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Abstract

The Richards equation is commonly used to model the flow of water and air through
soil, and it serves as a gateway equation for multiphase flows through porous media. It is a
nonlinear advection-reaction—diffusion equation that exhibits both parabolic—hyperbolic and
parabolic—elliptic kind of degeneracies. In this study, we provide reliable, fully computable,
and locally space—time efficient a posteriori error bounds for numerical approximations of
the fully degenerate Richards equation. For showing global reliability, a nonlocal-in-time
error estimate is derived individually for the time-integrated H'(H~'), L?>(L?), and the
L*(H") errors. A maximum principle and a degeneracy estimator are employed for the last
one. Global and local space—time efficiency error bounds are then obtained in a standard
H'(H™') N L?*(H") norm. The reliability and efficiency norms employed coincide when
there is no nonlinearity. Moreover, error contributors such as flux nonconformity, time
discretization, quadrature, linearization, and data oscillation are identified and separated.
The estimates are also valid in a setting where iterative linearization with inexact solvers is
considered. Numerical tests are conducted for nondegenerate and degenerate cases having
exact solutions, as well as for a realistic case and a benchmark case. It is shown that the
estimators correctly identify the errors up to a factor of the order of unity.

Keywords— Richards equation, a-posteriori error estimates, nonlinear degenerate prob-
lems, flow through porous media, finite element method

1 Introduction

The Richards equation models flow of water through porous medium (e.g., soil) partially filled
with air [6, 20]. For a domain Q C R, d € N, and final time 7' > 0, with water saturation s
and pressure p being the primary unknowns, it equates

s — V- [K(z) k(s) (Vp+g)] = f(s,x,t) in Q x [0, 7). (1.1a)

Here, space and time variables are denoted by « and ¢, respectively. The source term f(s,x,t)
represents contribution due to reaction/absorption. The gravity is represented by the constant
vector —g. The absolute permeability tensor K(x) and the relative permeability function
k :[0,1] — [0, 1] are properties of the medium. Initial condition is provided for the saturation
s, and homogeneous Dirichtlet boundary condition is provided for the pressure p, i.e.,

s(x,0) = so(x) for x € Q and p = 0 on 9N x (0, 7. (1.1b)

This project has received funding by the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation program (grant agreement No 647134)



Dirichlet-Neumann mixed boundary conditions are also considered in the numerical Section [6]
To close —, it is usually assumed that saturation and pressure are related alge-
braically (commonly referred to as the capillary pressure relationship [20]), i.e., for a function
S :R — [0,1] one has

s =S(p). (1.1c)

Here, we assume that the saturation s is bounded in the closed interval [0, 1]. Equation (1.1a))
is obtained by combining the constitutive relation for the flux, stated by the Darcy law

o= -K(z)k(s)(Vp+g),

with the mass balance equation d;s + V - o = f(s,x,t). The Richards equation is important
in modelling groundwater flow and various chemical and biological processes. It is a nonlinear
advection-reaction—diffusion equation which degenerates into an elliptic equation if S'(p) = 0
at some point of the domain. On the other hand, if x(s) = 0, then the equation becomes a
first order ordinary differential equation (hyperbolic) with the loss of regularity of the solution.
Nonlinearity and degeneracy are the two main challenges in analysing the system .

Existence of solutions for the Richards equation was shown in [2, B]. However, in the degen-
erate case when (s) = 0, only the existence of a weak limit can be shown [3]. Consequently, the
pair (s,p) might not satisfy in a weak sense. We give appropriate details in Section
Uniqueness of solutions is proven in [33] using the L!-contraction method.

Different spatial discretization methods have been designed for the Richards equation. Some
notable examples are [19] for finite volumes, [31] for finite elements, [4], 36] for mixed finite ele-
ments, [27] for the discontinuous Galerkin method, and [22] for multi-point flux approximations.
Iterative linearization methods such as the Newton, Picard, Jager—-Kacur, and the L-schemes
have been investigated in [7], [11], [21], and [28] 29], respectively, see also the references therein.
An improvement of the Newton method was proposed in [9] by parametrizing both the satura-
tion and the pressure as functions of a separate primary variable. A comprehensive review of
numerical methods for the Richards equation can be found in [42].

The theory of a posteriori estimates for elliptic differential equations is well studied, see, e.g.
[T, 37, 41]. A posteriori upper error bounds for the heat equation in the L2(H') N L°*(L?) norm
were derived in [35]. In [40], global efficiency in space on every time step together with reliability
are proven for the L2(H')NL>®(L2)NH'(H ') norm. In [17], a local efficiency estimate in space
and in time is established for the norm further enriched by time jumps. A general framework
for obtaining rigorous a posteriori estimates for nonlinear problems has been laid out in [38|[39].
However, the Lipschitz continuity and invertibility of the operators associated with the differ-
ential equations are assumed, which limits the scope of the estimates. A more specific result for
the p-Laplacian problem is given in [24]. Using a formulation relying on the N-functions, the
coercivity and Lipschitz-continuity of the flux function are shown with respect to the gradient.
This makes it possible to derive a posteriori estimates for the problem. Estimators for nonlinear
advection—diffusion equations were proposed in [I14]. Both upper and lower bounds (reliability
and efficiency) were established, robust with respect to the nonlinearities and advection domi-
nance, but for a weaker space—time mesh-dependent norm. Moreover, it was also assumed that
the solutions belong to H'(L?), which may not be the case for degenerate problems and/or if
the initial condition is discontinuous. Using entropy methods, error estimates in the L'-norm
were derived in [32] for singularly perturbed nonlinear advection—diffusion problems. Degener-
ate parabolic equations were considered in [30]. An L>°(H~!) estimate was derived using dual
equations of the diffusion problem. For problems having parabolic-hyperbolic degeneracy, a
posteriori upper bounds on the L2(H 1) N L>(H~!) norm combined with the time-integrated
L?(L?) norm of error were derived using Green’s function in [I3] for a Stefan problem and on



the L2(H-Y)N L2(H') N L?(L?) norm in [10] for two-phase flow through porous media. For the
Richards equation, a posteriori error upper bounds in the L?(H')NH"'(L?) norm were derived in
[8]. A regularization term was introduced to avoid degeneracy and to obtain H'(L?) estimates.

In the present paper, we provide a posteriori error estimates for the Richards equation
(1.1a). The main improvements in this study are: (a) Rigorous derivation of the upper as well
as lower bounds of error by the equivalence of the dual norm of the residual with an error metric
that reduces to the L2(HY) N H'(H 1) N L>°(L?) norm in the linear case. (b) Equivalence of
the dual norm of the residual with fully computable and locally space—time efficient estimates.
(c) No higher-order regularity assumptions such as the pressure in L2(H?) N H'(L?) or that
the initial condition is in H'. (d) Inclusion of both the parabolic-hyperbolic and the parabolic—
elliptic type of degeneracies. This requires relaxing the assumptions on the associated functions
such as S’(p), k(s) > 0, assumed for instance in [0, 8, [I0] in order to avoid the blow-up due
to degeneracy. It poses a challenge particularly since the parabolic-hyperbolic degeneracy,
stemming from k(s) = 0, causes a loss of regularity of the solutions. To circumvent this issue,
we assume instead that the initial saturation sy is bounded away from the degenerate value at
0. With this assumption, a function Sy, : [0,7] — (0, 1] is computed using maximum principle
such that Sy (t) < s(x,t) <1 for all (x,t) € Q x [0,7]. For the parabolic-elliptic degeneracy,
a degeneracy estimator is introduced to provide an upper bound on the L?(H') norm of the
error. (e) Rigorous inclusion of linearization errors due to inexact solvers, space and time
adaptive meshes, and implementation of adaptive linearization. (f) It is shown numerically that
despite nonlinearities, degeneracies, and heterogeneities, the effectivity index of the estimators
lies between 1 and 3 in most cases, even locally.

The paper is organized as follows. Section [2| serves as a mathematical prologue to the
Richards equation. The associated functions, relevant transformations, well-posedness results,
and maximum principles are discussed in detail. In Section [3] lower and upper bounds on error
by the dual norm of the residual are derived. The upper bound is provided separately for the
HY(H™Y), L*(L?), and the L?>(H!) errors in a time-smoothened fashion, see Theorem (3.4, In
Section |4, a finite element approximation to the Richards problem is considered, and some
time-interpolations are discussed. These are used in Section [5| to compute the equilibrated
flux and the a posteriori estimators. Reliability and local space-time efficiency bounds are
proven for the estimators. Finally, numerical results are presented in Section[6] The theoretical
findings are verified and the corresponding effectivity indices are obtained using a nondegenerate
as well as a degenerate case with known exact solutions. To demonstrate the prowess of the
estimators, a realistic degenerate problem is analyzed in a heterogeneous, anisotropic domain,
with discontinuous initial condition and mixed boundary condition, along with a benchmark
case. To conclude, it is shown in Appendix [A] how to take into account the additional errors
from iterative linearization, whereas Appendix [B| collects some technical proofs.

2 The Richards equation

Here, we give a brief introduction to the Richards equation and state some of its properties
important for our analysis.

2.1 Basic notation

Spaces: Let Q C R? be an open polytope with a Lipschitz-continuous boundary. Let (-,-) and
|| - || represent respectively the L?(2) inner product and norm; (-,-), and || - ||, stand for the
L?-inner product and norm with respect to any Lipschitz subdomain w C 2. The Sobolev space
H'(Q) contains all functions u € L?() such that the weak derivative Vu € L?(Q;R?), and



HE(Q) is the subspace of H!({2) containing functions vanishing at the boundary 9 in the trace
sense. The space H~1(Q) stands for the dual of H}(f2), and (-,-) denotes the corresponding
duality pairing. With final time 7 > 0 and L?(0,7;V) denoting the L? Bochner space for a
Banach space V', we introduce the Hilbert spaces

X = L*0,T; H}(Q)) and Y := {u € L*(0,T; H'(Q)) : dwu € L*(0,T; H ()}  (2.1)

Inequalities: For a Lipschitz subdomain w C € with diameter hy, let u € H'(w) be such
that either fw u = 0 or the trace of u is zero on a section of dw of nonzero measure. Then the
Poincaré-Friedrichs inequality states that there exists a constant Cp, > 0 such that

ullw < Cp whe V] (2.2)

For a convex w in the zero mean-value case, Cp, can be taken as n L.

Notation: Let [-]+ = max(-,0) and []- = min(+,0) denote the positive and negative part
functions respectively. In our notation, a < b will refer to the inequality a < Cb, where C > 0
is a constant that depends solely on the shape-regularity of the spatial meshes in the space
dimension d, and on the ratio K,/Kn (see below). In particular, it is independent of
mesh-size, time-step size, the functions x(-), S(-), f, and the polynomial degrees associated
with the numerical scheme.

2.2 Assumptions on the data
We assume the following properties for the data in (|1.1)):

(P1) The relative permeability function  is of the class C1([0,1]) with x(0) > 0, (1) = 1, and
k(0) < k(s) < k(1) for all s € (0,1).

(P2) The saturation function S is of the class Lip(R) with Lipschitz constant Lg > 0. It is
either linear, or there exists a constant py; € (0, oo] such that Qm S(p) =0, and
PN\(—00

(a) S|~ € C*((—00,pm]), S'(p) > 0 for all p < pn, and Jim S'(p) > 0;

(b) S(p) =1 and consequently S’(p) = 0 for all p > pr.

(P3) The absolute permeability tensor K : € + R i5 piecewise constant in €2, bounded, and
satisfies the ellipticity condition, i.e., there exists positive constants Ky, Ky such that for
any ¢ € RY,

Knl¢? < ¢TK(z)¢ < Ku|¢*  for almost all z € Q,

where || is the Euclidean norm of ¢, i.e., [{| = (Z;l:l CJQ)% Consequently, there exist

unique positive-definite tensor-valued functions I_{%, K_%, and K—1.

