sparse, locally computable, and possibly symmetric and positive definite matrix S. In these

approaches, however, because of the numerical quadratures, the new potentials P are, in general,

different from the potentials P in (1.3) and one cannot recover the exact potentials P.
One-unknown-per-element rewriting of (1.3) without any numerical quadrature in the form

SP = H, (1.7)
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where P is a new unknown from which P can be locally recovered, has been achieved in two space
dimensions in [59, 20, 57] by exploiting an equivalence between lowest-order MFEs and finite
volumes. A similar approach, with various extensions, has been taken in [43]. In [53], a system
of the form (1.7) has been obtained with P = P, i.e., directly for the original unknowns P, in
two or three space dimensions. In these approaches, in contrast to (1.5), the matrix S is sparse
and locally computable and, in contrast to (1.6), one obtains ezactly the potentials P of (1.3),
by solving (1.7) and possibly performing a local postprocessing step. Intermediately, local fluz
expressions (enabling to recover the fluxes U of (1.3) on sides of local patches from the potentials
P on elements of these patches) have been established in [59, 20, 57, 53]. For alternative approaches
to reduce the number of unknowns in (1.3), we refer to [6, 51] and the references therein.

The first goal of the present paper is to unify the approaches of [59, 20, 57] and of [53], to
identify their common principles, and to show that they can be included in the general approach
developed recently in [55]. We tackle this issue in Section 4, after summarizing the notation in
Section 2 and recalling some basics in Section 3. In Section 3, we also recall the relation of the
lowest-order Raviart—Thomas (RT0) mixed finite element (MFE) method to the Crouzeix—Raviart
(CR) nonconforming finite element (NCFE) method and local flux expressions from the Lagrange
multipliers.

The second goal of the present paper is to carry out a comparative numerical study of the
different one-unknown-per-element RT0 MFE reformulations. In particular, we focus on symmetry;,
positive definiteness, sparsity, condition number, and performance of standard direct and iterative
solvers in the different approaches in the presence of inhomogeneous and anisotropic diffusion
tensors S. This numerical study is carried out in Section 5.

The third goal of the present paper is to recall and state precisely the different variants of the
discrete maximum principle valid in the RT0 MFE method. We do this in Section 6.

The fourth goal of the present paper is to recall that, in contrast to a widespread misleading
belief, MFEs can be easily defined on general polygonal meshes. We present this result in Section 7
on quite general meshes and without loosing any accuracy with respect to (1.2a)—(1.2b). The
presentation of this section is done for all order schemes. We simply introduce a matching simplicial
submesh and use a local static condensation corresponding to the solution of local Dirichlet or
Neumann problems.

The last goal of the present paper is to recall known and show new relations between MFE
methods and other discretization schemes, namely the two-point finite volume (FV) [29], mimetic
finite difference (MFD) [17, 13], hybrid finite volume [31], mixed finite volume [26], multi-point
flux-approximation (MPFA) [1, 3, 19], and related methods [28, 41, 14, 56, 42]. We in particular
prove in Section 7 that the RT0 MFFE method on arbitrary polygonal meshes is a particular example
of the MFD method. It seems that the only conceptual difference of the present MFE approach
with these methods is that in MFEs, one has to construct a simplicial submesh and solve a local
problem on each polygonal cell. For some other comparisons between these methods, we refer
to [38] and the references therein. Finally, some conclusions are drawn in Section 8.

2 Notation

This section is devoted to collecting in one place the different notation used throughout the paper.

For a given domain w C R?, let L%(w) be the space of square-integrable functions over w and
(-,)o the L?(w) inner product; we omit the index w when w = Q. By |w|, we denote the Lebesgue
measure of w and by |o| the (d —1)-dimensional Lebesgue measure of a (d — 1)-dimensional surface
o in RY. The symbol | S| also stands for the cardinality (the number of elements) of a set S. Finally,
we denote by (-,-), the (d — 1)-dimensional L?(¢)-inner product on o ¢ R4,



hal-00497394, version 3 - 16 Apr 2012

o= (K T = (K
&t = {o}l, & = {oitl,
& = {”/’i}?:l EX = {v.72, %)
& = Enuyext & = EMue

Tv = {Ki}%:l
et — oy

& = fuk
Sy = Sﬁ‘tué‘f}"‘

%

Figure 1: An example of a patch Ty around a vertex V' in the interior of Q (top left), close to the
boundary (top right), and on the boundary (bottom)

The elements of the mesh T, are triangles in two space dimensions, tetrahedra in three space
dimensions, and, in general, d-simplices. For simplicity, we exclude the pathological cases with just
a couple of mesh elements. We suppose that 7j, is matching, i.e., such that if K, L € Ty, K # L,
then K N L is either an empty set or a common vertex of K and L or a common d'-face of the
mesh 7p, 1 < d < d— 1. We denote by &, the set of all sides of Ty, i.e., the set of (d — 1)-faces
of the mesh 7. We divide &, into the set E}Lnt of interior sides and the set SﬁXt of boundary sides.
Let K € T,. By €k, we denote the set of all sides of K and by £ := £ N E}l“t. For K € Tp, let
nx be the outward unit normal vector defined on the sides of K, and, for o € &, let n, stand for
the unit normal vector of o whose orientation is chosen arbitrarily but fixed for interior sides and
coinciding with the exterior normal of ) for boundary sides. We denote by V), the set of vertices
of Tp. For a given vertex V € V), we shall denote by 7y the patch of the elements of 7T, which
share V, by €y those sides of the elements in 7y contained in ™, and by EF the sides in the
interior of Ty. We set £ := &y \ £, Figure 1 gives various examples. We will also employ
the notation 7" for all elements from 7y having a side from the set £&*; 7,5 = Ty apart from
the second situation of Figure 1. We denote by £y i the sides of K which have V' as vertex. For
K € Ty, let xg stand for the barycenter of K and for o € &, let x, stand for the barycenter of
0. We will also employ the notation 7, for the patch of the elements of 7} which share the side
o € &. Finally, I denotes the identity matrix.

3 The lowest-order Raviart—Thomas mixed finite element method

We recall here some well-known properties of the RT0 MFE method. First, in Section 3.1, we
define properly the spaces ®;, and V}. Section 3.2 gives the hybridization and Section 3.3 recalls
its relation to the Crouzeix—Raviart nonconforming finite element, as well as some other methods.
In Section 3.4, we then present the local flux expressions from the Lagrange multipliers.

3.1 Spaces ¢, and V,,

The RT0 MFE method is given by (1.2a)—(1.2b) where the spaces ®;, and V}, are specified follow-
ing [46] for d = 2 and [45] for d = 3. The space ®;, consists of piecewise constants on 7j. As for
the space V},, there is one basis function v, associated with each side o € &),. Let ¢ be an interior
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side of the mesh 7j, shared by the elements K and L. Then the associated basis function is given
by v (x) = #K‘(x — Vi), x € K, vy(x) = ﬁ(VL —X), X € L, vy(x) = 0 otherwise, where Vg
is the vertex of K opposite to o and V, the vertex of L opposite to o. The orientation of v, (the
order of K and L) coincides with the orientation of the normal vector n,. For a boundary side o,
the support of v, only consists of the element K € T, such that o € £k and v, (x) = ﬁ(x— Vi),
x € K. We refer to [16, 47] for more details.

3.2 Hybridization

Let o be an interior side of the mesh 7j shared by the elements K and L. The approximate
fluxes uy, of (1.2a)—(1.2b) satisfy up|x-n, = up|r-n,. This constraint can be relaxed using the
hybridization technique. The unconstrained flux space is given by VI := Ilxe7, Vi (K), where
V},(K) are the local spaces on each mesh element, and the Lagrange multipliers space ¥y, is the
space of piecewise constants on the interior sides. The hybridized version of (1.2a)—(1.2b) consists
in finding uy, € VE, pp € ®p, and A, € Uy, such that

(S~ wp, vi) = (pn, Vova) + Z (Ving, An)ax\an =0 Vv, € Vi, (3.1a)
KeT

—(Vup, ) = —(9,9n) Von € Py, (3.1b)

> (weng, dn)oron =0 Yo, € W, (3.1¢)
KET,

Here, Aj, provides an additional approximation to the potential p on the sides of the mesh. We
point out that (1.2a)—(1.2b) and (3.1a)—(3.1c) lead to the same solutions pj and uy. Due to the
different flux ansatz spaces, the algebraic vector associated with uy in VE is different from U and
denoted by UY. The equations (3.1a)-(3.1c) give in matrix form

AH (BH )t Ct UH FH
BT 0 0 P =1 G |. (3.2)
C o0 0 A 0

The importance of the hybridization (3.2) lies in the observation that the matrix A" has now an
elementwise block-diagonal structure. Consequently, (3.2) can be reduced by static condensation
to the problem

ZA = E, (3.3)

see [16, Section V.1]. The matrix Z is symmetric and positive definite with a narrow stencil.

3.3 Relation to the Crouzeix—Raviart nonconforming finite element, finite vol-
ume, multi-point flux-approximation, and mimetic methods

Let \IIEC be the Crouzeix—Raviart space, see [25]. This is the space of piecewise affine functions on
T, which are continuous in the barycenters of the interior sides and zero in the barycenters of the
boundary sides. There is one basis function associated with each interior side o € E}Lnt, denoted by
Y. It is such that ¥, (x,) = 1 and ¥, (x,) = 0 for all sides v € &, different from o.

The CR NCFE method for the problem (1.1a)—(1.1b) reads: find ANC € WNC such that

(SVARC, V) = (g.0n)  Yun € U°. (3.4)
In a matrix setting, it can be written as

ZA = E. (3.5)
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It follows from [10, 44, 7, 22] that the above matrix Z and the right-hand side vector E coincide with
the Z and E of (3.3). Thus, the CR NCFE method (3.5) is equivalent to the hybridization (3.3)
of the RT0 MFE one. Let o € £™ and denote the value of A, of (3.1a)-(3.1c) on o by A,. Then
we can obtain ANC of (3.4) by
M= At (3.6)
oegint

Other relations have also been established:

Remark 3.1 (Relation to two-point FV). It has been proven in [59, 20, 57], see also the references
therein, that the RTO MFE (3.1a)—(3.1c) and the two-point F'V discretization coincide in two space
dimensions for zero source term g. We will in fact recover this result in Section 4.4.1 below.

Remark 3.2 (Relation to MPFA). For d =2 and g = 0, it was shown in [37, 58], based on the
results of [53], that the nonsymmetric MPFA O-method [1] is equivalent to the RTO MFE written
with one unknown per element in the form of Section 4.1.2 below.

Remark 3.3 (Relation to MFD). In [17, Section 5.1] and [18, Example 1], it has been pointed
out that the MFED method on simplicial meshes contains as one of its variants the RTO MFE
method (1.2a)—(1.2b), in the sense that it leads to the same linear system (1.3).

3.4 Local flux expressions from the Lagrange multipliers

Following [10, 44, 22], there holds

il = ~SeVAN e+ 205 (e — g0 (3.7a)
Phlk = )\EC(XK) + 52}]’;;’ (§_1(X—XK),X—XK)K. (3.7b)

Relation (3.7a) states that there exist local flux expressions from the Lagrange multipliers. Rela-
tion (3.7b) means that the original potential approximation py, is linked to the Lagrange multipliers
Ap and, additionally, to the source term g. Thus we can locally express both u; and pj, in terms
of the Lagrange multipliers Ay. It is, however, not obvious how to express locally u;, from py,.

4 Reductions to one unknown per element and local flux expres-
sions

We present here a unified framework allowing to reduce (1.3), (3.2), or (3.3) in the lowest-order
MFE method equivalently to (1.7). Firstly, in Sections 4.1 and 4.2, we define local problems
on patches of elements which have to be solved to give local flux expressions. Section 4.3 then
shows how to express the vectors of the Lagrange multipliers A or of the fluxes UY from the new
potential unknowns P, and Section 4.4 gives two different ways of obtaining the final one-unknown-
per-element system (1.7).

4.1 Definition of the local problems by a geometrical interpretation

It follows from (3.6) that ANC|x for any K € Ty, is given by the d + 1 values A,; for simplicity,
following from (1.1b), we set A, = 0 for all o € &**. Let zg be a point arbitrary in R? but such
that any d of the d + 1 side barycenters of K and the point zx do not lie in the same hyperplane.
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Figure 2: Triangle K € 7j, and subtriangle L given by two edge midpoints x, and x, and the
point zx

In two space dimensions, this means that zx does not lie on the boundary of the dashed triangle
in Figure 2. Our main idea is to use the value of )\EC in the point zx as a new unknown,

PK = )\EC’K(ZK). (41)

Let V be any of the vertices of K and let a new simplex L be given by the side barycenters
Xq, 0 € Ev,i, and by the point zx, see Figure 2 (here the points are denoted by x,, x,, and zg).
Denote by ¢s, 0 € vk, and by @i the Lagrange basis functions associated with the vertices of
L; we consider ¢, and ¢ supported on K. Then, using (3.7a), we get

|k = —§|KV< > Ases+ PK@K) + %(X — %K)k (4.2)

o‘Egv,K

Let now a vertex V' € V), be fixed and consider the patch Ty of elements of 7; which share V.
We refer to Figure 1 for examples. Consider (3.1c) for v, associated with the internal sides S‘i}“ of
the patch 7y,. This gives rise to the following local problem: given Py, K € Ty, find Ay, v e Eint
such that (4.2) holds together with

Z (wyng, 1), =0 Vo€ & (4.3)
KeTs

Suppose that this square linear system is well-posed. Then we can express the Lagrange multipliers
A, inside the patch Ty as a function of the new potentials Py in the patch Ty, and of the sources
gn in the patch Ty. Considering (4.2), we can also get the fluxes uy in the whole patch Ty as a
function of Py, i.e., we obtain local fluz expressions from the new potentials Py

Remark 4.1 (Construction principle and MPFA). Considering a patch of (sub)elements, sup-
posing a piecewise affine, possibly nonconforming, potential approximation, imposing the normal
flux continuity, and solving a local linear system on the patch is also the principle of the MPFA
method [1, 3, 19], cf. also [28, 41, 14, 56, 42]. In the MPFA method, the fluzes on patches of
(sub)elements are locally recovered from the potentials strongly by uy := —SVpy,. The difference
of our approach is that we recover the fluxes from the potentials by a weak, variationally consistent
formulation, following both the potential-flux relation u = —SVp and the divergence constraint
V-u =g, see also [53, Remarks 2.2 and 2.3].

Let us now elaborate on (4.2)—(4.3). First recall that (4.3) can be equivalently rewritten as

Z <uh-nK,'Lﬂg>aK =0 Vo € g%}lt
KeTs



hal-00497394, version 3 - 16 Apr 2012

ZK(

zx (circumcenter)

- -

Vi,

Figure 3: Gradients of the basis functions (left) and different evaluation points zx (right) in an
element K € 7},

Here v, are the CR nonconforming basis functions, see Section 3.3. This follows by the facts that
uy,-ng is constant on any o € €k, (1,%q)s = |o|, and (1,%4), = 0 for any side ~ different from
o, so that (upng,1), = (upng,¥vs)s = (Upng,VYs)or. From this equality, using the Green
theorem, we have
> AVun o)k + (W, Vi )k} =0 Vo € EF°. (4.4)
KeTs
It follows from (1.2b) and the definition of V}(K) in Section 3 that (V-up)|x = gn|k. For the
other term in the above relation, we employ (4.2). Notice that

(x —xK,Vibg)k =0,

as (Vi),)|x is a constant vector and x is the barycenter of K. Extend the notation ¢, from (4.2)
to a Lagrange basis function supported on all K € Ty such that o € Ex. The gradients of these
basis function are illustrated in the left part of Figure 3. We then see that (4.2)—(4.3) is equivalent
to the following problem: given Py, K € Ty, find Ay, v e E‘i}“, such that

D> A8V, Vo )k = > {(9:%0)k — Px(SVek, Vibo)k} Vo e &' (45)

KeTo yegint KeTs

We point out that (4.5) is a Petrov—Galerkin problem, as the basis functions 1, of the test space
are different from the basis functions ¢, of the trial space.
The matrix form of (4.5) writes: given Py := { Pk }keT;,, find Al := {Azy},yeg‘i/nt such that

My Al = Gy — Iy Py, (4.6)
where
(MV)J,’V = Z (gv@wvvwa)lﬁ (47&)
KeTs
(Gv)o = > (9:%0)x, (4.7b)
KeTs
(W)ox = —(SVer, Vibo ) . (4.7¢)

So far, we have not specified the choice of the points zx. Three different choices of zx have
been already studied in the literature; however in none of the approaches an abstract framework
was provided.
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4.1.1 S-circumcenter as the evaluation point

Problem (4.5) was first studied in [59, 20] for two space dimensions and in [57] for particular
meshes in three space dimensions. One supposes here the existence of a point zx such that
S|kVey-Vipy = 0 and S|gVe,-Vip, = 0 for all K € T, with the notation of the left part of
Figure 3, which leads to diagonal matrices My . Such a point always exists in two space dimensions
and is called the S-circumcenter of K; the whole mesh 7, then becomes “S-orthogonal grid” in the
terminology of [1]. When S|k = Isg, zx gets the circumcenter of K. The right part of Figure 3
0.7236 0.3804
0.3804 0.4764 /-

In the approach of this section, no local linear system needs to be solved and one always obtains
a two-point flux expression. The choice of the evaluation point zx depends on the diffusion tensor
S but not on the local mesh form. Let d = 2 and consider a patch Ty as in Section 4.1 and a side
o € EPt. Then, from (4.5), we get

(9,%6) Kk + (9,%0) L — Px(SVoK, Voo )k — PL(SVer, V@Z)a)L.

gives an illustration for a diffusion tensor given by S = (

A, = 4.8
(gv@o’ VQ;Z)O')K + (ngaa V¢J)L ( )
By the same reasoning as in Section 4.1, we come to
<uh'nKa 1>U — —Ag(gv@g, V¢J)K + (ga ¢0‘)K - PK(EVSOKa V¢J)K- (49)
We now use the fact that
S|k Ve Vs = =S|k Vs Vi, (4.10)

which follows from the basis functions orthogonalities and from the fact that ¢, ¢, and px form
a partition of unity on K. Denote

age = (8Ves, Vibo) k- (4.11)

It can be checked that this expression does not depend, for a fixed K € T;, and o € Ek, on the
vertex V' of o; (4.11) coincides with [57, equation (31)]. If S|k = Isk, it follows that

sk|o|

0K o = Sgn(ZK)m,
g

where sgn(zx) = 1 if zg € K and —1 otherwise. Using the analogous notation «y, , for the element
L, (4.8) can be rewritten as

(9,%0)k + (9:%0) L + Prark s+ Proag o

A, =
QKo+ QLo

(4.12)

For g = 0, this is the standard two-point FV formula, cf. the first equation on page 13 of [31].
Note however that, as discussed in [59, Section 4], this is no more the case when g # 0, and the
coefficients a , can be negative. Inserting the expression for A, from (4.12) to (4.9), we obtain

AK oL o

— — QK o
u,ng,l), =————(Px — Pr,) + (g, - rT
(upng, 1), Py aL,g( Kk — Pr) + (9,90 ) K P

((ngJ)K‘i‘ (ngJ)L)v (4'13)

i.e., the formula (34) from [57]. When g = 0 and S is scalar, (4.13) is nothing but the standard
two-point FV flux with harmonic averaging of the diffusion coefficient, cf. the second equation on
page 13 of [31]. The influence of the source term ¢ only disappears in very particular situations; a
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ZK = 7Zj,

Figure 4: Two triangles cutting a square for circumcenter evaluation points (left) and an example
of a patch Ty where the matrix My is singular for barycenter evaluation points (right)

sufficient condition is, for example, S = I and g5 |x |K||zx — X0 |sgn(zx) = gn|r|L||zL — %o |sgn(zr).
For o € £**, one similarly obtains

(upng, 1)y = ak o P + (9,%0) K- (4.14)

The present approach can degenerate. This happens when zx coincides with one of the side
barycenters x,, as illustrated in Figure 4, left part. Then, with the notation of Figure 2, the
measure of the subtriangle L becomes 0, |L| = 0. Consequently, one obtains |Vy,| = co. This
situation requires a specific treatment, see Section 4.4.1 below.