(P4) The source term f € C1([0,1] x Q x R) and there exists a function f,, € C([0,1]) such
that fm() < inwaQ,tEIR7L f(,il},t)

(P5) The initial condition sy € L*°(12) satisfies

0 < ess inf {sp(x)} < esssup{sp(z)} < 1.
S xeN

These assumptions are consistent with experiments, see e.g. [20)].
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Remark 2.1 (Choices for the functions x and S). Two most commonly used models for the
functions k(-) and S(-) [26] are the Brooks—Corey model,

2430
r(s)=s N, S(p)=(2—p/pm) ™™ forp < pum, (2.3)
and the van Genuchten model,
A2 A2\ 2 =)
R(s) = Vs (1= (1—s"2)2)2 S(p) = 1/(1+ (pm — p)™2)*2 for p < pu, (2.4)

where A1 > 0 and A2 € (0,1) are parameters. These functions k(-) and S(-) are plotted in
Figure |1] for Ay = 0.75 and Ay = 2. Observe that both the models satisfy assumptions

(P2),

——Brooks—Corey
= van Genuchten

o
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“w
2
<
= Sos ;
= ~ |
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g i
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S 02 02 1
=
) o
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Saturation s Pressure p

Figure 1: The functions (s) (left) and S(p) (right) as modeled by the Brooks—Corey
and the van Genuchten models. The parameters are Ay = 0.75 and Ay = 2 taken from
[26], which gives a rather close match between the two models. For the heat equation, for
comparison, x(s) =1 and S(p) = p.

2.3 Capillary pressure, diffusivity, total pressure, and auxiliary functions

Here, we introduce some auxiliary functions that will be useful later.

2.3.1 Capillary pressure function

Since S(-) is a strictly increasing function in the interval (—oo, py], its inverse
pe(s) == S7(s) (2.5)

is well-defined for 0 < s < 1. This is commonly known as the capillary pressure function. It
is strictly increasing and limg\ g pc(s) = —oo, see Figure [2 Using pc(-), the relation (|1.1c]) is
alternatively stated as

= pe if 0 1,
p{ pe(s) if0<s< (2.5b)

€ [pm,00] ifs=1.



a° Pu \\ *********************************
E
< kY
i |
QS‘ 0r,,_,,,,,_,_,,,,,,_,,,,,,,_,,,':'_"_1':'::—,-,—_-,—,., _____
P,
= Pe(s)
g "'pc/(s)
= P.(s) (scaled)
0 012 0T4 0?6 OTS 1

Saturation s

Figure 2: The pc, p.’, and P, functions for the Brooks—Corey model with A\; = 0.75.

2.3.2 Diffusivity and total pressure functions
We further introduce the diffusivity function D : (0,1] — R™ as

D(s) := r(s) p.'(s), (2.6)
and the total pressure function P, : (0,1] — R (see Figure [2)) as

s

Pe(s) = D(o) do. (2.7)
5(0)
The properties of D and P, that follow from |(P1) are
D € CY((0,1]); 0 < D(s) < oo for all 0 < s < 1; and 1{%D(s) > 0; (2.8)

whereas, P. € C1((0,1]) is strictly increasing since
P/(s) = D(s), (2.9a)
and there exists fixed Py,, Py € [—00,00) depending only upon «(-) and p¢(-) such that
P, = il{‘% P.(s), and Py = Pe(1). (2.9b)

Accordingly, an increasing and continuous function 6 : R — [0, 1] is defined by

0 if O < P,
(V) := ¢ (P.)" (V) if Py <V < Py, (2.10)
1 if U > Py

The plots of D(-) and 6(-) are shown in Figure

Remark 2.2 (Properties of the function 6). Observe from (2.9)—(2.10|) that,

0'(0) = P’(Gl(\lf)) _ D(;@)) for all U € (P, Par]. (2.11)

C

Consequently, 0|p, py € C*((Pm, Pul). Moreover, it holds for all U > Py, that

U = P.(0(T)) + [T — Pyly. (2.12)
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Figure 3: The functions D(-) and 6(-) for the Brooks—Corey model with A\; = 0.75.

2.3.3 The Kirchhoff transform function
The well-known Kirchhoff transformation [3], K € C*(R), is defined by

K(p) = { P(SW) = [§ w(S(e))de  forp < p, 213
' Py +(1)(p—pm) for p > pu. '

The plot of K is shown in Figure 4| Note from |(P2)[ that K(p) = P.(S(p)) > Px. This implies
0 o K = S since 0(K(p)) = Pi ' (Pe(S(p))) = S(p) if p < pu, and 0(K(p)) = 6(Pas + £(1)(p —
pm)) =1 =S(p) if p > pum (see (2.10)). Consequently,

taking W = IC(p) there holds VU = k(S(p))Vp, and s = S(p) = 6(V). (2.14)

Kirchhoff transform K

Pressure p

Figure 4: The Kirchhoff transform K for the Brooks—Corey model with A\; = 0.75.

Explicit expressions of all the functions introduced above can be computed for the Brooks—
Corey model. They are stated in Table

2.4 Weak formulations

We give below two equivalent weak formulations of the problem (|1.1)) discussing their strong
and weak points. They will both be used to derive the a posteriori error estimates.



func. | unit | Brooks—Corey expression func. | unit | Brooks—Corey expression
243\ N
W) | s sw) |- |-z
_ 1 o4 L
pe(s) | [Pa] | a2 —s7%) D(s) | [Pa] | BES™"N
34 oo _ -
P.(s) | [Pa] (1%{\1)(3 A — 2 (1+3>\1)) o(v) | - [%\If—kZ (1+3)\1)]1+3)‘1

Table 1: The table of the introduced functions «, S, p., D, P., and 6 with their physical units
and expressions for the Brooks—Corey model. The expressions are valid for p < pyp, s € (0, 1],
and ¥ < Py. In addition, K(p) = P.(S(p)) for p < pm. In the heat equation case, for
comparison, £(s) = D(s) =1 and S, p¢, P, 6, and K are all identity functions.

2.4.1 The pressure formulation

In the pressure formulation of (1.1), the main unknown is the pressure p. It reads: solve for
p€ X and s = S(p) € HY(0,T; H*()) such that s(0) = s and for all p € X,

T T T
/O (OS(p), @) + / (Rr(S(p)(Vp+ g), Vo) = / FS@)mt).0).  (215)

This formulation has the advantage of generalizing to heterogeneous porous media, where the
functions S and k are defined differently in different subdomains of €. In particular, since p is a
physical quantity that remains continuous across the interfaces of such subdomains, formulation
has a conforming nature also in such circumstances.

2.4.2 The total pressure formulation

In the total pressure formulation of (1.1, the main unknown is the total pressure I(p) which
will henceforth be denoted by . It reads: solve for ¥ € X with s = 0(¥) € HY(0,T; H-*(Q))
such that s(0) = sp and for all p € X,

T T T
/ (O0(T), ) + / (R(VY + gn(0(1))), V) = / FOW),2,0).0).  (2.16)
0 0 0

The formulation is derived from using the variable transformation . The
total pressure formulation has the advantage of having a linear diffusion term. However, if
the definition of k£ and S varies inside the domain, for instance, in the case of heterogeneous
porous media, then W is not uniformly defined. Moreover, the inverse transform ¥ — p is often
numerically expensive to compute, and ¥ lacks a physical interpretation. We emphasize that,
in this study, we have refrained from using K.

For S(p) < 1, a saturation formulation is also valid, where s = S(p) is the primary unknown
and D(s) serves as the diffusion coefficient. This formulation, however, breaks down at s = 1
due to the non-invertibility of S(p) [3].

2.4.3 'Well-posedness

Proposition 2.1 (Existence, uniqueness, and regularity). Let hold. Then there
exists a unique weak solution p € X of ([2.15) with s = S(p) € Y and s(0) = sg. Moreover, there
exists a unique weak solution ¥ € X of (2.16) with 6(V) € Y and 6(¥(0)) = so. Furthermore,
the variables p, s, and ¥ are related through .




The existence of a solution of for p € X with 8;S(p) € L*(0,T; H*()) has been
proven in the seminal papers [2] 3], whereas uniqueness is proven in [33] using L'-contraction.
Since p € X, and S(-) is Lipschitz continuous, one automatically gets s € ). From the embed-
ding of YV in C(0,T; L%(R)), we have s € C(0,T; L?*(R2)). The equivalence of the p and the ¥
formulations follows from the uniqueness of the solutions.

2.5 Maximum principle

In the case of the Richards equation, the saturation s is bounded in [0, 1], and s \, 0 causes
parabolic-hyperbolic degeneracy to occur. In this section, we use the maximum principle to
obtain computable lower bounds for s(z,t), bounding it away from 0. For a positive initial
saturation, the function Sy, : Rt — (0, 1] is a lower bound function of s € Y, if

0 < Sm(t) < s(x,t) for almost all (x,t) € Q x [0,T]. (2.17)

To ensure that a lower bound function satisfying exists for S(p) € Y when p € X
solves , additional restrictions have to be imposed on the source term function f. In
particular, note that if x(0) = 0 and for some (x,t) € Q x [0,T] we have s = 0, then from
Ors = f(0,x,t). Since s < 0 is unphysical, this forces

f(0,2,t) >0 for all (x,t) € Q x [0,T]. (2.18)

This constraint will be imposed below to obtain computable maximum principle estimates. If f
is independent of s, then (2.18)) simply implies that f > 0. In comparison, in the context of the
heat equation, s is not bounded in [0, 1], and hence conditions such as (2.18)) are not required.

2.5.1 A time-dependent lower bound
Recalling hypothesis define a function Sy, (t) by the integral equation

t
St (t) = min (ess igé{sd:c)}, S(O)> +/ fu(Sm(0)) do. (2.19)
T 0
Then, we have the following result:

Proposition 2.2 (Existence of Sy, satisfying (2.19))). Assume . Additionally, assume

that there exists a choice of the function fy such that an interval [0, J], J € (0,1), and a constant
Cy > 0 exist for which the inequality

fm(s) > —Cys holds Vs € [0, J].
Then, there exists a continuous function Sy, : Rt — RT that satisfies (2.19)).

The existence of Sy, follows from the Picard-Lideléf theorem by the differentiability of the
function fi, assumed in |(P4), The bound Sm(t) > 0 follows from the inequality 4 S,,(t) >
—C$Sm(t) and Sy (0) > 0. The constraint f > fi, > —Crs embodies and generalises (2.18). In

practice, Sy (t) can be computed to arbitrary precision using numerical approaches such as the
Runge-Kutta method.

Proposition 2.3 (Time-dependent lower bound of s). Let hold and p € X with
s =8(p) €Y and 5(0) = sq be a solution of (2.15)). Moreover, let K be constant in Q. Then

Sm = min(Sy, S(0)), with Sy, defined in (2.19)), is a lower bound function of s satisfying ([2.17)).

Since proving the maximum principle result is not the main focus of this paper, we postpone
the proof to Appendix [B] along with other proofs of this section.
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2.5.2 A space-dependent lower bound

Proposition gives a computable lower bound of s(x,t) for a given ¢ € [0,T], provided the
absolute permeability K is constant. The following result also gives a lower bound of s, relaxing
the assumption of K being constant.

Proposition 2.4 (Existence of a bounded function). Let|(P1) hold. For a constant J < 0,
let ¢ € Hl(Q) with ¢ = J on 9 in the trace sense, solve

Re(S@)IVe-+9L Vo) = (nf [(S@2.0]¢) . WY@ (20)

Assume that there ezists a constant py < 0 such that f(S(p),x,t) >0 for all p < p. Then

min(py, J) + mig{g x}<glx)+g-xz<J+ maéc{g -x} for almost all x € Q. (2.21)
xe pAS

The existence of ¢ follows from [2] and the existence of p; < 0 is compatible with (2.18). The
counterpart of Proposition for this case is:

Proposition 2.5 (Space-dependent lower bound of s). Let hold and p € X with
s=S(p) € Y and s(0) = so be a solution of (2.15). For the constant

— ess | _ . x) <
7= ess inf (Ineoo(a)))- ~malg @) +g-) <0
let ¢ € HY(Q) be obtained from Proposition . Then Sy (t) = ess inf (S(¢(x))) fort > 0is a

e
lower bound function of s satisfying (2.17)).