4.1.2 Barycenter as the evaluation point

The choice of the barycenter zx = x, cf. the right part of Figure 3, is related to the approach
studied in [53]. It turns out that this choice allows for a wider variety of meshes for which the local
problems (4.6) are well-posed and that it works in all space dimensions. The matrix My is, in
general, not diagonal. This leads to the necessity to solve local linear systems and to a multi-point
fluz expression where the fluxes depend on the potentials Pk of the whole patch Ty,. The choice
of the evaluation point zx depends neither on the diffusion tensor S, nor on the local mesh form.
This approach can, however, lead to a singular local condensation matriz My, . This happens, e.g.,
for S = I and the patch Ty illustrated in Figure 4, right part.

In [53], one expresses uy|7;, directly from the original unknowns Pg = pp|k, K € Tyy. When
g = 0, we have from (3.7b) Px = Px = A\¥(zk) and thus the local problems (4.5) coincide with
those given in [53]. When g # 0, it follows from (3.7b) that Px and Px = AN®(zk) only differ by
52}"';((‘ (S7'(x — xK),x — xK) - Consequently, the local problems (4.5) and those of [53] can still
be written in the form (4.6) with the same local matrices My given by (4.7a) and only differ by
the vectors Py and the right-hand side.

Remark 4.2 (Singular matrices in the MPFA method). Recall from [37, 58] that the RTO MFE
with one unknown per element and the nonsymmetric MPFA O-method are equivalent for d = 2
and g = 0, ¢f. Remark 3.2. Thus, this variant of the MPFA also gives rise to a singular matrix
My, for the mesh of Figure 4, Tight part.

4.1.3 Mesh- and diffusion tensor-dependent evaluation point

In the framework of the CR NCFE method, a new idea has been proposed in [55] for the solution
of the local problems (4.5). It consists in choosing the evaluation point according to the mesh Ty,

10
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and the diffusion tensor S. The choice of the points zx is done locally in order to: a) ensure the
well-posedness of the local problems (4.5); b) influence the properties of the local matrices My ; c)
influence the properties of the final global system matrices (see Sections 4.4.1 and 4.4.2 below). We
refer to [31, 2, 27| for some other examples of locally influencing the final system properties.

4.2 Definition of the local problems by an algebraic interpretation

We now generalize the approach of Section 4.1 in a purely algebraic way, following [55].

4.2.1 Potentials viewpoint

Let K € Ty, let A = {Azy},yeg‘}?t be the vector of the Lagrange multipliers associated with the

interior sides of the element K, and let Ni be a 1 x |£3¢| matrix. We define the vector Pk in a
purely algebraic way by B
NgAg = Pg. (4.15)

Whenever additionally the constraint

> (Ng)o =1 (4.16)

celi

holds for all interior mesh elements, (4.15) allows for a geometrical interpretation in the sense of
Section 4.1: then the entries (Ng), take the values of the CR basis functions v, at the evaluation
points zx. As an example, in Section 4.1.2, all entries of Ng are equal to 1/(d + 1), whereas the
matrix Ng for Section 4.1.1 is specified in [57, equation (30)].

Now consider a vertex V' € V), and (4.15) on all elements K € T$** (recall that Figure 1 gives
an illustration of the different sets). This gives |77 = |E5*"| equations involving the unknowns
Ay = {A,} ee, , with the matrix Ny, employing the element matrices N

Ny Ay = PE. (4.17)

Consider next the lines in (3.3) associated with v € E‘i}lt. Denoting Zy the corresponding submatrix

of Z and setting E%}lt =FE gint this gives a second rectangular linear system, with the number of

rows given by || and the number of columns is given by |Ev|,
Zy Ay = Eit, (4.18)

Combining (4.17) and (4.19), we obtain a square linear system

Zy ([ B
( Ny )Av = ( pxt ) : (4.19)

As the equations (4.18) are taken from the well-posed system (3.3), they are linearly independent.
Thus the well-posedness of (4.19) only depends on the matrix Ny. Clearly, in a still more general
fashion than in Section 4.1.3, the well-posedness of (4.19) can be controlled in function of the local
constellation (mesh 7y, tensor S).

11
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4.2.2 Fluxes viewpoint

Starting from the hybridized formulation (3.2) instead of (3.3) and following the same general idea
as in Section 4.2.1, we can also proceed as follows: consider a vertex V' € V), and the lines in (3.2)
associated with all the elements of the patch 7Ty, and their sides for the first block row, all the
elements of the patch 7y for the second block row, and all the interior sides of the patch 7y for
the last block row. Set U‘P/I for all the elements of the patch 7y and their sides, Py for all the
elements of the patch Ty, and Ay for the sides from &£y. This gives the following local rectangular
linear system:

Al @Yy (UPN R
B} 0 0 P, | = Gy |. (4.20)
(CV 0 0 AV OV

Combing (4.20) with (4.17) gives a local square linear system with (d+ 1)y |+ |Tv|+|EP |+ | TF)
equations and unknowns

Al B\ g Fi
By 0 0 =% | (4.21)
Cy 0 0 A Oy
0 0 Ny v Pt

Thus we can also obtain the fluxes in the whole patch 7y as a function of the potentials.

4.3 Recovery of A and U" in terms of P

Let V € V), be a vertex and Ty the corresponding patch. By any of the approaches of Sections 4.1—
4.2, if the corresponding local problems (4.6), (4.19), or (4.21) are well-posed, we obtain local
expressions of the Lagrange multipliers A (Ay) and/or local expressions of the fluxes U‘P/I from
the potentials Py (and sources in 7). In particular, we infer from (4.6)

AR = (My) "Gy — Ty Py) (4.22)
and from (4.19)
| Zy Eint
we(BY (B, 29

Recall that the system matrices in (4.22) and (4.23) are square. A similar expression can be
obtained for U{! from all (4.6), (4.19), or (4.21).

We now give details on the construction (4.6). Consider (4.22) and run through all vertices of
the mesh 7. For every vertex V', we have one expression for Ai‘?t. All these different expressions
have to lead to the same values of the Lagrange multipliers A, since the vector A is the unique
solution of (3.3). Thus, we are free to associate a weight wy,, to the expression of A, from every
patch Ty where the side o is such that A, is the unknown in the local problem, and combine
these expressions with these weights. The only condition is that, for every side o, the sum of all its
weights is equal to one. Let V' € V},. We define a mapping Yy : RIEVT R‘gim‘, extending a vector
Alnt = {A,} segint of values associated with the sides from EII* to a vector of values associated with

all the interior sides &M by

: A if o€ &int
int o o \%
S R

12
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Let next Wy be a diagonal matrix of size |E2| x |£2|, with the entries given by the weights wy,,.
With these notations, we have
> Tu(WyAP) = A (4.24)
Ve,

. . int int int int .
We now introduce a mapping YTy : RIEVIXIEVT 5 RIS >IE™] (with the same name as the
previous one, since there is no possibility of confusion), extending a local matrix My to a full-size

one by zeros by
_f My)sy if o €&EX and y € EP
[Ty (My)]oy = { 0 if o ¢ &N ory g &

We finally define a mapping Oy : RIEVIXITV] R\e}y“\xwm’ filling a full-size representation of a
matrix Jy by zeros on the rows associated with the sides that are not from E{}lt and on the columns
associated with the elements that are not from 7y,

f )ox if c€&and K € Ty
[Ov (I )ox = { 0 if o ¢ S‘i}lt or K €Ty

With these notations, we obtain from (4.22)

Ty (Wy AP = Ty (Wy (My) Gy — Iy Py))

=Ty (WyMy) HG — Oy (Wy (My) ' Jy)P.
Now, employing (4.24), we finally come to
A=M"G - M™P (4.25)

with
M™ = 3" Ty(Wy(My) ™), M™:= > Oy(WyMy) 'Iv).
vey, Vey,

A similar procedure as above can be applied for the local problems (4.19) or (4.21).
In the same way, in (4.6), (4.19), or (4.21), the fluxes can be expressed. We then arrive at the
equivalent of (4.25) in the form N
vt =0™G - 0o™p. (4.26)

Let us stress that M™Y. Min", O™, and O™ are fully computable and sparse matrices, obtained
by a weighted combination of the inverses of the local matrices. We would finally like to mention
here that in the numerical experiments of Section 5, we only use the approach of Section 4.1, with
all the weights wy, equal to 1/d.

4.4 Prescribing the final system for the potentials P only

We now want to use the above developments in order to write a global system of the form (1.7).
It turns out that two different approaches can be used.

4.4.1 Using the equilibrium of the fluxes
The first possibility is to insert (4.26) into the second block equation of (3.2) which yields

_ BH@inVP =G — BH@inVG, (427)

13
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i.e., (1.7) with the square matrix S := —BHQ™ and the right-hand side vector H := G —BHO™@.
Remark that here, the second block equation of (3.2) is used repeatedly.

The approach of Section 4.1.1 allows to state the matrix S explicitly. Fix K € Ty, for d = 2 and
recall that (4.11), for 0 € Ex N E}L“t, takes the same values when expressed from the two patches
such that o € E‘i}lt. Thus, the weights wy,, of Section 4.3 have no influence in this case and can
be chosen arbitrarily. Plugging (4.13)(4.14) into (V-up, 1)k = > ce, (Unnk, 1)o = (9, 1)k then
gives (1.7) with

Sk g 1= ——Betlo (4.282)

QKo+ QLo

OK O], o

Sk Kk = Y + AK o, 4.28b
7 0625}:? 0K+ Lo O_Eg;mgl( ’ ( )

K o
Hg = —((g, + (g, . 4.28¢
K B e i+ ) (4.250)

K

As observed in [59, 20, 57], for g = 0, (4.28a)—(4.28¢) coincides with the standard two-point FV
scheme [29, 31]. The final matrix S is symmetric and has a (d+2)-point stencil, that is, there are at
most d+ 2 nonzero entries per each row of S. Let d = 2 and S| = Isg. Then S is positive definite
on Delaunay meshes (a Delaunay mesh is such that the closure of the circumecircle of each simplex
does not contain any other simplex vertex) but indefinite otherwise [20]. A critical situation arises,
as outlined in Section 4.1.1, when two triangles cut a square, see Figure 4, left part. The local
matrices My degenerate and the final problem (4.27) is not well-posed. In order to proceed, an
“aggregation” of the two triangles into a square has to be done, leading to one final unknown for
each aggregated pair of triangles. We refer for details to [59, 20, 57]. This approach is called in
Section 5 below the FV method.

In the approach of Section 4.1.2, the final matrix S is in general nonsymmetric and has a wider
stencil (for each K € Tj, all simplices sharing a node with K are involved). The family of meshes
where S is positive definite is, however, larger in comparison with the previous case. Recall that,
similarly as in the previous case, singular local matrices My can appear, see Section 4.1.2. We
refer for details to [53]. This approach is called in Section 5 below the CMFE method.

4.4.2 Using the potential relation

Alternatively, we can insert (4.25) into
NA = P, (4.29)

where N is the |75| x |€] matrix with rows formed by the element matrices N of (4.15). This
gives o o

NM™ P + p = NM™@, (4.30)
i.e., (1.7) with the square matrix S := NM™ +T and right-hand side vector H := NM"G. Remark

that here, (4.29) is used repeatedly. This approach is studied in detail in [55].
Let d = 2, fix K € T, and consider the approach of Section 4.1.1. Recall (4.10), the nota-

14
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Figure 5: Initial mesh; the coloring indicates the permeability tensor S in cases (5.2) and (5.3)

tion (4.11), and plug (4.12) into (4.1). This gives (1.7) with

Vo (2K)0L,o

Sk,L = ot oLy’ (4.31a)
Skxk=1- Y. VolZK)aKs (4.31b)
segit QK. + QLo
He= S =22 (g h) i+ (9,00)1)- (431¢)
segint QKo+ QLo

The matrix S still has a (d+2)-point stencil and its positive definiteness and well-posedness depend
on the mesh 7}, and the diffusion tensor S similarly as in Section 4.4.1. Likewise, the weights wy,, of
Section 4.3 have no influence in this case and can be chosen arbitrarily. In contrast to Section 4.4.1,
however, S is in general nonsymmetric. S becomes symmetric if the mesh is “symmetric”, consisting
of the elements with the same shape, and for S = I, as the numerical experiments in [55] indicate.
Then it coincides with that of Section 4.4.1. This approach is called in Section 5 below the MFEC
method.

The other approaches still lead to a nonsymmetric matrix as in Section 4.4.1. The stencil
involves all simplices sharing a node with a given K € Tj,. Positive definiteness and well-posedness
depend again on the mesh 7j and the diffusion tensor S. The approaches of Sections 4.1.2 and 4.1.3,
respectively, are called the MFEB and MFEO methods in Section 5 below.

5 Numerical experiments

The goal of this section is to carry out a comparative numerical study of the different one-unknown-
per-element reformulations of the RT0 MFE method, as presented in Section 4. We study the
behavior of the different approaches for the homogeneous and isotropic diffusion tensor in Sec-
tion 5.1, for an anisotropic diffusion tensor in Section 5.2, and for an inhomogeneous diffusion
tensor in Section 5.3.

We consider the problem (1.1a) on Q = (0,1) x (0, 1), with inhomogeneous Dirichlet boundary
condition given by the function p(z,y) = 0.1y + 0.9 instead of (1.1b). We perform the calculations
on uniform refinements of the mesh viewed in Figure 5. This mesh is Delaunay, with the minimal
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and maximal angles equal to 35.4 and 88.7 degrees, respectively. A sink term g = —0.001 is
prescribed on two elements of the initial mesh. We consider the tensor S in the form

S| = ( cos(0k) —sin(fx) >< sk 0 )< cos(fk)  sin(fx) ) e

sin(fx) cos(Ok) 0 wvsk —sin(fg) cos(Ok)
where we distinguish the following three different forms:
sk=1 YKeT, v=1, (5.1)

i.e., the homogeneous isotropic case (S =1I), or

m™3r m 3m W
=1 K Oges—, —,—, —, — =0.2 2
SK \V/ 6771) K€{554)255)3}5 14 0 ) (5 )

i.e., the homogeneous, with respect to sk, but anisotropic case (S is a full-matrix tensor), or
sk € {10,1,0.1,0.01,0.001}, v =1, (5.3)

i.e., the inhomogeneous isotropic case (S is a varying multiple of the identity matrix). The different
grey shades in Figure 5 correspond to the different choices 6 and sx in (5.2) and (5.3), respectively.
All the computations were performed in double precision on a notebook with Intel Core2 Duo 2.6
GHz processor and MS Windows Vista operating system. Machine precision was in the power of
le-16. All the linear system solutions were done with the help of MATLAB 7.0.4.

We test the following methods, which are all equivalent implementations of the RT0 MFE
method (1.2a)—(1.2b):

1. MFEB: the final system is of the form (1.7), imposed through (4.30), with the barycenter
as the evaluation point, cf. Section 4.1.2;

2. MFEC: the final system is of the form (1.7), imposed through (4.30), with the S-circum-
center as the evaluation point, cf. Section 4.1.1 (the problem is given by (4.31a)—(4.31c));

3. MFEO: the final system is of the form (1.7), imposed through (4.30), while choosing the
evaluation point as a function of 7;, and S, cf. Section 4.1.3;

4. CMFE: the final system is of the form (1.7), given by the approach of [53]; considering the
discrete unknowns P of (4.1) with the barycenter as the evaluation point, cf. Section 4.1.2,
the system matrix S coincides with that of (1.7) imposed through (4.27);

5. FV: the final system is of the form (1.7), imposed through (4.27), with the S-circumcenter
as the evaluation point, cf. Section 4.1.1 (the problem is given by (4.28a)—(4.28c)); this is
the approach of [59, 20, 57] and corresponds to the two-point FV method;

6. NCFE: the final system is of the form (3.3), imposed through (3.5), i.e., through the CR
NCFE method, see Section 3.3.

We show in Figure 6 the sparsity patterns of the original MFE method (1.3) and of its equivalent
reformulations of the above list, for the case of the mesh of Figure 5. Recall that the matrix sizes
are respectively the number of mesh elements plus mesh faces, the number of mesh interior faces,
and the number of mesh elements. In Tables 2-5, we present various properties of the final matrix
systems arising from the different equivalent reformulations. We summarize in Table 1 the different
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Figure 6: System matrix sparsity pattern of the original MFE formulation (top left), NCFE
formulation (top right), MFEB, MFEO, and CMFE formulations (bottom left), and FV and MFEC
formulations (bottom right) for the mesh of Figure 5

abbreviations used in these tables. Recall that a real matrix S € RM*M s positive definite if
P!SP > 0 for all P € RM, P £ 0, and negative stable when all its eigenvalues have positive real
parts (this is in particular the case for positive definite matrices). The 2-norm condition number of
a matrix S is defined by [|S||2[|S™!||2. We also consider the 2-norm condition number after diagonal
scaling, by which we mean the minimal of the two 2-norm condition numbers of the two matrices

(diag(S))™'S, |diag(S)|""/* S |diag(S)|~"/>.

We also study the computational cost. To do so, we restrict ourselves to standard Matlab
routines and test direct and iterative solvers. We first test the \ direct solver. Such a solver may not
be usable for very large systems or may not be suitable for parabolic or nonlinear problems. Thus
the behavior of iterative solvers is also very important. We test two iterative methods. If the matrix
is symmetric and positive definite, we use the conjugate gradients method [36]. For nonsymmetric
matrices, we employ the bi-conjugate gradients stabilized method [52]. Unpreconditioned iterative
linear solvers may be rather slow but usually illustrate well the matrix properties and especially
the matrix condition number. To accelerate their convergence, we use incomplete Cholesky and
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Abbreviation Meaning

Meth. method, one of the equivalent MFE formulations

Un. number of unknowns (matrix size)

Mat. matrix

St. stencil (the maximum number of nonzero entries on each matrix row)
Nonz. total number of matrix nonzero entries

CN 2-norm condition number

CNS 2-norm condition number after diagonal scaling

DS direct linear solver

CG conjugate gradients iterative linear solver

PCG preconditioned conjugate gradients iterative linear solver

Bi-CGStab  bi-conjugate gradients stabilized iterative linear solver
PBi-CGStab preconditioned bi-conjugate gradients stabilized iterative linear solver

CPU CPU time of a direct/iterative linear solver

Iter. number of iterations of an iterative linear solver

IC CPU time of incomplete Cholesky factorization with a specified drop tolerance
ILU CPU time of incomplete LU factorization with a specified drop tolerance

SPD symmetric positive definite

SID symmetric indefinite

NPD nonsymmetric positive definite

NNS nonsymmetric negative stable

NID nonsymmetric indefinite

Table 1: Abbreviations used in Tables 2-5

incomplete LU factorizations with a specified drop tolerance, cf. [49]. The drop tolerance is always
chosen in such a way that the sum of CPU times of the preconditioning and of the solution of
the preconditioned system was minimal. We always use a zero start vector and stop the iterative
process as soon as the relative residual ||[H — SP||3/||H||2, where P is the approximate solution to
the system SP = H, decreases below le-8.

Some general conclusions may be drawn from the theoretical investigations and from Tables 2-5.
NCFE always produces a symmetric positive definite matrix. The FV matrix is always symmetric,
but positive definiteness depends on the tensor S and on the mesh 7. All the other methods lead
to nonsymmetric matrices. These matrices can be positive definite, negative stable, or indefinite,
depending on S and 7. FV and MFEC produce four nonzero entries per matrix row in the interior
of the mesh. In the NCFE case, this number is equal to 5. The stencil of the other methods is
variable; on the row associated with a given element K, there are nonzero entries on columns
associated with those elements L which share a vertex with K. In the present case, this is equal
to 14 in the interior of the mesh. MFEC and FV lead to the fewest total nonzero matrix entries;
NCFE has roughly twice and the other methods have roughly three times as many nonzeros.