3 Relations between the error and the residual

In this section, the dual norm of the residual will be used to bound from above and from below
an error metric that we will use in place of the Y-norm in the present nonlinear and degenerate
setting.

3.1 Residual
For
Uy € X with sp, :=0(Vp,) € Y, (3.1)

the residual R(Vy,) € L2(0,T; H~()) with respect to the weak formulation (2.16]) is defined
as

T T ~
/0 (R(Un), ) = /0 [(f(5hr 1), 9) — @usnrs ) — (R(VUhr + gi(s0r), V)] (32)

for all p € X. If U € X with s = §(¥) € Y denotes the solution to (2.16) then R(¥) = 0.

10



3.2 Norms

On a Lipschitz subdomain w C €, we introduce equivalent (semi)norms on H'(w), H}(w) and
H Y (w):

_ 1

lell ) = 1K= Vel for ¢ € H'(w), (3.32)
Ly, = _ f H Y (w). .3b

||QHHR1(W) SOES%P(W){(Q? )i 1(w),H&(w)/H30||HI_1<(w)} or g € (w) (3.3b)

From the properties of K stated in it is immediate that

1 1 _1 _1
Ka|Vollo < llellm ) < KillVellw and Ky llolla-1w) < loll gt ) < Em® llolli-1w)-
(3.4)

Let « : [0,7] — [0,00) denote a bounded non-negative function. For a subdomain w C
Q, and an interval I C [0,7], we introduce the distance measure distg, ; on the set {¢ €
L2(0, T3 HY (w)) : 0(¢) € HY(0,T; H™(w))} as

distd (U1, W2) :=(10:(0(¥1) = 0(V2))l| 121,11 ()
+1a@(P1) = O(P2)) | 2wy + 191 = Y2l 201,11 (@) (3.5)

The distance measure combines the L?(I; Hl_i (w))-norm of Wy — Wy with the H*(I; Hl_zl(w)) N

L?*(w x I) norms of (¥1) — 6(¥s). Note that for a = 0, the middle term disappears.
Let 0 € L?([0,T]). Later, we will take for o the error components containing ||s — sy ||
and ||I_{%V(\I/ — Uyl and we will also use ||7?,(\1th)||[{§1(9) for p. We introduce the class of

time-integration functionals 7, : L2([0,T]) — [0, 00)

2= o (~Ja) [ (20 +awen (Ja) [#)a] . o

The operator J, defines a norm on L2([0,T]), so that it in particular satisfies the triangle
inequality (since (fot(gﬁ—gg)Z)% <( Ot Q%)% +( Ot g%)%) It is actually equivalent to the L%([0,77)
norm, since the inequality 0 < [) o?dt < Hg||%2([0’TD for t € [0,T], and fOTaexp(ftT a)dt =
exp(f(;f a) — 1 directly gives for a > 0 that

T
exp <—; ga> lell o < (@) < llellzzo,. (3.7)

Consequently, it is equal to the L?([0,7]) norm if o = 0 and up to by the exponential factor
exp (—3 J& @) smaller than the L?([0,7]) norm. This way of measuring the error has been
designed in [I3] based on working with as sharp as possible form of the Gronwall Lemma, not
neglecting some integral terms and avoiding the appearance of the usual factor exp(7') in the
relation between the error and the residual, see Lemma 5.1 and Theorem 5.2 in this reference.
The following remarks brings additional background:

Remark 3.1 (Interpretation of [J,). Let 0 € C1([0,T]) be a non-negative function whose in-
stantaneous rate of change in relative magnitude is given by a constant %d €R at timet > 0,
i.e. % = %o_zg. This gives o(t)? = A2 exp(at) for some A > 0, so that o grows exponentially with

the final simulation time T'. This is the usual setting for the errors in numerical approximation
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of the problems we are considering, see Section [6, in particular Figures[§ and [T]]. Evaluating
t/ - t _
the integral in (3.6) and using % +av =ael@ ) fory(t) = e Jo (e — 1), one has

T — T t — % T t,~ %
T = A (e ot - [ o) —a ([ o) @y
0 0

Hence, considering o also constant such that o > & and (o — @)T > 1, we get that Jo(0) =
A(W)% ~ Ala — d)_%. Since in our study, the assumption (o« — a@)T > 1 turns
out to be satisfied, starting from rather small T, see Section[d, the norm J, yields an almost
constant value of error independent of T > 1, see Figures[f] and for examples. We find
this as a particularly suitable setting which allows us to compare the errors at different time

instances during the simulation period [0,T).

3.3 Lower bound on the error by the residual

Extending Theorem 2.1 of [17] to the present degenerate nonlinear setting, we have

Theorem 3.2 (Lower bound on error by the dual norm of the residual). Let hold
and let U € X with s = 0(¥) € Y denote the unique solution of (2.16)). Let w C 2 be a Lipschitz

subdomain of Q0 and let I C [0,T] be a time interval. Let the norms || - || g1, || - || y=1 and the
K K
_1
error measure dist, ;(-,-) be defined as in (3.3) —(3.5) for a(t) = Cp g hy K : }max{ , |0s f| +
’ 0,1]xwx{t

1
|g| K116 | Loe (jo,17)- Then, for any Wy, € X with sp, = 0(Vy,,) € Y, one has

Remark 3.3 (The linear case). Observe that in the linear case, k = 1 and Osf = 0, yielding
a=0.

Proof. From ((3.2)), one has for any ¢ € L%(I; H} (w)), extended to Q\ w and [0,7]\ I by 0, that

/ (R(Tpr), ) = / [(04(s — snr), ) + (RV(T — Uy), Vi)
I I

+(f(5h7—7 T, t) - f(sv r, t)’ 30) + (Kg(ﬁ(s) - ”(Shﬂ'))v VC,O)] . (310)

Then, from the triangle inequality and definitions of the norms || - || g1, || - || ;-1 we get
K K

HR(\I/hT)”m([;HI;l(w)) < ||0(s — Sh‘r)HL2(1;HI€1(w)) + [ — lIlhTHLZ(I;HI_i(w))

+ sup / [(f(sh’rv T, t) - f(sv r, t)v Qp)w + (Kg(’%(s) - K’(ShT))’ VC,O)W] .

pel®(LH (W), JI
lell 2 7. 71 ()=t
L2(LHL (@)

The result then follows from the definition of dist, ; and the computation of the last two terms
using

2.9
wl <

_1
|(f(snrs 2, t) — f(s,2,t), ) P w hw Km? maX{t}‘asﬂHShT _S”w”QDHHI_i(w)’

[0,1] xwx

_ v
(Kg(r(s) = wlsnr)), Vool < GIHENIA | oo 0.1 1507 = slollll a2t -

12



3.4 Upper bound on the error by the residual

For the lower bound function S,,(t) satisfying (2.17)), the diffusivity function D of (2.6)), the
saturation function 6 of (2.10)), and the source term f of |(P4)] let

Din(t) :=min{D(0) : 0 € [Sm(t), 1]}, Dm(t) :== max{|D'(¢)| : 0 € [Sm(t),1]},  (3.11a)
0o M (t) := max{0'(Pc(0)) : 0 € [Sm(t), 1]}, (3.11b)
fom(t) := max{|0sf(0,x,t)| : 0 € [0,1], (x,t) € Q x [0,T]}. (3.11¢)

Recalling (2.8), we have Dy, (t) > 0 and Dn(t) < oo. Similarly 05 nm(t) < oo, fam(t) < oo.
Then, inspired by [13] we propose

Theorem 3.4 (Upper bound on error by the dual norm of the residual). Let hold
and U € X denote the unique solution of with s = (V) € V. Let ¥y, € X with
Spr = (V) € Y be arbitrary. Assume that a lower bound function Sy (t), satisfying ,
exists for s and spr. Recall the definitions of Dy, Dw, fon, and Opn from . Let the
residual R, norms || - HHél, and the time-integrator J, be defined in (3.2)), (3.3)), and

respectively. Then, for any X : [0,T] — R, the following estimates hold: Estimate in the
L*(Q2 % [0,T]) and L*>(0,T; HK_l(Q)) norms:

2
T _1
e OFD (s — sy )TV ) + s (aams _ shTH>
_1
<0 = s )31 gy + Tnses VIR 1)) (3.12)
Estimate in the L*(0,T;H!(Q)) and L>(0,T;L?*())) mnorms: For
K
_ T
Cp2(t) =[R2 Vspr ()| 3y, assume that [ CR2(t) dt < oo.
0
On a Lipschitz subdomain
Qe (t) D {s(x,t) = 1} U {spr(x,t) = 1}

of Q (possibly disconnected), let D(s)/2 < D(spr) < 2D(s) hold, and define the parabolic—elliptic
degeneracy estimator ni¢e € L%([0,T]) as

5(0) =y T Irt) — P g

2
:|2

+ 17(13,t — €g +
H [f( )]"FHHRl(Qd 8(t)) Qdeg (¢)

(K2‘fzdeg<t>| / K>9

Qdeg (t)

Then it holds that,
)2

2 1 2
<llso = snr (O + Te, (n*%) " +4 T, (szrm@mu;f;(m) : (3.12b)

e~ | (s — s ) (D) + 3T, (| D) FRIV(Y = w)

Estimate in the H'(0,T; Hgl(Q)) norm:
Ia19e(s = shr)ll g )?
<3[9 = sy @) + €(T) Ta (s = srll)” + TAUR(Tnr g 1()?] - (3:120)
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Recalling the Poincaré constant Cp o from (2.2)), the functions €123 :(0,T) — [0,00) are

CE o h?
€1(t) := 20p,m(t) |:KM’9’2HK7/H%°°([O,1]) + P[&“J%,M(ﬂ] ) (3.13a)
(1) = po [Dl%/[(t) Cre(t) + 4KM\9\2H'€/||%00([0,1])] + 2 fom(t), (3.13b)
_1 1
€3(t) := (Cp.aha Km? || fonllzee(o) + Klgllls'll oo qo,17))* (3.13¢)

The function A > 0 in (3.12al) is introduced to optimize the effectivity of the estimates. The
reason as well as a possible value of A will be explained in detail in Remark

Remark 3.5 (Degeneracy at s = 1). Observe that the estimate (3.12b|) contains the degenereacy
estimator n9°8, despite the estimates (3.12a)), not including it. This stems from the fact
that proving a contraction in L?(0,T; H'(Q)) is generally not possible for degenerate problems.
However, proving contraction in the L°(0,T; L'(2)) and the L*(0,T; H=(Q)) norms is possible
[25,[33]. The last two components in the definition of 19 represent the two reasons why the
parabolic—elliptic degeneracy might occur despite the initial condition sg being in (0,1], i.e. the
positivity of f and the non-uniformity of K. For a specified Q98, the estimator n3 is fully
computable. In the numerical exzamples of Sectz’ons to we take Q48 to be a considerably
larger superset of {spr = 1} to ensure the validity of Q¢ also being a superset of {s = 1} .
However, we admit that this is a theoretical assumption that cannot be in gemeral verified in
practice.

Remark 3.6 (Reduction in the linear case). Observe that, in the linear heat equation case,
k(s) and pl.(s) are equal to 1, giving a constant D(s) =1 and Dy(t) = 0. Similarly dsf = 0.
Thus, one has €123 = 0. Hence, for the linear case, taking A = 0 in exponential terms
m f vanish, and they reduce to the estimates provided in [17, [40].