5.1 Identity matrix diffusion tensor

Tables 2 and 3 present the results for the coefficients (5.1) and respectively fourth- and fifth-level
uniform refinements of the mesh of Figure 5. The condition number of all methods is here roughly
comparable; the only (negative) exception is FV. The condition numbers get mutually much closer

18



hal-00497394, version 3 - 16 Apr 2012

CG/ PCG/
DS Bi-CGStab  PBi-CGStab

IC/
Meth. Un. Mat. St. Nonz. CN CNS CPU CPU Iter. CPU ILU TIter.

MFEB 13824 NPD 14 177652 7564 7580 0.27 4.86 3245 0.81 0.36 9.0
MFEC 13824 NNS 4 55040 11256 11056 0.09 2.23 372.0 042 0.19 6.5
MFEO 13824 NPD 14 177652 7531 7558 0.28 4.08 270.0 0.80 041 7.5
CMFE 13824 NPD 14 177652 7397 7380 0.27 4.70 312.0 0.83 0.39 8.5
FV 13824 SPD 4 55040 65722 8898 0.07 3.09 1098.0 0.42 0.17 17.0
NCFE 20608 SPD 5 102528 14064 9944 0.14 292 620.0 1.11 0.56 19.0

Table 2: Matrix properties and computational cost of the different equivalent formulations of the
MFE method, identity matrix diffusion tensor (5.1), fourth-level mesh refinement

G/ PCG/
DS Bi-CGStab  PBi-CGStab
IC/

Meth. Un. Mat. St. Nonz. CN CNS CPU CPU Iter. CPU ILU Iter.

MFEB 55296 NPD 14 714740 30289 30373 1.51 33.31 530.0 &8.14 3.37 19.5
MFEC 55296 NNS 4 220672 45016 44643 0.49 17.47 624.5 3.34 1.25 135
MFEO 55296 NPD 14 714740 30143 30285 1.55 37.76 594.5 7.06 2.75 19.5
CMFE 55296 NPD 14 714740 29630 29551 1.49 34.32 544.5 6.91 2.73 18.5
FV 55296 SPD 4 220672 263036 35813 0.48 29.52 2170.0 3.08 1.47 20.0
NCFE 82688 SPD 5 412416 56416 39901 0.90 35.80 1219.0 9.41 3.78 42.0

Table 3: Matrix properties and computational cost of the different equivalent formulations of the
MFE method, identity matrix diffusion tensor (5.1), fifth-level mesh refinement

after the diagonal scaling. The matrix size and sparsity pattern/number of nonzero entries imply
that FV/MFEC give smallest CPU times while using the direct solver, followed by NCFE and then
all other methods. MFEC behaves best for an unpreconditioned linear solver, actually much better
than F'V which do has the advantage of a symmetric matrix. MFEB/MFEC/MFEO proposed in
the present paper and the related CMFE seem to outperform NCFE for increasing mesh size (a sys-
tematically better behavior of CMFE over NCFE is observed in [53]). Concerning preconditioned
iterative solvers, FV/MFEC seem to perform roughly two times as fast as MFEB/MFEO/CMFE
and roughly three times as fast as NCFE.

5.2 Anisotropic diffusion tensor

Table 4 presents the results for the coefficients (5.2) and the fourth-level uniform refinement of
the mesh of Figure 5. Because of the anisotropy of the diffusion tensor, F'V leads to a symmetric
indefinite matrix, whereas MFEC to a nonsymmetric indefinite matrix. These matrices are also
very badly conditioned, whereby the diagonal scaling does not help too much. Consequently,
direct application of the iterative solvers leads to no convergence in 50000 iterations. All the other
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G/ PCG/
DS Bi-CGStab  PBi-CGStab

IC/
Meth. Un. Mat. St. Nonz. CN CNS CPU CPU TIter. CPU ILU Iter.
MFEB 13824 NPD 14 177652 14489 11203 0.28 6.61 448.0 0.98 0.59 6.5
MFEC 13824 NID 4 55040 2401279 416769 0.08 — — 045 020 7.0

MFEO 13824 NPD 14 177652 13401 10767 0.27 6.51 440.5 0.95 0.41 10.0
CMFE 13824 NPD 14 177652 9276 7758 0.28 5.27 350.5 0.84 0.38 9.0
FV 13824 SID 4 55040 247055 239934 0.09 — — 045 020 7.0
NCFE 20608 SPD 5 102528 25393 16969 0.18 4.03 850.0 1.12 0.41 30.0

Table 4: Matrix properties and computational cost of the different equivalent formulations of the
MFE method, anisotropic diffusion tensor (5.2), fourth-level mesh refinement

G/ PCG/
DS Bi-CGStab  PBi-CGStab
IC/
Meth.  Un. Mat. St. Nonz. CN CNS CPU CPU  Iter. CPU ILU Iter.

MFEB 13824 NPD 14 177652 819248 740706 0.28 13.33  897.5 1.05 0.62 6.5
MFEC 13824 NNS 4 55040 903789 763849 0.09 534 9475 047 020 7.5
MFEO 13824 NPD 14 177652 820367 739957 0.28 12.45 790.5 1.05 0.56 8.0
CMFE 13824 NPD 14 177652 2500730 478974 0.28 102.27 6842.5 1.01 0.41 10.5
FV 13824 SPD 4 55040 16387758 497974 0.07 39.41 14101.0 0.44 0.17 16.0
NCFE 20608 SPD 5 102528 4797335 670623 0.18 5242 11226.0 1.22 0.64 16.0

Table 5: Matrix properties and computational cost of the different equivalent formulations of the
MFE method, inhomogeneous diffusion tensor (5.3), fourth-level mesh refinement

methods behave rather similarly to Table 2. Application of the direct solver or of iterative solvers
with preconditioning leads to results similar to that of Table 2.

5.3 Inhomogeneous diffusion tensor

Table 5 presents the results for the coefficients (5.3) and the fourth-level uniform refinement of the
mesh of Figure 5. Here F'V gives a symmetric positive definite matrix and MFEC a nonsymmetric
negative stable matrix. The inhomogeneity of the diffusion tensor however causes an increase of
the matrices condition numbers. This increase is severe in CMFE and NCFE, and in particular in
FV. Consequently, direct application of the iterative solvers leads to important increase of the CPU
time in CMFE, NCFE, and FV. Whereas FV and MFEC behaved similarly in Table 2, MFEC
becomes here almost 8 times faster than the FV one. When diagonal scaling is applied, however,
the condition numbers of all methods become comparable, whence the preconditioned iterative
solvers behave similarly as for the case of Table 2. Also the application of the direct solver leads
to results similar to those of Table 2.
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5.4 Discussion

Amongst the above-tested equivalent formulations, the MFEC leads to very compact 4-point sten-
cils in two space dimensions and excellent computational performance for problems with a possibly
highly inhomogeneous diffusion tensor. The FV has similar properties and leads, in addition, to
symmetric matrices, but gives increased matrix condition numbers for highly inhomogeneous dif-
fusion tensors. Both reformulations, however, seem to behave less well for anisotropic diffusion
tensors, and, moreover, are only applicable in two space dimensions. Then the MFEB, MFEO, or
the previously proposed CMFE reformulations seem to be appealing alternatives to the classical
NCFE implementation.

6 The discrete maximum principle

We recall in this section the different variants of the discrete maximum principle valid for the RT0
MFE method. For this purpose, we replace the homogeneous Dirichlet boundary condition (1.1b)

by a nonhomogeneous one,
p=f on 01},

with f € Hz(09).

Recall from Section 3.3 the notation 1, for the CR basis function of a side o € &, and the
equivalence of the lowest-order mixed and nonconforming elements. Then we have the following
classical result; in a more general setting, it has been shown in, e.g., [34, Theorem 4.5|:

Theorem 6.1 (Discrete maximum principle for the Lagrange multipliers A). Let
SV, Vibs) <0 (6.1)

for all sides o € E,ilnt and all v € &, such that o and v lie in the same simplex K € Tp,. Let g > 0
and f > 0. Then A\p|le = Ay >0 for all o € &,.

Let S be such that it can be written as I times a piecewise constant scalar function and let
T, be weakly acute, i.e., such that the magnitude of the angles between ng,, 0 € Ex, for all
K € T, is greater than or equal to 7/2 (all angles smaller than or equal to 7/2 in two space
dimensions). Then (6.1) holds. Thus, the discrete mazimum principle holds for the Lagrange
multipliers Ap, of (3.1a)—(3.1c) under this condition. Note that one does not necessarily have the
discrete maximum principle for the function )\EC defined in (3.6), as this function may take values
larger than maxycg, Ay and smaller than min,cg, As.

Note that by properties of a simplex and by the fact that

1
NC _
)\h (XK) = m Z AU

o€l

)\1}\30 is an affine function,

for all K € Tp,. Recalling the formula (3.7b) relating )\EC and py, the discrete maximum principle
also holds for the original piecewise constant approximation py:

Theorem 6.2 (Discrete maximum principle for py,). Let the assumptions of Theorem 6.1 be sat-
isfied. Then pp > 0.

Finally, we will employ the link between the RT0O MFE and the two-point FV from Section 4.4.1.
From the form of the final system (1.7) given in this case by (4.28a)—(4.28¢c), we have:
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Figure 7: Example of a general polygonal mesh 7Ty (dashed lines) and of a possible simplicial
submesh 7}, (solid lines)

Theorem 6.3 (Discrete maximum principle for the circumcenter values of ANC). Let d = 2 and

QKoo >0 Vo € &, (6.2a)
QK.+ QL o
ake >0 Voe& (6.2b)
Let next g >0, f >0, and
Hg >0 VK € Th, (6.3)

where H is the right-hand side vector from (4.28¢). Then \¥C|k(zx) = Pr > 0 for all K € T,.

Let d = 2, let S =1 for simplicity, let T, be Delaunay, and let finally each circumcenter of a
boundary triangle be inside 2. Then (6.2a)—(6.2b) holds, cf. [20]. (Extensions to triangulations
obtained from square meshes are also possible following [20]). The requirement (6.3) of course
holds when g = 0 (when the RT0 MFE and the two-point FV coincide), but otherwise, (6.3) adds
an additional restriction on the mesh and the diffusion—dispersion tensor S. In any case, under
the hypotheses of Theorem 6.3, one also has the discrete mazimum principle for the values of )\EC
in the circumcenters of the elements of Tj,.