Remark 3.7 (Bounds on ||0;(s — shT)HHjl(Q) and distg, o 7 (¥, ¥pr)). Choosing A in (3.12a)
such that A+ €1 = &€ and A = €3 in 1) we have a complete bound for ||0;(s — Shr)HH:1(9)
K

using the other components of (3.12). Combining (3.12)), one obtains an estimate for all com-

ponents of dist%’[O,T](\Il, Uy,) defined in (3.5). Hence, Theorems and provide both lower
and upper bounds of dist%y[O,T](\Il, Uy,-) in that using (3.7)), one has

T ) 6D 5
| IR o) S s (9 94

B12) o
S exp <f ¢2>
0

However, this upper bound is rather rough since it hides its dependence on Dy, €3 and Cp g hg.

T 2
Iso = sue O + [ (1P + IRV ] -

Note that exp (fOT Cg) may take very large values and might explode as T — oo, which is the
usual consequence of using Gronwall Lemma. This is avoided in our analysis.

Proof of Theorem [3.4) In the proof, we shorten R(¥j,) to simply R. From (3.2)), we have
for all p € L?(0,T; H} (Q)),

T
/0 (045 — 5n0)0) + (RY (W — U3,), V)]

T
:/0 [(R.@) + (f(s,2,8) = f(snr. 2, 1)), ) + (Kg(r(snr) — K(s)), Vep)] . (3.14)
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Step 1 (Estimate (3.12a))): Let the Green function GY_ € C(0,T; H}(f2)) satisfy for all
t €10,7) and p € H}(Q),

(KVG) (1), V) = ((s = snr) (1), ) (3.15)
The problem is well-defined as (s — sp.)(t) € L*(£2). Moreover,
G-l )= sup (KVG).(1), Vi)
K ||<P||H1 ((2):1
K
= sup (s =snr)(t), ) = [I(s = snr) ()l 1.0 (3.16)
||4P||HI1<<Q):1

Since 94(s — spr) € L2(0,T; H1()), equation (3.15) can be differentiated in time, implying
that 0;GY_ € X exists satisfying

/OT(I_(VﬁtG%T,Vgp) = /OT((?t(s — Spr), ) for all p € X. (3.17)
We now insert the test function ¢ = G?LT in . Using , we see
[ @68 = [ 9ot vel,) =4 [ [Rive, mp - &ivar, o)
B3 1168 D)3 ) — Hlso = st O g (3.18)

Using the identity (2.12)) and noting that ([¥ — Pyl+ — [Uhr — Puml+, S — spr) > 0 which follows
from the monotonicity of [-]+, one further has from (3.15) that

T T 12) T
/ (RV(T — ), VG, ) = / (¥ = Whrys = sur) = / (Fels) = Felsnr). s = sne)
0 0 0
T @1, EIm T q
— / / Pc/(S - Shr)2 > / 7”‘9 - 8hT||2‘ (319)
0 Q 0 ea,M(t)

Recalling the Poincaré inequality (2.2)) and the definitions (3.3) of || - ||g1, || - || ;=1 norms, we
K K

have

T T T
| R < [ Rl 168y < [ {Q&rwurigmﬁ;HGM%{%@ . (3:20)

as well as

T
/ (F(s2.8) — f(shr 1), G / Font®ls — s G2
T

411/ gaM —8m|!2+/0 o (t) fo(t)? |G |2

7<. — sne? + Tt T9 t )2 |GY_|1? 3.21

< Shrll” + Kom aM(t) fon(t)” || hTHH}(Q)a (3.21)
93 ; .

T T _
/0 (Kg(k(snr) — K(s)), VGY,) < 1K |g? ||,€1||Loo(01])/ 931\14(t)/gTKg(“(5> — K(shr))?

+KM’g’ HH‘/HZOO[Q” / HBM /|K2VGhT‘2

=

(L3) T 1 2 ATV T 0 12
< / |5 = s |I* + Kulgl*llx ||Loo([o,1])/ 0o () Gl ()- (3.22)
0 (9(971\/[(75) 0 K
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Combining (3.18)(3.22) with (3.14), one has
0 2 T 1 2
GO (T +/ —||(s = st
G- (D (0 ; 93,M(t)H(3 snr) (2]l

T T
<llso =51 Oy + [ AR o+ [ O+ @) IOy 629

Applying the Gronwall Lemma

/ B(o)u(o)do = ul(t / B(0) a(o) exp <Z B(r) dr> do  (3.24)

with u(t) = [GH-(3s s (E) = 130 = (O)]% s g+ Ji A IRIZ ) = fi kg5 =)l

B(t) = XA+ €(t), and re-normalizing both sides by dividing with exp fo (A + €1)), we have
(3.12a)). Observe that the total coefficient of ||so — shT(O)H?{,l(Q), after cancellation of terms
K

and subsequent division, becomes unity.
Step 2 (Estimate (3.12b): We choose the test function ¢ = s — s, € X in (3.14).

Termwise, this gives
T
/ (Oc(s = snr),s = snr) = 5]1s(T) = snr (D)1 = 3150 = snr(0)]1%, (3.25)
0

T 3 T
Ros=su) < | HRHH;(WHS—sthHf;(m

T ) ) T
S/O Dnl(t)’RHI—%_zl(Q)—f_/

S~

Dlls — sl

T
2 [ R+ [ / DESIRIV(s ~ )P (3.20)
T 3.11

/(; (f(S, €T, t) - f(ShT7 €z, t))a S — ShT) S /0 fa,M(t)HS - 5h7'H27 (327)

T T o
|| Ratetonr) ~ k(6. 96— < [ R 18(6) — rlon) P+ 250 s = sy
< 2Kylgl? H“||Loo[01]/ ke lls = suell? + 4 //D IREV(s —si )2 (3.28)

To estimate ||V — Wy || 220,711 (), We need to also consider the parabolic-elliptic degener-
K

acy. Consider the domains Q!(¢) := {z € Q : s(x, 1), spr(x,t) < 1}, Q2(t) := {x € Q: s(x,t) =
L spe(x,t) < 1}, Q3(t) :={x € Q : s(x,t) < 1,85 (x,t) = 1}, and Q*(t) := {z € Q : s(x,t) =
spr(x,t) = 1} where the equalities and inequalities are satisfied in an almost everywhere sense
inside the domains. We divide accordingly the remaining term of

T
| R~ 0). V(s — s4.) = 2T+ T+ Ty 4 T
0

where the terms 77 2 34 are explained below.
e Observing that 9(¥), (¥;,) < 1 a.e. in Q(t), the first term T} is divided into two
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T _ T ~
T = %/ (KV(¥ = Wpr), V(s = sr) ot = 5/ (KV(T — Uy, ), V(O(T) — 0(¥h,)))en
0 0
T
—§ [ (RYW = 010), (0T 0 (0) V)
T
= /0 (KV(¥ = Wy ), 0 (W)V (¥ = Upr) + (0/(F) = 0'(Vnr)) VEhr )
(I—Tp,)[?

T
W + %/O (KV(\I/ - \Ij]”“’)? (9/(\1}) - Hl(q/h‘r))v\l}h‘r)Ql' (3.29&)

=
o
= S
S
X
o

The second term on the right is estimated as
3 [ (KV(U = W), (0/(9) = 0 (Unr)) VU)o

T
= —§/O (KV(¥ — Wp,), (%) VT o

(ShT)

Ql

/
1 T 1 — 1
Z 2 0 HK VShTHLOO(Ql D 0(\11 ) ) D(Sh’F)HKQV(\I] - ‘IJhT))|
D(s) — D Shr )[? K3V(U—0,.)]2
/ HKQVS’LT’LOO(Q)/ D - / /Q1 —DEw)

t)D?,( 2
2 _/ z,L(Dzn / |5_3h7"2 - / /Ql sz(\l!( \?hTN . (329b)

Hence, we have

K3 2 T oo 2, 0
T > / /Ql 24VD((\15 \I\II;hT)l _/0 %(%I() |s — 5h7—H2~ (3.30)

e We estimate T} once again. Recall that s, sp, < 1 a.e. in Q(t) implying ¥}, = P.(sp,)
and ¥ = P.(s) in Q'(t). Note from (2.9)) that P,/ = D. Hence, we have

T T
7= [ R 00,6 = s = § [ RY(BL) = Alon)). Vs = s

T

= %/0 (K(D(s)Vs — D(s1:)Vsphr), V(s — spr))at
T . T

—3 [ ] DOIREV(s = i) b [ RID(s) = Dlsna)) Ve, Vs = s ar. - (3:31)

0 JQl 0
Similar to , the second term is estimated as
T —_—
% / ((D(s) — D(spr))KVspr, V(s — $pr))on
0

T
¢ 1
> [F B 24 [ [ DORIVG - 332
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Hence, we have so far that

— 1 T (O 2
2h = / /Q1 [ = + D(s )IKQV(S—ShT)F] —/0 L LG )
e Observe that s = 1in Q%(¢) and &' (Vy,) = 1/D(6(¥},,)) using (2.11]). Also, fm |K%V\If|2 <

Jo ]K2V[\I/ P +|?. Moreover, Q2(t) C Q4°8(¢) implying that D(s)/2 < D(sp,) < 2D(s) in
Q?(t) from the assumptions of Theorem [3.4] . Using these, we have

T _ T _
T ::/0 V(T = Tpr), V(s — spr))e :/O (O (U3 RV (W, — ), VT, )

(
1 r ’ 1 2 / =1 2 / =1 2
=2/ ) [9 (Wnre) K2V W P+ 0(Ur ) [K2V (T — W)° — (07 ) [K2 VT
0
T 1
1 D) [R3Tspo |2 4+ [KEVE—W2 / / K3 v
L[| plonlRivs, 4 K [
T _ 1
2}1/ D(s)[K2V(1 — sp,)[2 +/ / RS () / /szmf Pulsl® (3 34
0 02 02

In the above inequality, the identity (a — b)a = 3[a* + (a — b)? — b*] has been used.

e With the same manipulations one has (note that D(s) < 2D(1) in Q3(¢) from the
assumptions of Theorem [3.4)

T —
Ty = /0 (RV(¥ = Wpr), V(s — snr))as

T l
24 [ [ peRiva-gp s [0 [ Eignar 7 EESSne )
0 Q3 Q3

e Finally, in Q4(¢) one has s = s, = 1, thus giving

T
Ty := /0 (KV(V — Uy.), V(s — spr))qs = 0. (3.36)

With this, we have

1

OT) + Ty + Ts + Ty > / /[ Gl + D(s)| K

T T
Ce2 (1) D3, (t)
— [ ST s — s - By [ (10 = Padde 3 o)+ 108 — Patls 2 gy ) -
0 0 K K
(3.37)
e To estimate [|[¥ — PM]+||H1 (@) insert ¢ = [U — Py in . Note that 9,0(V) = 0

and f(s,z,t) = f(1,z,t) if ¥ > Py. Also, fo ¢, V[V — Pyl+ fo fagc npa[¥ — Pyl+ =0
for the constant vector ¢ = [qace(;) Kg. Moreover, f (v — PM] < [f]+[¥ — Py|+. Using these
relations leads to

T T T _
|1 = Pl o = [ (.8 = A - [ (R 910 = Aul)

l\‘:h—t

V(s — shT)|2

T T _
< [ - A - [ (K- gk | Ko V10~ Pl)
0 0 Qdeg

T
< [ (MA@ oy + 1R E R~ kg [ Rl ) I = Prle g
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Using Young’s inequality on the right hand side and recalling the definition of 79 we estimate

T T
oo 1% = Paa)+ 11 () + 11%hr — Patl el gy ) <3 [ [n%5)%. (3.38)
(1) 0 K K 0

e Combining all the estimates above, one obtains

Io() -~ sno(m)P + 3 [ [ gt
T T
B 2 2 deg)2 — 2
<o =l 44 [t RE ey + [ 0 [ @l el 39

Since €(t) > 0, one has (3.12b)) from applying the Gronwall Lemma (3.24]), where u(t) =
Is(t) = snr(B)]I%, B() = €a(t) and

t t t )
a(t) = lso = st O +4 [ IR v+ [P~ 4 [ [ BEGowol?,
© = oo~ 51O +4 [ pheglRIE gy + [ - [ [ B

Step 3 (Estimate (3.12c)): Using the definition of H;——;l—norms in (3.14]), we have

t t
[ 1ors = st <3 [W—wip + IR, (Q>+¢3<T>us—5m||2},

for any t € (0,7]. Multiplying the above inequality with A(¢) exp ft ), integrating on [0, 7],
and adding the above inequality for ¢ = T', we get from the ﬁrst term

T T t
[ 10 = 51 oy A e (£3) [0 = 51l
T 2
ED o\p (g A) I (1005 = sl 1)+

and similar for the other terms. The estimate (3.12c|) follows then by cancelling the exp ( fOT A)
multipliers. ]

Remark 3.8 (Upper bound on ”D(S)%K%V(S — Spr)|l). From the step 2 of the proof of The-
orem it is evident that the error component ”D(S)%K%V(S — Sphr)|| can be estimated as
well through slight changes in coefficients of the right hand side of (3.12b) m However, to have
symmetry between the lower and the upper bounds of Theorems[3.3 and[3.4), this has not been
pursued.

4 Finite element discretization

We describe in this section the discretization of the Richards problem ([1.1)) by the finite element
method.

4.1 Time steps

For the time-interval (0,7'), we introduce N + 1 discrete times ty = (t,)N_, where tg = 0 <
b <o <tp<---<ty=T. Let I, := (tp—1, tn] denote the time intervals and 7,, ;= t,, — t;,—1
the lengths of the time steps for n € {1,..., N}. Note that, we allow nonuniform time stepping.
Further, for a vector space V', Q1 (I5,; V) denotes the space of V-valued affine functions over the
time-step interval I,,.
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4.2 Space meshes

For the time sequence ty, let {7;}7]:7:1 denote the sequence of matching and uniformly shape
regular simplical meshes for the domain 2. The meshes are allowed to undergo refinement or
coarsening between time steps. Henceforth, discontinuities of K are only allowed to happen
along internal edges of the mesh. For each element K € T, let hx := diam{K} denote the
diameter of K and let p, > 1 denote the spatial polynomial degree associated with 7,. Our
results are generalizable to polynomial degrees depending locally on K € 7,. However, to keep
the notation simple, we only consider p,, changing between time steps here. For full Ap-adaptive
algorithm, we refer to [17].

4.3 Approximation spaces

On a time step n € {1,..., N}, we define the H}(Q2)-conforming hp-finite element space V;, 5,
as:
Vi = {un € HY(Q), up|p € Py (K) VK €T}, (4.1)

where P,, (K) denotes the polynomial space of degree p, € Non K. Further, let II,, 5, : L*(Q2) —
Vin and Ay, p, 0 L2(Q) — Py, (Tn) represent the L2-orthogonal projection operator with respect
to the spaces V,, 5, and Py, (7)), i.e.,

I, pu € Vy, p, for u € LQ(Q) is such that (IL, pu, on) = (u,pp), for all v, € V, 5; (4.2a)
Appu € Py, (Tp) for u € L*(Q) is such that (A pu, ¢n) = (u, @), for all o, € Py, (Tn)-
(4.2b)

4.4 Finite element discretization

In Section |3 formulation is used to derive the estimates. However, since is the
most general and commonly used formulation, we propose the finite element scheme for .
We will still be able to apply the analysis of Section [3] For time discretization, we consider the
backward Euler scheme. The problem for each n € {1,..., N} and a given S,,_1 5 € L%*(Q2) is to
find py, 5 € V,,,, which satisfies for all ¢, € V;, 3,

%(S(pn,h) - Sn—l,lu @h) + (Kﬁ(s(pn,h))[vpn,h + g]a V(Ph) = (f(S(pn,h))v €z, tn)v @h)' (43)

For n =1, we set S,_1 4 := Il 50, whereas, for n > 1, S,_1p := S(pnp—1,5). The existence of
Pn,h solving is discussed in [I5] for the nondegenerate case (k(0) > 0). The degenerate case
is covered in [34] for the control volume finite element method. In practice, since the problem
is nonlinear, the exact py j is generally not known, and linear iterations have to be used
to approximate pj, 5. This is discussed at length in Appendix @

From the sequence {pn,h}nNzl, we define the space-time discrete total pressure and saturation
forallme {1,...,N} as

e
Uy p = K(pnp) € HQ) and Spp = 0T 1) B2 S(pon) € HY(Q). (4.4)
The choice W, = P.(Son) = Pe(II1 50) is used for extending the definition of ¥, ; to n = 0.

We stress from the above that the inverse of the Kirchhoff transform K~ (see (2.13)) does not
need to be evaluated for the above scheme.
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4.5 Time-continuous solutions

There are multiple ways to define a time-continuous total pressure V¥p, € X and saturation
shr € Y, satisfying the requirements of Theorems and starting from {Sn,h}nNzl and
{W,, n})_, introduced in (£4). Here, for t € I,,, we choose

ne(t) =P (S22 S+ =S ) | g B - P (450)
Shr (£) i=0(Wpr (1)), (4.5b)

Observe that, ¥y, and sy, defined this way satisfy

U, € C(0,T; H(Q)) C A, and s, € WH°(0,T; HY(Q)) C V; (4.6a)
s (tn) = Ui, and sp(ty) = Spp, Vne{l,...,N}. (4.6b)

The relation even holds when W, ; > Py since P(S, ) = Py in this case and the
other contribution from adds [V, 5, — Pm]+. Another advantage of this interpolation
is that, using , if both U,, 5, ¥p,_1n < Py (nondegenerate case), or ¥, p,, V,,_1 5 > Py
(degenerate case), i.e.,

if either Wy, < Py or Wy, > Py in I, then Oisp, = Tl

n

(Sn,h - Snfl,h)' (4.7)

5 A posteriori error estimates

We apply here the developments of Section [3|to perform a posteriori error analysis of the finite
element discretization of Section [4l

5.1 Equilibrated flux

The objective of this section is to design an equilibrated flux o, 5, € H(div, () that satisfies the
mass balance property

/ [%(Sn,h — Sn—l,h) + V~0’n7h — f(Sn,h, :I?,tn) =0forall K €7,. (5.1)
K

5.1.1 Local mixed finite element spaces

For the construction of o, j,, we introduce some standard mixed finite element spaces. For each
n € {l,...,N}, let V, denote the set of vertices of the mesh 7,, where we distinguish the set of
interior vertices V}Int and the set of boundary vertices VZXt. For K € T,, Vg C V, denotes the
set of vertices of K. For each a € V,,, let 1, denote the hat function associated with a and w,
the interior of the support of 95, with the associated diameter h,,,. Furthermore, let 7,2 denote
the restriction of the mesh 7, to wa,.

For a polynomial degree p > 0, the local spaces Py(7,2) and RTN,(7,2) are defined by

Po(T2) = {un € L*(wa), un|lx € Py(K) VK €T2},
RTN,(72) := {v, € L}(wa;RY), wp|x € RTN,(K) VK € T2},

where RTN,(K) := P, (K;R?) + Py(K)zx denotes the Raviart-Thomas-Nédélec space of order
p on K. We use a similar notation on the whole mesh 7,, and introduce the local mixed finite
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element spaces Vnah and szh as

a { {vy, € RTNy, 11(7,2), vp, € H(div,wa), v -1 =0 on dw,} if a € Vint,

mh {vp, € RTN,, 11(72), vy, € H(div,wa), vp -1 =0 on dw, \ 002} if a € VX,
a . ) {un €Pp (7). (un,1)w, =0} if a € V",
mh { Po+1(T2) if a € Yext, (5:2)
The projector HS}; : L2(Q;R?) — RTN,, (75) is then defined as:
for w € L*(;RY),  (KIINju,vp) = (Ku,vy), for all v, € RTN,, (Ty). (5.3)

Note that it is computed elementwise.

5.1.2 Flux reconstruction

For each n € {1,..., N}, we unify the numerical source-like terms and flux-like terms of (4.3)
in G, € L3(Q) and F, ;, € L?(Q;RY),

gn,h = f(Sn,h7 €T, tn) - %(Sn,h - Sn—l,h); Fn,h = V‘I/n,h + gH(Sn,h)- (54)

Observe that the terms defined above are constant in time in I,. Recalling the projection
operators II,, j,, A, p, and HRT from (4.2) and (5.3), the scalar function ¢2, € Pp,4+1(7,2) and
the vector field 72, € RTan+1(7;La) are defined as

gi,h = (Ya An,hgn,h — Vi)a - KHS}; Fn,h)|waa Tr?,h = _(waf{ HS}; Fn,h)‘wa- (5.5)

Since Ya € V1, using ¢, = s in (4.3) we get directly for all a € V}f‘t that (gf;’h, 1w, = 0.

Definition 5.1 (Equilibrated flux o, ). For a given time-step n € {1,..., N} and for each
vertex a € V,, let the mixed finite element spaces Vah and Q2 h be deﬁned by |-| For the
time discrete solutions introduced in Sectlon let G, 5 and Fn r be defined in . Let gn h
and 7.7, be defined by . Furthermore, let o7, , € V2, be defined by

ap = argmin [K72 (v, — 72) lua- (5.6)
’UhGVn h?
V-vp= gn h

Then, after extending o2 ,; by zero from w, to 2 for each a € V,, we define the equilibriated
flux as
Onh = Z P (5.7)

The well-posedness of o, ;, follows from Theorem 4.2 of [I7], see also references therein, and

it satisfies ([5.1)) since
B E3) _
WS von, B S (0 MG — Vi RIT B, )] = MG (5.80)

aEVn aEVn
and consequently (V- oy, 5 — G h, 0n) K 0, VK eT,and ¢, € Py, (Tn). (5.8b)

Here, the partition of unity property, ZaEVK ta = 1 is used. Practically, o? , are computed
by solving the following mixed finite element problems [I7] locally in wy: find 2, € V2, and
ron € Q;h such that

(Kﬁlag,hvvh) — (V- vp,r nh) (K Tn h7vh)wa7 Yoy, GVn%m

(V : U:Jw uh)wa = (gnﬁa Uh)wa, \V/Uh S Qn7h'
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5.2 A posterori error estimators

Recalling the definition of time-continuous solutions (¥, sp,) from Section we introduce
the following a posteriori error estimators: Take n € {1,..., N}, an open polytope w C 2, and
t € I,. Then,

— 1 — 1
Mohes(8) = K200y + K2 (V7 + g 8(507)) (1)L (5.92)

measures the lack of H(div,{2)-conformity of the numerical flux K(V¥p,, + g#(sp,)). The
quadrature error estimator arising from G, 5 not being polynomial (see (5.4)) is

h,
Ml = i Gnn = Aol (5.9b)
m

The time-quadrature error of d¢sy, is measured by the estimator

d7t Pp—
B0 1= 10ise = (S — Snta) g (590
([@-6n)
Observe that it estimates quadrature since f I, O Shr B2 Sn,h — Sp—1,n, and it vanishes in both

purely degenerate and nondegenerate regimes due to (4.7). The temporal oscillation in data f
is measured by

ng?;(t) = ”f(sh'r(tn)a matn) - f(shT(t)a w?ﬁ”Hél(w)' (59d)

The errors in the approximation of the initial condition sy are accounted by
S T2 =1
= |so — Mpsoll, n™ = Jlso — I nsoll g1 (@) - (5.9e)
The projectors II,, ,, and A,, , were defined in (4.2)), and the norm || - | () Was introduced in
(3.3a). With the above definitions, the total estimator is computed as

1
3
d, d,t
mr(t) = | D )+ 085502+ 0% 00 + s (@) (5.9f)
KeTn

Remark 5.2 (Inverse of the Kirchhoff transform). We observe from the above that the inverse
of the Kirchhoff transform K=! (see (2.13)) does not need to be evaluated for computing the
estimators.