7 General polygonal meshes and relations to other methods

The aim of this section is to recall that MFEs (of arbitrary order) can be used on general polygonal
meshes and to study their relations to other locally conservative methods.

Let ’?H be a mesh consisting of general polygonal elements. We give an example in Figure 7
(dashed lines). The mesh Ty does not need to be matching (can contain hanging nodes), the
maximal number of sides of each element K € Ty is not necessarily limited, Ty is not necessarily
shape-regular, and its elements can be nonconvex and non star-shaped. We only need the existence
of a simplicial submesh 7, of Ti (that is, every element of Ti is triangulated by elements of 7y,)
which is matching. An example is given in Figure 7 (solid lines). We will show that MFFEs of
arbitrary order can be defined on such polygonal meshes and written with potential unknowns only
related to the elements of ’7A’H and fluzes/Lagrange multipliers only related to the sides of 7A'H For
this purpose, we start either from (1.3) or from (3.3). Recall from [16, 47| that any order MFE
method from any of the different families on a simplicial mesh 7T, can be written under this form.
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Theorem 7.1 (Mixed finite elements on polygonal meshes for Lagrange multipliers). Let ’7A’H be
an arbitrary polygonal mesh with a matching simplicial submesh Ty. Consider any MFE scheme
on Ty, written for the Lagrange multipliers A associated with the sides of Ty, as

ZA = E. (7.1)

Then, (7.1) can be condensed into
ZAN=F (7.2)
with a sparse, symmetric, and positive definite matriz Z. A is an algebraic vector of Lagrange

multipliers related to the sides of Ta only. In the RTO case (3.3) and when the sides of Ty, do not
subdivide the sides of TH, there is one unknown in A per side of Th.

Proof. Note first that (7.2) has the same structure as (7.1). The proof follows by a simple static
condensation. Indeed, let a K € Ty be given and denote the unknowns A of (7.1) corresponding to
the sides of T;, which are in the interior of K by A, Use a similar notation E'B® for the right-hand
side entries of (7.1). Finally, denote the unknowns corresponding to sides of 7, which are on the
boundary of K but not on the boundary of Q by A$¥*. Consider the lines of (7.1) associated with
such sides of 7;, which are in the interior of K. This gives rise to the following local problem: given
A%t find A such that

ZlntAmt — Emt Z(?((t/\})?t. (73)

Note that the system matrix th is square, symmetric, and positive definite, which implies the well-
posedness of the local problem (Zi;;t is a submatrix of Z corresponding to the lines and columns
corresponding to the sides of 7;, which are in the interior of K). Note also that (7.3) is a local
Dirichlet problem, which allows to compute A from A% and EB*. More precisely, we have

ARt — (Zinh) =1 (pine _ gextpexty, (7.4)

Next, we repeat this procedure for all K € ’7A’H We finally use the lines of (7.1) associated with
the sides of T, which are on the boundary of some K € T4 but not on the boundary of €2, where
we insert the expressions (7.4). This gives (7.2). Note that, in contrast to Section 4, all equations
of (7.1) are used exactly once; this process is called static condensation and clearly leads to the
well-posedness of (7.2) with 7 being sparse, symmetric, and positive definite. ]

Theorem 7.2 (Mixed finite elements on polygonal meshes for flux and potential unknowns). Let
T be an arbitrary polygonal mesh with a matching simplicial submesh Ty. Consider any MFE

scheme on Ty, leading to
A B! U F
(20)(#)-(c) &

Then, (7.5) can be condensed into a well-posed system of the form

ABY(0\_(F
(31)(5)-(2)

where the system matriz is sparse and of indefinite, saddle point type, with A symmetric and
positive definite and IB of full row rank. U is an algebraic vector of flux unknowns related to the
sides of TH only, and P is an algebraic vector of potential unknowns related to the elements of TH
only. In the RTO case (1.3) and when the sides of T, do not subdivide the sides of TH, there is
one unknown in U per side of ?H and one unknown in P per element of 7A'H
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Proof. The proof follows by a simple static condensation. We present here briefly its algebraic
form; more details are given below in Theorem 7.4. Note first that (7.6) has the same structure
as (7.5). Consider such basis of the space ®, of (1.2a)—(1.2b) which contains the indicator functions
oK of all K € ’7A'H, i.e., the functions equal to one on K and zero elsewhere (then, all other basis
functions of ®; have zero mean value on each K € 7A'H) Let a K € 7A'H be given and consider the
lines of the first block of (7.5), i.e., of (A B'), associated with such sides of 7, which are in the
interior of K. Consider moreover the lines of the second block of (7.5), i.e., of (B 0), associated
with all basis functions with support in K, other than ¢x. This gives rise to the following local
problem: given U, find U and PY such that

int,int 0,int\¢ int int int,ext y rext
( I?Bg}(g,int (B[B ) ) ( g{)( > = < ZIO( ﬁ){gxt[]g{( > . (7.7)
K K K~ PK YK
The well-posedness of this local problem follows from the fact that it corresponds to a local Neu-
mann problem with compatible data (the compatibility of the data follows from (7.5)). Using (7.7),
we can compute the fluxes U}?t and potentials PIO( in the interior of K as a function of the fluxes
U through the boundary of K, of Fii* and of G%. Note that the matrix of (7.7) is formed
by lines and columns of the matrix of (7.5). It is now sufficient to insert these expressions for all
K € Ty into the remaining equations of (7.5), i.e., those associated with the lines of the first block
of (7.5) associated with the sides of 7j, which are on the boundary of some K € Ti and those
associated with the lines of the second block of (7.5) associated with the basis functions ¢x. This
leads to a system of a form (7.6). O

Remark 7.3 (Mixed finite element approximation approaches). In the approach of [39, 40], see
also the references therein, and in [50], a matching simplicial submesh is also introduced to define
the RTO MFE on polygonal meshes. However, therein, some degrees of freedom are “frozen” or
linked explicitly to the other ones, which can be seen as an approrimation using a numerical
quadrature. Consequently, one does not obtain the same result as in (1.2a)—(1.2b), contrarily
to our approach.

We finally study the relation of MFE methods (7.2) and (7.6) in the lowest-order case with
some popular polygonal discretization schemes.

Theorem 7.4 (Relation with mimetic finite difference, mixed finite volume, and hybrid finite
volume methods). Let the source term g be piecewise constant on 7A'H, let the sides of Ty do not
subdivide the sides of 7A'H, and consider the RTO case (1.3). Then the MFE method (7.6) belongs
to the MFD family as characterized in [17]. More generally, both (7.2) and (7.6) belong to the
family characterized in [27].

Proof. We first show that (7.6) belongs to the MFD family as characterized in [17]. Let K € Ty
be fixed. Inverting the system matrix in (7.7) gives

. P . -1 . .
U}?t _ Al[l;t.,lnt (B%lnt)t Fll?t o Al}r{lt,ext U?(Xt (7 8)
A )= Ul ) Lk ) |

Let us denote by P}( the coefficient associated with the ¢ basis function (this is the value of the
vector P associated with K). The equations of (7.5) which were not used in (7.7) related to the
element K read

Ai?t’eXt (Allr;t,ext)t U[e(Xt N (B}%ext)t (B(]]éeXt)t P}( _ F[e(xt (7 9)
Bl 0 Ut 0 0 Py Gl ) '
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Plugging (7.8) into (7.9) gives the following block system for the unknowns (U, Py ):

A B (U Fext
— 7.10
( B}%ext 0 Pll( G}( ) ( )

where

. t . . -1 .
A\K _ Aext,ext B Al}r{lt,ext Al[l;t.,lnt (B(;%lnt)t Al[r(lt,ext (711)
K B%ext B%m 0 B?%ext
and . .

int,ex int,int 0,int N in
Boxt . pext _ [ Ag ™ AR (B! Fit Y | (7.12)

K K B(I]%ext BOI%mt 0 G%
Let us first remark that the element contribution (7.10) has the same unknowns and matrix

structure as in the MFD method [17]. Moreover, the matrices IB%}geXt are identical as in MFDs.

Because of the homogeneous Dirichlet boundary condition (1.1b), both FI¥* and F&*' are zero;
moreover, since we have supposed g constant on K, G(}( = 0 follows. Thus F\}?‘t = 0, and we
find that also the right-hand sides are the same. It thus remains to check that the matrix ,&K, or
more precisely the scalar product that it generates, satisfies the requirements of stability (3.10)
and consistency (5.1) from [17] (1& K is obviously symmetric). For this purpose, we will rely on the
notion of the lifting operator of [17, Theorem 5.1].

Let the notation Vj(K) stand for the restriction of the space V},, defined on the simplicial
mesh 7}, to the element K € ’7A’H Let UX* be an arbitrary vector associated with the boundary
sides EX of the element K € ’7A'H, representing the exterior normal fluxes through these sides.
We will construct a lifting operator which to a given vector UX" associates a function uy g from
V1, (K) such that

Uext
(wic mic)lo = Vo e £, (7.13)
1
Vg =1= > U (7.14)
|K| O.Egext
K

This corresponds to the problem (5.4) in [17], with a different scaling (our vector UsX* represents
the normal fluxes). Let us decompose Vj(K) into V,(K)®™! generated by the basis functions of
V1, (K) associated with o € £ (oriented along the exterior normal ng ), and Vj(K)™, generated
by the other basis functions of Vj(K). Prescribe uf™, € V,(K)™* by the fluxes UZ*. Let
@h(K) stand for the restriction of the space &y, defined on the simplicial mesh 7}, to the element
K € Ty. Let ®,(K)° be its subspace of functions with mean value zero. Then (7.13)—(7.14) can
be achieved via the following local Neumann problem: find uy g € Vi (K), up g = u}lntK + uz”‘}(,
and p%yK € ®,(K) such that

(S ke, Wik )k — (0h k. V-witi ) = — (87 e, Witk )k Ywili € Vip(K)™,  (7.15a)

_(v'uihrttl(v(p%,K)K = (V-ui’f}(,gb%,K)K V¢2,K € ou(K)°. (7.15b)
Whenever U represents the normal fluxes across the sides of £§X' of a constant vector field
ug, the solution up i of (7.15a)-(7.15b) obviously coincides with ug, so that the consistency

condition (5.5) of [17] is satisfied. Moreover, the stability condition (5.8) of [17] is also classical for
the above local Neumann problem.
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It is now crucial to understand that (7.15a)—(7.15b) is nothing but a functional form of (7.7).
Indeed, as explained above, F}?t and G(}( are both equal to zero in the present setting. Let
now the two vectors UX* and VX' be arbitrary. Let uj x be the solution of (7.15a)—(7.15b)
for UgX*. Similarly, prescribe V‘;LX}( € Vi (K)™* by the fluxes V' and define v, x € V,(K),
Vi K = V}lntK + Vz)f}(, and quK € &, (K)? by

(S Vil Wi — (e Vi =~ Vil witki Vel € VO™, (116w

~(VVik $ha)x = (Vv o) )k Vohk € n(K)°.  (7.16D)
Using the equivalence of (7.15a)—(7.15b) and (7.7), we will now show that there holds
(V&) ARUR" = (8 e, Vi) e (7.17)

which is nothing but the definition (5.7) of [17] (for S constant on K'). Thus, all conditions of [17,
Theorem 5.1] will be satisfied, proving that the MFE method (7.6) belongs to the MFD family.