5.3 Global reliability

Complementing Theorem [3.4] our a posteriori error estimate on the error in the finite element
discretization (4.3]) of the Richards equation (L.1)) is

Theorem 5.3 (Global reliability). Recall the definitions and assumptions stated in Theo-
rem . Let {U, , 3N C HYQ) and {S,n}Y_, € HYQ) be defined using the finite el-
ement discretization (4.3)-(4.4) and let ¥y, € C(0,T; H}()) C X with spr = 0(Vy,) €
Wee(0,T; HY(Q)) C Y be their time-continuous interpolates as defined in ([4.5)). Let the a
posteriori error estimators be defined in . Then, for any time t € [0,T],

HR(\I}hT(t))”hg_;l(Q) < 77R(t)- (5.10&)
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Consequently, the errors of sy, and Yy satisfy:

T _1
Efs = e T (s — Shf)(T)H?igl(Q) + Doves (53 15 = snrl)?
< [ 4+ Tape, (A 20R)? = 0k, (5.10b)
o 11
Efn = e 02| [(s = 50) (TP + 3T, (1 D(s) ZK2 V(T — ) [|)?
. 2 _1 2
< [nlnl,LQ]Q + j@ (ndeg) +4j¢2 <Dm277R> = 77%11_ (5‘10(3)
Proof. From the regularity of Wy, and sy, € L°(0,T;L?*(Q2)) one immediately has that

R(Vy,) € L>®(0,T; H1(2)). Hence, for all t € I,,, n € {1,..., N}, adding and subtracting
(Un,hyv@)a

<R( ) > (f(sh’rv &, t) - atShT -V On,hs 30) - (a-mh + K[V\Ilhﬂ' + g'%(sh'r)]a V‘P)
( n,h -V Unha@)"’ (f(ShT,m,t) _f(Sn,ham7tn)a§0)
+ ( ( n,h — Snfl,h) - 8t3h7'7 (/7) - Z (Un,h + K[V‘Ilhﬂ' + QH(ShT)], VQO)K, (511)
KeTn

where G, 1, is defined in (5.4]). For the first term on the right, following (5.8), we use

(gn,h_v'an,hﬂo): Z(gnh_v Unh:SO - Z gnh V. On,h, P %f )

KeTn KeTn K
E34)

= S (G — AnpGnr 0 — i1 [ 9)x Z 255 1K 2 Vgl . (5.12a)

KeT, K KeTn

For the rest of the terms in (5.11]), we note

(Flsrs 1) = (S, 1)) < 6] Il o (5.12b)
(L (Sun — Su-1) = Fesnrs ) < 2SOV el 1 (@), (5.12¢)

K

— — 1

> (onn + K[V + gri(snr)], Vo) < Y b (O] K2 Vol k. (5.12d)

KeT, KeT,

Combining the inequalities of in and using the Cauchy—Schwarz inequality, one

arrives at (b.10a)). Estimates ((5.10b) m then follow from inserting (5.10a)) in Theorem [3.4]
0

5.4 Quadrature and temporal discretization estimators

For providing the efficiency bound, a few more estimators need to be introduced. For n €
{1,..., N}, an open polytope w C , and t € I, the quadrature estimator for the numerical
flux is defined as

_ 1
n2GE = R (B — IR F ) o (5.13a)

To measure the temporal discretization error of the numerical solutions ¥,, ;, and S, ,, we further
introduce for t € I,, the estimators:

J.H! J,L?
M) = [Whr (1) = Wnpllg @)s () = lsnr () = Splw- (5.13b)
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5.5 Local-in-space and in-time efficiency

Theorem 5.4 (Local and global efficiency). Let ¥ € X with s = 0(¥) € Y be the weak so-
lution of (2.16)). Let {\Iln h} 1 C HE(Q) and {Sppx}_ € HY(Q) be defined using the finite
element discretization and let Wy, € C(0,T; H}(Q)) C X with sp, = 0(Vy,) €
whee(0,T; HY(Q)) C y, be their time-continuous interpolates as defined in (4.5). Let o,
denote the equilibrated flux of Definition [5.1 Let the a posteriori error estimators be defined

-1
in (5.9) and (5.13)). Let distS ; be defined in (3.5) for a(t) = mi\l}X{prwa Py } Km? |0s f|
k) ae n

[0, 1] <O x{t}

1
+Hgl K5I+ || oo (po,1) and t € I,. Then, for each discrete time step n € {1,..., N} and mesh
element K € Ty, the indicators satisfy the following local-in-space and in-time efficiency bound:

/ (0 12 + %)

In

d,j J,L? J.H! .
<) / > LA S P o P TP | st (B, T, )?
acvi \"In |je(G,F 1)

Furthermore, we have the following global-in-space efficiency bound:

) = /I (U ol + [T )?)

d,j J,L? J.H! .
S / Z [772711{(2]2 + [TZ?LSC] +a? [nn,h7ﬂ]2 + [nn,h7ﬂ]2 + distg 7, (P, ‘I’hr)2~ (5.15)
In \je(g,F 1}
Remark 5.5 (The linear heat equation case). Quadrature: In the absence of non-lineaities,

ngdhl;( ngdhtK = 0. To see this, note that if S(p) = p and k is linear with respect to s, then

the numerical solutions U, n and S, are in the same polynomial space as ppp. Thus, the
quadrature terms above vanish. Moreover, ngd};gK = (,tn) — Apnf(-,tn)| becomes a

data oscillation term. Equivalence with estimates inm[l 7]: The bounds (5.14)—(5.15|) are
equivalent to the efficiency bounds presented in [17, Theorem 5.2] for the linear heat equation

since [} | M) 52]2 is equivalent to [ ||V (Zup, — upr) )% deﬁned in 217 Section 5]. Additionally,
in the linear case o = 0. The grouping of terms m - is particularly useful since

the quantity (Y0 (i1 nn hQ] —|—dIStQJn(\I/, Uy )? )) directly relates to the ||V — Wy, ||s, error
introduced in [17, Section 5] whz’ch provides an estimate of diSt?Z,[O,T](\Ilv Up,) as proved in [17,

Theorem 5.1]. Thus, the ( fI . h Q] + dist?Mn(\Il, \I/hT)Z)% terms can themselves be considered
error measures.

Proof. Observe from (5.9)), (5.13), and the definition of F), ;, in (5.4) that

= 1 = 1 — 1
] < K20+ KEFywllk + [1Whr = Yol i) + K2 g (5(snr) — K(Snn)) ¢

GG , o 1 d,F 3, H! J,L2
< (IIK wn,h+K2Hf§£Fn,h||K+[n:%hK])+[nn;h,K]+a[nn’,h,K]- (5.16)

d,F J,H! J,L? d,F J.H!
Note that, [nghK+nnhK+a77nhK] S ZaEVK[n?Lhwa+nnhwa+annhw ] For the first term
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on the right-hand side of (5.16)), one has

_ 1 _ 1 _ 1 _ 1
K 20n7h+K2H5}LFn7h”K: Z(K 2027h+¢aK2H5§an,h)

acVk K

_ 1 — 1 — 1 — 1
<> K 208, + vaKE T L Folle < Y (K 208, + YaK2 T Fypllug  (5.17)
acVg acVk

By denoting R®(¢) = (Gn h, ) — (KF, 1, V§)wa, we apply Theorem 1.2 of [16] (also see
Lemma 10 of [I7]) to get from (5.6) that

_ 1 _
”K7§0-27h + wa K2 HR Fn h Hwa ~ sup [(Anyhgnth (Io)wa - (K HS}‘LFnyh7 vgp)‘*’a}’

1
pEHG (wa), H‘PHHl (wa)ZI
K

= sup [(An,hgn,h - gn,ha So)wa - (K(H}}EFn,h - Fn,h)v VQO)wa + Ra((p)]

pEHG (wa), 1ol 1 (yo)=1
K

(4.2) _
=" sup > (An,hgn,h ~ G — 7 | w) — (R, Fop — Fop), Vo) uw + R2(9)
LPEH(%(Wa)y Ke’]‘a K K
Il g1 () =1 "
K

d, d,F
S e T T sup R*(¢). (5.18)

PEH( (wa), 9l g1 (o) =1
K
Focusing on the final term, and recalling (5.4), one obtains for ||¢[[f1 (,,) =1 and t € I, that
K

R (p
= (f

= (R(Unr), @) + (S @ tn) = F(51rs @, 1), 0)usa + (Fetr — = (St — Su1.): )

+ (K[V(\I/;”. = U n) + g(k(snr) = £(Snn))]s V)wa

(gn hs P ) wa (I_{FTLJM vso)wa

)=
( n,hs Z, t ) 7-1 (Sn,h - Sn—l,h)7 Qp)wa - (K[V\Iln,h + gﬁ(sn,h)]a v@)wa

B
[\~)

dt J,H 3,12
S ||R(qlh7—)||l—4( + n;jlst(a:}a + 772 };7wa + nn:h7wa + « nn:h7wa' (5’19)

Recall from Theorem that [, HR(\I/hT)HZK_l () < distg, 5, (\I/,ﬁlh7)2, Thus combining

(5.16)—(5.19)), squaring both sides and integrating over I,,, we have To get the global

efficiency bound (/5.15) we sum over all mesh elements and note that ZaGV" ull2, < [jull?
2 2

and ) .oy ||u||H;:21(wa) < Hu||HIj_él(Q) see [12| Lemma 3.5]. O

6 Numerical results

We consider the following numerical test cases:
e Section Nonlinear but nondegenerate problem with known exact solution.

e Section Nonlinear and degenerate problem in the total pressure formulation (2.16]
with known exact solution.

e Section Realistic case, nonlinear, degenerate with heterogeneous and anisotropic K,
mixed boundary conditions (Neumann + Dirichlet), discontinuous initial condition, non-
uniform mesh, and no known exact solution.
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e Section Benchmark case [23] of groundwater reservoir recharging from a drainage
trench.

For the first three test cases, we choose the unit square Q = (0,1)? as the simulation
domain, T = 1 as the final time, and both uniform and non-uniform triangulations 7, with the
discretization levels:

(h,7) = (ho,70)/¢ where £ € {1,2,4}, hy = 0.2, 79 = 0.04. (6.1)

The mesh and the time-step size remain fixed between time steps. Piecewise linear finite el-
ements are used for obtaining the solutions throughout, i.e., p, = 1 in Section [4.2] Iterative
linearization is discussed in Appendix The code is implemented in FreeFem+-+ and can
be accessed through this link.

Remark 6.1 (Choice of A in Theorems and [5.3). The choice of X\ : [0,T] — RT in

(3.12a)) is important in our simulations since in (3.20), the ||RHH__1(Q) term is much larger
K

than |GY_|| i @ = Ils = snrll —1(qy- Hence, choosing A = 1 leads to a significant overestima-

tion of the error. Here, we have used A = 200 in Section[6.1] and A = 100 in Section[6.4 These
yield close to minimum values of the effectivity indices defined in (6.4). The optimal value of
A can also be roughly estimated by minimizing the right hand side of the Young’s inequality in

(3.20)). This gives A ~ HR”H_—l(Q)/HS — ShTHHrEl(Q) ~ nr /T (see (B.9)) which yields A in
K

the same order of magnitude as the A chosen in our simulations.

6.1 Nonlinear nondegenerate case with known solution

For this case, K = I, and with é, representing the unit vector along z-axis, we specify

L ifp<i,
g=—é; k(s)=s> and S(p)={ 2-»3 (6.2)
1 it p>1.

These nonlinearities resemble the Brooks—Corey parametrization (2.3)). An exact solution
Pexact (€, y,t) = 2 — exp(16 (1 + ¢*) xy (1 — ) (1 — y)) (6.3)

is fixed, see Figure [5| (left). The source term f is independent of s, and is adjusted together
with the initial condition sg, and the inhomogeneous Dirichlet boundary condition so that pexact

indeed solves (12.15)).