In order to show (7.17), remark that the matrix Ax appears in (7.10) obtained upon plug-
ging (7.7) into (7.9). Let pp x € ®n(K), phx = p}lL’K —f—p%K, with p}lL’K € ®,(K)! corresponding
to the constant P} from (7.9). The functional form of (7.9) states that uj, x and p x need to
satisfy

(8™, Witk k 4+ (87, Wik )k — (i, VWK K — () i, VWi K = 0
Vwik € Vi (K)™, (7.18a)
- (V-u(fﬁ(, ¢}L,K)K = _(gv ¢}L,K)K V(b}L,K S @h(K)lv (718b)

noting that (V-ui}ﬁtK, ¢}L,K)K = 0 by the Green theorem. Taking WZX}( = VZX}( in (7.18a), we see

that
(Vi) BiUR* = (87 uilhe, vtk e + (87 e, vizloie = (o VoviTioe
where ul’ and p? .- depend on u$™}. through (7.15a)—(7.15b). Now taking p . as test function
in (7.16b) and V}L“tK as test function in (7.15a) yields
~(Phse, VYRS K = (VVilie, ph) ke = (ST un i, vitk ) k-
Combining the two above relations proves (7.17).

We finally show the second assertion of the theorem. In [27, Theorem 3.1], it was shown that
the MFD [17], mixed finite volume [26], and hybrid finite volume methods [31] (or more precisely
their generalized forms) on quite general polygonal meshes are all equivalent in the sense that
there always exist choices of the parameters of these methods so that they coincide. As we have

just demonstrated that MFEs belong to the MFD family, they also belong to this larger family of
methods. O

We end this section by few remarks:

Remark 7.5 (Comparison with mimetic finite difference, mixed finite volume, and hybrid finite
volume methods). The MFE methods on polygonal meshes (7.2) and (7.6) are less restrictive
with respect to the mesh ’7A'H than those needed in [17, 26, 31, 27]. The only requirement is the
existence of the matching simplicial submesh Ty, which needs to be shape-reqular for the convergence.
Moreover, they admit S and g nonconstant inside the polygonal elements K € %H (the alignment
is only used with respect to the submesh Ty ). In our opinion, they can be seen as any of the above
methods with optimal choice of the free parameter(s) and improved resolution inside the polygonal
cells.
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Remark 7.6 (A priori and a posteriori error estimates). Using Theorems 7.1 and 7.2, (7.2) is
only an algebraic rewriting of (7.1), and (7.6) is only an algebraic rewriting of (7.5). Thus, all
a priori and a posteriori error estimates known for simplicial meshes are valid for MFE methods
also on arbitrary polygonal grids.

Remark 7.7 (Discrete maximum principle). In the same sense as in the previous remark, under
the conditions discussed in Section 6, the discrete maximum principle is valid for MFE methods
also on arbitrary polygonal grids.

Remark 7.8 (Mixed finite elements with one unknown per polygonal cell). Consider the RT0
case. It turns out that, by the techniques described in Section 4, both (7.2) and (7.6) can, at least
in certain situations, be reduced to

SP =H, (7.19)
i.e., to a system with one unknown per each polygon in 7A'H, cf. [55, Appendiz A].

8 Conclusions

We have introduced in this paper a systematic way of reducing the number of unknowns in the RT0
MFE method from the flux and potential unknowns to (new) potential unknowns only. This gives
rise to a whole family of equivalent one-unknown-per-element reformulations of the MFE method,
some of which reduce to well-known discretization schemes. Practically, this can lead to important
computational savings. At the same time, various local flux expressions are obtained. We have
also recalled the validity of the discrete maximum principle and the possibility to formulate MFE
methods on general polygonal meshes.

To us, the major conclusion of the present paper is that in all underlying principles, deriva-
tion, properties, applicability, and computational cost, the RTO MFE method is closely related
to many other locally conservative discretization methods. Our main belief is that through these
different links, the results and tools available in MFE methods and those available in the con-
text of the previously-cited methods can become mutually available: for MFE methods which
possess a well-explored and solid theoretical background, let us cite, e.g., the well-posedness
of (1.3)/(3.2)/(3.3)/(7.1)/(7.5)/(1.7) on simplicial meshes, well-posedness of both (7.2) and (7.6)
on arbitrary polygonal meshes, the discrete maximum principle in the lowest-order case, optimal
convergence and superconvergence a priori error estimates (see, e.g., [16, 47, 23, 24, 54]), optimal
a posteriori error estimates [54, 5], multigrid methods (see, e.g., [15, 22]), parallel implementations
(see, e.g., [35]), multiscale and mortar versions (see, e.g., [9]), and convergence and optimality
of adaptive methods [12, 21]; for the previously-cited FV-type methods, let us cite in particular
convergence analysis for nonlinear (degenerate) parabolic equations and their systems, see, e.g.,
[32, 33, 30].

References

[1] AAVATSMARK, I., BARKVE, T., BoE, ., AND MANNSETH, T. Discretization on unstruc-
tured grids for inhomogeneous, anisotropic media. I. Derivation of the methods. SIAM J. Sci.
Comput. 19, 5 (1998), 1700-1716.

[2] AcEras, L., D1 PieTRO, D. A., AND DRONIOU, J. The G method for heterogeneous
anisotropic diffusion on general meshes. M2AN Math. Model. Numer. Anal. 44, 4 (2010),
597-625.

27



hal-00497394, version 3 - 16 Apr 2012

[3]

[10]

[11]

[12]

[13]

[14]

AGELAS, L., AND MAassoN, R. Convergence of the finite volume MPFA O scheme for het-

erogeneous anisotropic diffusion problems on general meshes. C. R. Math. Acad. Sci. Paris
346, 17-18 (2008), 1007-1012.

AcouzAL, A., BARANGER, J., MAITRE, J.-F., AND OUDIN, F. Connection between finite
volume and mixed finite element methods for a diffusion problem with nonconstant coefficients.
Application to a convection diffusion problem. Fast-West J. Numer. Math. 3, 4 (1995), 237—
254.

AINSWORTH, M., AND MA, X. Non-uniform order mixed FEM approximation: Implemen-
tation, post-processing, computable error bound and adaptivity. J. Comput. Phys. 231, 2
(2012), 436-453.

AvorTo, P., AND PERUCGIA, I. Mixed finite element methods and tree-cotree implicit con-
densation. Calcolo 36, 4 (1999), 233-248.

ARBOGAST, T., AND CHEN, Z. On the implementation of mixed methods as nonconforming
methods for second-order elliptic problems. Math. Comp. 64, 211 (1995), 943-972.

ArBocGasT, T., DAwsoN, C. N., KeEeNaN, P. T., WHEELER, M. F., AND YoTOV, I

Enhanced cell-centered finite differences for elliptic equations on general geometry. SIAM J.
Sci. Comput. 19, 2 (1998), 404-425.

ARBOGAST, T., PENCHEVA, G., WHEELER, M. F., AND YoTov, I. A multiscale mortar
mixed finite element method. Multiscale Model. Simul. 6, 1 (2007), 319-346.

ArNOLD, D. N.; AND BrEzz1, F. Mixed and nonconforming finite element methods: im-
plementation, postprocessing and error estimates. RAIRO Modél. Math. Anal. Numér. 19, 1
(1985), 7-32.

BARANGER, J., MAITRE, J.-F., AND OUDIN, F. Connection between finite volume and
mixed finite element methods. RAIRO Modél. Math. Anal. Numér. 30, 4 (1996), 445-465.

BECKER, R., AND MAO, S. An optimally convergent adaptive mixed finite element method.
Numer. Math. 111, 1 (2008), 35-54.

BEIRAO DA VEIGA, L., LipNIKOv, K., AND MANzINI, G. Convergence analysis of the
high-order mimetic finite difference method. Numer. Math. 113, 3 (2009), 325-356.

BREIL, J., AND MAIRE, P.-H. A cell-centered diffusion scheme on two-dimensional unstruc-
tured meshes. J. Comput. Phys. 224, 2 (2007), 785-823.

BRENNER, S. C. A multigrid algorithm for the lowest-order Raviart-Thomas mixed triangular
finite element method. SIAM J. Numer. Anal. 29, 3 (1992), 647-678.

BrEzzi, F., AND FORTIN, M. Mized and hybrid finite element methods, vol. 15 of Springer
Series in Computational Mathematics. Springer-Verlag, New York, 1991.

Brezzi, F., LiIPNIKOV, K., AND SHASHKOV, M. Convergence of the mimetic finite difference
method for diffusion problems on polyhedral meshes. SIAM J. Numer. Anal. 43, 5 (2005),
1872-1896.

28



hal-00497394, version 3 - 16 Apr 2012

[18]

[32]

[33]

CANGIANI, A., AND MANZINI, G. Flux reconstruction and solution post-processing in
mimetic finite difference methods. Comput. Methods Appl. Mech. Engrg. 197, 9-12 (2008),
933-945.

Cao, Y., HELMIG, R., AND WOHLMUTH, B. I. Geometrical interpretation of the multi-point
flux approximation L-method. Internat. J. Numer. Methods Fluids 60, 11 (2009), 1173-1199.

CHAVENT, G., YOUNES, A., AND ACKERER, P. On the finite volume reformulation of the
mixed finite element method for elliptic and parabolic PDE on triangles. Comput. Methods
Appl. Mech. Engrg. 192, 5-6 (2003), 655-682.

CHEN, L., HoLsT, M., AND XU, J. Convergence and optimality of adaptive mixed finite
element methods. Math. Comp. 78, 265 (2009), 35-53.

CHEN, Z. Equivalence between and multigrid algorithms for nonconforming and mixed meth-
ods for second-order elliptic problems. East-West J. Numer. Math. 4, 1 (1996), 1-33.

COCKBURN, B., AND GOPALAKRISHNAN, J. A characterization of hybridized mixed methods
for second order elliptic problems. SIAM J. Numer. Anal. 42, 1 (2004), 283-301.

COCKBURN, B., AND GOPALAKRISHNAN, J. Error analysis of variable degree mixed methods
for elliptic problems via hybridization. Math. Comp. 74, 252 (2005), 1653-1677.

CROUZEIX, M., AND RAVIART, P.-A. Conforming and nonconforming finite element methods
for solving the stationary Stokes equations. I. Rev. Francaise Automat. Informat. Recherche
Opérationnelle Sér. Rouge 7, R-3 (1973), 33-75.

Droniou, J., AND EYMARD, R. A mixed finite volume scheme for anisotropic diffusion
problems on any grid. Numer. Math. 105, 1 (2006), 35-71.

DRONIOU, J., EYMARD, R., GALLOUET, T., AND HERBIN, R. A unified approach to mimetic
finite difference, hybrid finite volume and mixed finite volume methods. Math. Models Methods
Appl. Sci. 20, 2 (2010), 265-295.

EDWARDS, M. G. Unstructured, control-volume distributed, full-tensor finite-volume schemes
with flow based grids. Comput. Geosci. 6, 3-4 (2002), 433-452. Locally conservative numerical
methods for flow in porous media.

EYMARD, R., GALLOUET, T., AND HERBIN, R. Finite volume methods. In Handbook of
Numerical Analysis, Vol. VII. North-Holland, Amsterdam, 2000, pp. 713—-1020.

EYMARD, R., GALLOUET, T., AND HERBIN, R. Cell centred discretisation of non linear
elliptic problems on general multidimensional polyhedral grids. J. Numer. Math. 17, 3 (2009),
173-193.

EyMARD, R., GALLOUET, T., AND HERBIN, R. Discretization of heterogeneous and
anisotropic diffusion problems on general nonconforming meshes SUSHI: a scheme using sta-
bilization and hybrid interfaces. IMA J. Numer. Anal. 30, 4 (2010), 1009-1043.

EYMARD, R., GALLOUET, T., HERBIN, R., AND MICHEL, A. Convergence of a finite volume
scheme for nonlinear degenerate parabolic equations. Numer. Math. 92, 1 (2002), 41-82.

EvyMARD, R., HERBIN, R., AND MICHEL, A. Mathematical study of a petroleum-engineering
scheme. M2AN Math. Model. Numer. Anal. 37, 6 (2003), 937-972.

29



hal-00497394, version 3 - 16 Apr 2012

[34]

[35]

[38]

[39]

[40]

[41]

EYMARD, R., HILHORST, D., AND VOHRALIK, M. A combined finite volume-noncon-
forming/mixed-hybrid finite element scheme for degenerate parabolic problems. Numer. Math.
105, 1 (2006), 73-131.

GLOWINSKI, R., AND WHEELER, M. F. Domain decomposition and mixed finite element
methods for elliptic problems. In First International Symposium on Domain Decomposition
Methods for Partial Differential Equations (Paris, 1987). STAM, Philadelphia, 1988, pp. 144—
172.

HesTENES, M. R., AND STIEFEL, E. Methods of conjugate gradients for solving linear
systems. J. Research Nat. Bur. Standards 49 (1952), 409-436 (1953).

HorrFMANN, J. Equivalence of the lowest-order Raviart—Thomas mixed finite element method
and the multi point flux approximation scheme on triangular grids. Preprint, University of
Erlangen-Nirnberg, 2008.

Krausen, R. A., AND RussenL, T. F. Relationships among some locally conservative

discretization methods which handle discontinuous coefficients. Comput. Geosci. 8, 4 (2004),
341-377 (2005).

KuzNETSsov, Y., AND REPIN, S. Convergence analysis and error estimates for mixed finite
element method on distorted meshes. J. Numer. Math. 13, 1 (2005), 33-51.

KuzNeETsov, Y. A. Mixed finite element method for diffusion equations on polygonal meshes
with mixed cells. J. Numer. Math. 14, 4 (2006), 305-315.

LE PoOTIER, C. Schéma volumes finis pour des opérateurs de diffusion fortement anisotropes
sur des maillages non structurés. C. R. Math. Acad. Sci. Paris 340, 12 (2005), 921-926.

LipNikov, K., SHASHKOV, M., AND YOTOV, I. Local flux mimetic finite difference methods.
Numer. Math. 112, 1 (2009), 115-152.

MAITRE, J.-F. Calculs exacts pour les éléments finis triangulaires/simpliciaux. Application a
une nouvelle présentation de résolutions “a la volumes finis” des formulations mixtes. Talk at
“Journée en I'honneur des 60 ans de Jean-Marie Thomas”, June 18, 2004, Pau, France, 2004.

MARINI, L. D. An inexpensive method for the evaluation of the solution of the lowest order
Raviart—Thomas mixed method. SIAM J. Numer. Anal. 22, 3 (1985), 493-496.

NEDELEC, J.-C. Mixed finite elements in R3. Numer. Math. 35, 3 (1980), 315-341.

RAVIART, P.-A., AND THOMAS, J.-M. A mixed finite element method for 2nd order elliptic
problems. In Mathematical aspects of finite element methods (Proc. Conf., Consiglio Naz.
delle Ricerche (C.N.R.), Rome, 1975). Springer, Berlin, 1977, pp. 292-315. Lecture Notes in
Math., Vol. 606.

ROBERTS, J. E., AND THOMAS, J.-M. Mixed and hybrid methods. In Handbook of Numerical
Analysis, Vol. I1I. North-Holland, Amsterdam, 1991, pp. 523-639.

RusseLL, T. F., AND WHEELER, M. F. Finite element and finite difference methods for con-
tinuous flows in porous media. In The Mathematics of Reservoir Simulation. SIAM, Philadel-
phia, 1983, pp. 35-106.

30



hal-00497394, version 3 - 16 Apr 2012

[49]

[50]

[51]

[52]

[53]

[56]

[57]

SAAD, Y. [terative methods for sparse linear systems, second ed. Society for Industrial and
Applied Mathematics, Philadelphia, PA, 2003.

SBoUI, A., JAFFRE, J., AND ROBERTS, J. A composite mixed finite element for hexahedral
grids. SIAM J. Sci. Comput. 31, 4 (2009), 2623-2645.

SCHEICHL, R. Decoupling three-dimensional mixed problems using divergence-free finite ele-
ments. SIAM J. Sci. Comput. 23, 5 (2002), 1752-1776.

VAN DER VORST, H. A. Bi-CGSTAB: a fast and smoothly converging variant of Bi-CG for
the solution of nonsymmetric linear systems. SIAM J. Sci. Statist. Comput. 13, 2 (1992),
631-644.

VOHRALIK, M. Equivalence between lowest-order mixed finite element and multi-point finite
volume methods on simplicial meshes. M2AN Math. Model. Numer. Anal. 40, 2 (2006), 367—
391.

VOHRALIK, M. Unified primal formulation-based a priori and a posteriori error analysis of
mixed finite element methods. Math. Comp. 79, 272 (2010), 2001-2032.

VOHRALIK, M., AND WoHLMUTH, B. I. From face to element unknowns by local static
condensation with application to nonconforming finite elements. Preprint R11024, Laboratoire
Jacques-Louis Lions and HAL Preprint 00614633, submitted for publication, 2011.

WHEELER, M. F.; AND YoToV, I. A multipoint flux mixed finite element method. STAM J.
Numer. Anal. 44, 5 (2006), 2082-2106.

YoOUNES, A., ACKERER, P., AND CHAVENT, G. From mixed finite elements to finite volumes
for elliptic PDEs in two and three dimensions. Internat. J. Numer. Methods Engrg. 59, 3
(2004), 365—-388.

YOUNES, A., AND FONTAINE, V. Hybrid and multi-point formulations of the lowest-order
mixed methods for Darcy’s flow on triangles. Internat. J. Numer. Methods Fluids 58, 9 (2008),
1041-1062.

YOUNES, A., MOSE, R., ACKERER, P., AND CHAVENT, G. A new formulation of the mixed
finite element method for solving elliptic and parabolic PDE with triangular elements. J.
Comput. Phys. 149, 1 (1999), 148-167.

31



	Introduction
	Notation
	The lowest-order Raviart?Thomas mixed finite element method
	Spaces h and Vh
	Hybridization
	Relation to the Crouzeix?Raviart nonconforming finite element, finite volume, multi-point flux-approximation, and mimetic methods
	Local flux expressions from the Lagrange multipliers

	Reductions to one unknown per element and local flux expressions
	Definition of the local problems by a geometrical interpretation
	S-circumcenter as the evaluation point
	Barycenter as the evaluation point
	Mesh- and diffusion tensor-dependent evaluation point

	Definition of the local problems by an algebraic interpretation
	Potentials viewpoint
	Fluxes viewpoint

	Recovery of  and UH in terms of 
	Prescribing the final system for the potentials  only
	Using the equilibrium of the fluxes
	Using the potential relation


	Numerical experiments
	Identity matrix diffusion tensor
	Anisotropic diffusion tensor
	Inhomogeneous diffusion tensor
	Discussion

	The discrete maximum principle
	General polygonal meshes and relations to other methods
	Conclusions