Evolution of the different estimators for the case ¢ = 2 is presented in Figure [5| (center),
which shows that 1757 n.x 18 the dominant estimator followed by nig;(t) for this test. The spatial
distribution of nf;h’ i is shown in Figure [5| (right). The time—q7u;1drature and the degeneracy
estimators, ngii,’:g and 19°8, vanish in this case as the problem is nondegenerate.

Next, we numerically investigate the quality of the upper bound from Theorem For this
purpose, we introduce the effectivity index defined as

N2 / Ere,

effectivity index := upper bound /error = {

Effectivity index close to 1 is desirable. Figure [6] (left) shows the evolution of 72 (see (5.10b))
as a function of time and discretization level ¢. The upper bound 772 reaches a constant state
after an initial transition period. This is since €;(¢) is almost constant for this case, and the
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Figure 5: [Section Exact solution pexact of (6.3) at time ¢ = 1 (left). Evolution of the 5
most significant estimators for £ = 2 (center). The elementwise flux estimators !, ;- for £ =2

and t, = 1 (right).

error ||R]| HL (@) increases exponentially with a rate much smaller than A + €;. Hence, a near

constant 72 is expected from Remark The (right) plot shows the effectivity indices of ny2.
The effectivity varies between 1.4 and 3.1, and improves with the discretization level £. Figure[7]
is the same plot presented for ny1. The estimator ng1 increases with ¢ as € increases rapidly
with time. The effectivity index again improves as the discretization is refined.
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Figure 6: [Section Estimator ny2 of (5.10b|) as a function of the final time (left), and the

corresponding effectivity index (right).
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Figure 7: [Section Estimator ng1 of (5.10c) as a function of the final time (left), and the

corresponding effectivity index (right).

We now turn to the lower bound of Theorem [5.4] The effectivity index in this context is

28



1.8F 6:
:D'":l-(" —5—622
<
o Ut =4
8 1.2}

o]
S 1
.-
08}
53]

0.6 [

0.4 -\‘ M

0.2 L L L L N
0 0.2 0.4 0.6 0.8 1 ) 0.2 0.4 0.6 0.8 1
tn tTL

Figure 8: [Section [6.1] Estimator nfy of (5.15) as a function of ¢, (left). Its effectivity indices
computed using (6.5)) (right).

computed as
effectivity index := error/lower bound = distg, ; (¥, Vp,)/n'p, (6.5)

where n'y is given by . The reversed order is to make the effectivity index comparable to
the effectivity index of the upper bound. Figure |§|shows the lower bound 7'y and its effectivity
indices. The effectivity increases with £ in this case, though only varying between 1.4 and 2.2.
A higher effectivity index close to t = 0 is also observed. This is explained by the fact that the
lower bound estimator ni'z does not incorporate the initial errors, and thus, is more susceptible
to inaccuracies close to t = 0. Figure [9] shows the variation of the effectivity indices with ¢ at
the final time 7" = 1, for both the reliability and the efficiency estimates.

P, 2

""" > ¢
25F + 77H1 E

... N
=0 ’I’]LB

1 1.5 2 2.5 3 35 e 4

Figure 9: [Section Effectivity indices of the estimators 72, 71, and 0’y at the final time
T =1 varying with /.

Inspired by Theorem the local-in-space and in-time effectivity indices are computed as

(eff. ind.),, i = distfe r, (%, r)/ (1 (Inbeg il + B0 i) (6.6)

for all K € T,. From Flgure (right), it is observed that 77 ok varies with the mesh elements
K by a factor of about 10. However, Figure [10|shows that the local effectivity indices are in the
range 0.6-1.8 for £ = 1, 0.8-2.4 for £ = 2, and 0.8-3.8 for ¢ = 4, which we consider excellent.
Observe that, (eff. ind. ) x < 1 does not violate Theorem [5 H since the error distg, ; (¥, ¥p,)
and the sign ‘<’ (up to a constant) was used there.
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Figure 10: [Section Local effectivity indices at the final time 7" = 1 for different values

of £.
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Figure 11: [Section Saturation of the exact solution pexact and the domain 48 (t)att=1
(left). The principal estimators nih’g(t), nde&(t), and ngd}’fﬂ(t) for £ = 2 (center), and the

elementwise estimators o, .- at t, = 1 (right).

6.2 Nonlinear degenerate case with known solution

This test on purpose focuses on a system where degeneracy is the dominant effect. For a change,
the total pressure formulation (2.16|) is used here. The nonlinearities are set as

K(s) = 1, s<p>={‘jXp(p‘” ii o (6.7)

with K = I. This choice implies that the pressure and the total pressure formulations are
essentially the same since ¥ = K(p) = p. The exact solution used is

Pexact (T, 4, 1) =121+ ) zy (1 —2) (1 —y). (6.8)

Appropriate source function f (independent of s), initial and boundary conditions are again
imposed.

The solution is initially nondegenerate and contains a degenerate region after ¢ = 0.58, see
Figure (left). This is caused by the source term f since K here is uniform. The domain
Qdeg(t) is approximately computed for ¢ € I,, as

Qles(t) = U{K € Tp, : K N {W¥.(t) > Py = 1} # 0}, (6.9)

pointed out in Figure (left). This replaces here the generally unknown Q98 from Theorem (3.4

Figure (center) shows the estimators 1Y, , 79%, and ngdi;tﬂ(t) for the case ¢ = 2. The
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degeneracy estimator 79°¢ defined in Theorem quickly rises in value as degeneracy sets in.
In Figure (11| (right) we see the distribution of nsz,h, - The flux estimator 775’ nxc Stays relatively
unaffected by the onset of degeneracy.
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Figure 12: [Section Reliability estimator 72 (left) and its effectivity index (right).
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Figure 13: [Section Reliability estimator ng1 (left) and its effectivity index (right).
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Figure 14: [Section Lower bound 7'y (left) and its effectivity index (right).

The effectivity indices for Theorems and are defined as before. Figure [I2] shows the
estimate ny2 and its effectivity. The effectivity index increases with ¢, despite n;2 decreasing
monotonically, possibly since s = s, = 1 in a major portion of the domain towards the end of
the simulation. Figure [L3|shows the results for ng1. The effectivity remains more stable in this
case. The effectivity indices for the lower bound are shown in Figure [14] (right). An oscillation
in the lower bound is observed for higher values of £. The reason for this behaviour is not clear.
Figure [15] shows the distribution of local space—time effectivity indices. They are close to 1 in
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most regions and only take a lower value close to the free-boundary s = 1. Overall, we find
these results satisfactory.

IsoValue

IsoValue

IsoValue

o
a
a

(&)
(&)
(&)

o
(5]

(5
o o0

OB N—©Om
a

[CLLLLLT L]
(S terturtartarbart =YY
o
[(LLLLLLL L]
a0
QOB N =00
[ LLLLLLL L
[ Jrtartartartartart S ¥

o

Figure 15: [Section Local effectivity indices for t, =1 and ¢ = 1,2, 4.

6.3 Realistic case

In this case, the domain and the functions given in (6.2)) are kept unchanged. The source term
f is made 0. However, the medium used is heterogeneous and anisotropic with

= ] . (6.10)

_ K, for x < 0.5,
sinf cos@

- Tye where I_{l = |:1 0 :| ’ Q - |:COSQ —siné
KsQ'KiQ for x> 0.5,

Here, 6 represents a tilted alignment of the principle axes of K, and K4 represents a factor
stemming from the change in porosity. The choice of § = 7/3 and K, = 0.1 is fixed. Both
Neumann and inhomogeneous Dirichlet boundary conditions are used for the computation with
an input pressure p = piy, = 0.8 prescribed on {0} x (0,0.5), an output pressure p = pout = —3
prescribed on (0.5,1) x {1}, and no flux condition prescribed on the rest of the boundary. The
initial condition used is discontinuous, i.e. sg = S(pin) for x < 0.5 and sg = S(pout) for > 0.5.
Figure (16 (left) shows these conditions inside the domain. A nonuniform mesh is used for the
computation. No exact solution is known for this system.

No Flux P = Pout
% E
T I [ 1S 1
F : " t=1
e
I_(1=((1) 0?5) K, =Ky Q'K1Q .
= —
) So = S(Pin) S0 = S(Pout) s
]
U

No Flux No Flux

Figure 16: [Section Computational domain showing heterogeneities, initial, and boundary
conditions (left). Saturation of the numerical solution (S, ;) for £ =2 at t = 1. The mesh and
the domain 9°8(1) containing the degenerate region is shown (right).
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Degeneracy occurs in the system close to the interface x = 0.5 at y = 0. This is caused by
the jump in K, but also partly by the no-flux boundary condition. The error caused by this
additional component is estimated by adding to [9°8(¢)]?,

D(1)|29deg| 20 n </Qdeg I_{g> (e (t) = Pl

IsoValue IsoValue IsoValue

m-2.07 m-2.09 m1.95
m-1.92 m-1.92 m2.21
u-1.77 m-1.75 m2.47
m-1.61 m-1.58 m2.73
m-1.46 m-1.41 m2.99
m-1.31 m-1.24 m3.24
m-1.15 m-1.07 m3.50
m-1.00 m-0.89 m3.76
m-0.84 m-0.72 m4.02

Figure 17: [Section \ Elementwise distribution of 7757,% x at time ¢ = 1 in log;y-scale for
¢ =2 (left). Estimators take larger values near the inlet and the outlet. The error distribution
(center) and the local effectivity indices defined in (right). Here, the numerical solution
for £ = 4 is used in the place of the exact solution.

Figure (right) shows the saturation distribution and degenerate zone for this problem
at t = 1. Figure (left) shows the main estimators for ¢ = 2. The flux estimator is still
the largest component, followed by 7°8. Figure (left) plot shows the spatial distribution
of ns’h x indicating high error concentrations located around the inlet and the outlet. The
right pdot shows the local effectivity indices, where the numerical solution for ¢ = 4 is used
as the reference solution. Although the estimators vary by almost 3 orders of magnitude, the
effectivity varies between 0.15-4 with most of the region having effectivity close to 1. The
overall effectivity index (6.5)) of the estimator is 2.053. We find this again quite satisfactory.

6.4 Benchmark case

Finally, we also consider a benchmark problem, proposed in [23] and used e.g. in [2§]. It
describes the infiltration of water in the vadose layer of the soil from a water body. The
domain is 2 = (0,2) x (0,3), and the porous medium is uniform slit loam. The van Genuchten
parametrization is used for the capillary curves with Ay = 1—1/2.06 and py; = 1. Moreover,
K = Ky T with Ky = 4.96 x 1072, and g = é,. The boundary conditions are

: 1
-1+35.2t ift <, on (0,1) x {3},

: 1
1.2 lftZ 167

p(z,y,t) = pin(t) = {

p(ﬂ?,y,t) =2—-yon {2} X (07 1)7

and no flux conditions are set on the rest of the boundary. The initial condition is so(z,y) =
S(2 —y). A pictorial representation of the numerical setting is shown in Figure (left).
Figure [19| (right) shows the pressure distribution for a reference solution with A = 1/15 and
7 = 1/144. The a posteriori estimators are computed with respect to this reference solution
for a coarser simulation with h = 1/4 and 7 = 1/48. Note that a considerable fraction of the
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Figure 18: [Sections and [6.4] The main estimators for the realistic and the benchmark cases.
Realistic case (left): The flux estimator ng,h,ﬂ (t) contributes the most to the error, along with
the degeneracy estimator 179°8(¢) which becomes non-zero only after the onset of degeneracy.
Benchmark case (right).

domain is saturated (p > 1 and thus s = 1), and the Q9°¢ domain completely covers this region
in our simulations. Despite this, Figure (right) shows that the flux estimator is still the
dominant estimator followed by the degeneracy estimator 798,

P =pin(t) No Flux

Pressureplot,  t=10/48 |goValue

Xn|4 oN

Z g \ /' \
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No Flux

Sso=S1~-y)
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P22 000000
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No Flux

Figure 19: [Section (left) Computational setting for the Benchmark case. (right) Pressure
distribution of the reference simulation at t = 10/48. The mesh skeleton and the domain 298 (¢)
for the coarser simulation are superimposed.

Figure shows the estimator 775@ > error dist% (U, ¥y, ), and local effectivity indices for
this simulation. The error varies for more than 5 orders of magnitude in the domain and is
concentrated near the inlet. The estimator correctly predicts this trend. The local effectivity
indices are close to 1 in the nondegenerate domain, but immediately shoot up to over 100
in the degenerate domain. Observe that in the degenerate domain, ||V — Wy | r2(z,, HL(K) is
the only non-zero component in dist% ; (¥, ¥p;) (see (3-F)n), since the other two components
vanish. Hence, the numerical results bolster our claim that to have a reliable bound over
[V = Wprll 21, HL(K) in the degenerate case, we need to consider both 1z and the degeneracy

estimator n9°8 in the upper bound. The error in the degenerate domain is minuscule compared
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to the error in the nondegenerate domain. As a consequence, the overall effectivity index ((6.5))
of the estimator remains close to unity, more precisely it is 1.050.
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Figure 20: [Section | Estimator 7%, . (left), error dist% ; (¥, Wp,) (center), and local effec-
tivity indices right) (K € 7,) in a log;g-scale plot for the benchmark case at t = 10/28.

Appendix A Iterative linearization

In practice, since the problem (4.3)) is nonlinear, its solution p,, ;, cannot be directly enumerated,
and linearization iterations have to be used. We address this issue here.

A.1 Linearization

Set Sg’h =11y s0. Forn e {1,..., N}, let thl,h be an approximation of Sy—1 - Let pihh 6 Vo
denote the pressure at iteration ¢ € N. Then, for a given p;_hl € Vin, we look for Op), , =

pfl’h — pi;hl € Vy,» satisfying for all ¢, € V,, p,,

= (LOpy, s on) + (KRS ,)) VP, + E0P;, ), Vion)
= — (Sl ) = Sh—ip on) — (Kgr(S(y ), Von) + (F(S®] 1) @, tn), @), (A1)

Tn

Here, (L,€) € L>°(Q;R¥1!) with L > 0, depends on the specific scheme used. Since (A1) is
linear with respect to pﬁl’h, it is directly computable. Observe that 5pf%h = 0 if and only if p:;hl

solves (4.3)) (provided Sfl_l 5, = Sn—1,n) which shows that the schemes are consistent.
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Scheme L, £ Convergence
Picard 0,0

modified Picard [11] S/ @) s (S (T @ 0tn), 0 Linear
Newton [7] 8 (i s F(SGiTN @ tn), W (SR 4l Quadratic
Jager—Kacur [21] supper{(S() =S (L D= (F(SE)—F(SEL )/ (—pi )3, 0 Linear
L-scheme [2§] L (constant)> % sup{S’'—75,05}, 0 Linear
modified L-scheme [29] §' (05 s (S (L1 @ ,0n)+ M (M>0 constant), 0 Linear

Table 2: Different iterative linearization schemes commonly used for Richards equation ([L.1a)).
They fit into the common framework ({A.1]). The corresponding L and & quantities are displayed
along with the convergence characteristics of the schemes.

Table [2]lists the commonly used schemes and the L and & associated with them. The Picard
scheme is generally unstable for the Richards equation. The modified Picard scheme [I1] is
linearly converging and the Newton method [7] is quadratically converging for an initial guess
close to the solution of the nonlinear problem. However, the convergence is not guaranteed
for degenerate cases. The Jager-Kacur scheme [21] and the L-scheme [28] are unconditionally
stable, meaning that they converge linearly, independent of the initial guess even in degenerate
cases and for discontinuous initial conditions. However, a global supremum has to be computed
for the Jager—Kacur scheme, whereas, L—scheme converges slowly compared to the schemes
mentioned above. The modified L—scheme [29] preserves the stability of the L—scheme while
being faster than the modified Picard scheme.

For a given n € {1,..., N}, let the linear iteration be terminated at ¢ = 7. From the
sequence {pf%h}flvzl, the space—time discrete total pressure and saturation are defined as

; ; ; L&D

nh = K(ppp), and S, 5, = 0(9, ) =" S(pp ) Ynefl,...,N}, (A2)
analogous to (4.4). Replacing (¥, 5, Snn) by (\Ifzh,SZL’h), we compute the time continuous
solutions Wy, and sp,, by following the steps of Section
A.2 Equilibrated flux
The terms G, j, and F;, p, from (.4 are redefined as

G = ( FSIN @ota) — L (ST} =Sy ) — Lapgh) L (A.3a)

Fopi= |[W(STOVDLp + ga(Sil) + €0p ] |, (A.3b)

Observe that upon rearranging (A.1)), G, », and Fj, j, play the role of the source-like and flux-like
terms, just as in (5.4). Moreover, G, and F,j converge to their definitions in (5.4) if the

iterate pf%h converges to pp p-
The equilibrated flux o, ), € H(div,{?) is then constructed as stated in Definition

A.3 Estimators

The estimators in ((5.9a)—(5.9¢) and ([5.13)) are defined exactly the same way replacing (¥, s, Sy, 1)
by (¢ ,,S,). The linearization estimators for the source-like and flux-like terms are intro-

duced for w C Q and n € {1,..., N} as

M= Crho || (S0 = Sit = Loplp) = (F(Sh) — £ (A 4a)
Mt = R (((S70) = (SI50) (VPhp +g) + €890 | (A.4b)
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(Cpw > 0 is the Poincaré constant). The new total estimator becomes, for ¢ € I,,,

1
2
4,6 dit lin,1
nR(E) = | D Whn @) F k| o) + 0a() + 0, - (A.5)

KeTn

Remark A.1. Observe that in (A.4) to define nﬁnél, we have used the L? norm instead of the

H='-norm, which is costly to evaluate at every iteration. Observe also that only ngng’zl appears

in (A35).

A.4 Adaptive linearization

Inspired by [18], we propose the following adaptive algorithm for the linearization:
Algorithm A.1 (Adaptive linearization). For a fixed v € (0,1) and n € N, let szfl , € L2(Q)
and p%h € H'(Q) be given. Then, for each i € N, solve (A1) until for some i = 4, upon
computation of 7, , from (5.9a]) and 772“{’21, 772“5’22 from ([A.4]), the following holds

lin,1 lin,2 F
Mg T g =V Mhno (A.6)

With Algorithm [A.T] Theorems [5.3] and [5.4] are restated as

Proposition A.1 (Reliability and efficiency with linearization). Let {\I/i,h}gzl C H}(Q) and
{Sz7h},]¥:1 C H'(Q) be defined using the numerical scheme (A.1)~(A.2) with stopping criteria
set by Algorithm . Let Wy, € C(0,T; H}(Q)) with spr = 0(Vp,) € WH2(0,T; HY(Q)), be
their time-continuous interpolates as defined in , with (Sy.p, Ynn) replaced by (Si’h, \I’;,h)'

n
Let the estimators ngns’{, j=1,2, be defined in (A.4) and nr in (A.5). Then
(a) Reliability: Under the assumptions of Theorem the estimates (5.10]) hold.

(b) Efficiency: Under the assumptions of Theorem and given that v is smaller than a
threshold independent of the discretization, the estimate (5.15) holds.

The proofs are simple extensions to the proofs of Theorems [5.3] and

A.5 Numerical study

We present the results for the test cases from Section[6.1] For this purpose, we use the modified

L-scheme because of its stability and speed as discussed in Section The expression taken

from Table 2| becomes L = Si(pi;,} )_—!— Mt,, € = 0 with M = 1 fixed throughout. Linear

iterations are stopped when |[|p!, , — pifth HL(Q) < 10~*. This fized error approach is compared
b K K

with the adaptive approach which follows Algorithm For this purpose, v = 0.1 is chosen.
Figure and Table [3| show that the adaptive approach requires much fewer iterations while
having negligible impact on the quality of solutions. Moreover, the number of iterations required
is stable as opposed to the fixed error approach.

Appendix B Proofs of Section [2.5

We collect here the proofs of the statements of Section [2.5
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Figure 21: [Section with adaptive linearization] The usual fixed error vs. the adaptive
approach for linearization. Here ¢ = 2. The linearization estimators from are plotted
along with ”g,h,ﬁ‘ Fixed error approach using Hpﬁuh — p;_thH; @ < 10~* as the stopping
criterion (left). Adaptive approach using Algorithm with ny: 0.1 (right). The iterations
required per time step are mentioned in the square boxes. They increase with time for the fixed
approach and remain constant at 2 for the adaptive approach.

Fixed error approach Adaptive approach
/ avg. lin,1 T]lin,Q n avg. lin,1 lin,2
iter. nhQ | Thpa | IR iter. | Mpe | Thpg | TR
1] 7.72 3.4e-6 | 5.2e-6 | 1.859 | 2.00 0.021 | 0.038 | 1.869
2| 6.74 5.7e-6 | 5.6e-6 | 0.998 | 2.00 0.014 | 0.020 | 1.088
4| 5.72 1.4e-6 | 9.6e-7 | 0.497 | 1.98 0.007 | 0.009 | 0.506

Table 3: [Section with adaptive linearization] Average iterations required per time step
together with 772“519, 772“529, and ng at t, = 1 for the usual fixed error (left) and the adaptive

linearization (right) approaches.

Proof of Proposition 2.3 We claim that (Sy,pc(Sm)) serves as a subsolution of (s,p) for
a constant K. From we have that Sy, (t) > S(0) for some ¢ > 0 only if f,(S(0)) > 0
or f(S(0),x,t) > 0 a.e. in (x,t) € Q x RT. Hence, if Sy (t) = min(Si(t),S(0)) = S(0) in
some interval I C RT then 0,5y, — f(Sm,x,t) < 0 — fin(S(0)) < 0. On the other hand, if
Sim(t) = Sm(t) then 9;Sm — f(Sm,x,t) < 9Sm — fin(Sm) = 0. Hence,

0pSm — V - [K £(Sm) (Vpe(Sm) + )] — f(Sm, 2, t) = 0Sm — F (S, &, 1) < 0.

Moreover, p.(Sm) < pc(S(0)) = 0 in relation to the boundary. Thus, invoking the comparison
principle [33], we conclude that (S, pe(Sm)) is a subsolution of (s, p). O

Proof of Proposition [2.) Let Ji := min(J,p;) < 0. For the sake of simplicity, let the space
coordinate be translated such that min{g - } = 0. To show the lower bound of ¢ we use

V(g -x) = g, and rewrite (2.20) as

(Kr(S()Vs +9g-2], V) = (B.1)

(tg;&g[f@(g), z, )], ¢> '

Selecting the test function ¢ = [¢ — J1 + g - x]- € HI(Q) (observe that ¢ = 0 on 9 since
g-x—J; >0 for all x € Q) one then obtains in the left hand side of (B.1)),

(Rr(S(5))V]s +g-a|,V[s—Ji+g-a]_) > f

/ W(S(©) [KEV~ T +g-a]-
Q
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Observe that ¢ is nonzero only when ¢ < J; —g-x < p;, implying f(S(s), x,t) > 0. Hence, the
right hand side of (B.1)) yields

( inf [f(S(g),:c,t)]_, [§ - Jl +g : SL’]_> = 0.
teR+

Hence, from (B.1]), one obtains ¢ > J; — g - . We obtain the upper bound by testing with
p=[c—J+g x—max{g - x}|;+ and following the arguments as before. O

Proof of Proposition [2.5 Observe that the choice of J implies from Proposition that
¢ <0and S(s) < sp a.e. in Q. Moreover, from (2.20)),

os — V- (Kr(S(s)[Vs + g]) — f(5(s), 2, 1)
<0 -V - (Kk(S(s))[Vs +g]) — Cierng(S(c), z,()]- =0,

since f(S5(c), z,t) > infecr+ [f(S(5), 2, ()]-. Hence, similar to the proof of Proposition the
result follows from applying the comparison principle. O
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