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ABSTRACT

We present a direct proof of the discrete Poincaré-Friedrichs inequalities for a class of non-
conforming approximations of the Sobolev space H!(f2), indicate optimal values of the con-
stants in these inequalities, and extend the discrete Friedrichs inequality onto domains only
bounded in one direction. We consider a polygonal domain €2 in two or three space di-
mensions and its shape-regular simplicial triangulation. The nonconforming approximations
of H'(Q) consist of functions from H! on each element such that the mean values of their
traces on interelement boundaries coincide. The key idea is to extend the proof of the discrete
Poincaré—Friedrichs inequalities for piecewise constant functions used in the finite volume
method. The results have applications in the analysis of nonconforming numerical methods,
such as nonconforming finite element or discontinuous Galerkin methods.
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1 INTRODUCTION

The Friedrichs (also called Poincaré) inequality

/ (%) dx < cp / Vox)Pdx  Vge HA(Q) (1.1)
Q Q

and the Poincaré (also called mean Poincaré) inequality
2 2 = 2 1
Fx)dx < cp | [Vg(x)[>dx + cP( 9(x) dx) Vg € HY(Q) (1.2)
Q Q Q
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2 M. VOHRALIK

(cf. Necas [9]) play an important role in the theory of partial differential equations. We
consider here a polygonal (we use this term for d = 3 as well instead of polyhedral) domain
(open, bounded, and connected set) Q € R?, d = 2,3, H'(Q) is the Sobolev space of L?()
functions with square-integrable generalized derivatives, and H}(€2) is the subspace of H'(Q)
of functions with zero trace on the boundary 092 of Q. We refer for instance to Adams [1]
for details on the spaces H(Q), H} ().

Let {71} be a shape-regular family of simplicial triangulations of ) (consisting of tri-
angles in space dimension two and of tetrahedra in space dimension three). Let the spaces
W (73,) be formed by functions locally in H'(K) on each K € 7}, such that the mean val-
ues of their traces on interior sides (edges if d = 2, faces if d = 3) coincide. Finally, let
Wo(7,) € W(73,) be such that the mean values of the traces on exterior sides of functions
from Wy(7p,) are equal to zero (precise definitions are given in the next section). These
spaces are nonconforming approximations of the continuous ones, i.e. Wo(7) ¢ Hg () and
W(T5) ¢ H'(Q2). We investigate in this paper analogies of (1.1) and (1.2) in the forms

/QgQ(X) dx < Cp Z /K |Vg(x)|? dx Vg € Wo(7), Vh >0, (1.3)

KETh

~ 2
/Qg%c) dx < Cp Kez;h /K IVg(x)[? dx + cp</Q 9(x) dx) Vg e W(Tp), Vh > 0. (1.4)

The validity of (1.3) for Wy(7};,) consisting of piecewise linear functions (used e.g. in
the Crouzeix—Raviart finite element method) has been established by Temam in [13, 14,
Proposition 1.4.13]. Thomas [15, Theorem V.4.3] generalizes this result to higher-order
polynomial spaces and, under the condition that the triangulations are not locally refined,
to a subspace of functions of Wy(7;,) only fixed to zero on a part of the boundary, see the
proof of Theorem V.4.2 in the same reference. Analogous results for polynomial functions
and triangulations that cannot be locally refined have next been established by Stummel [12,
Theorems 3.2.(15) and 3.2.(16)] for (1.3) and (1.4), respectively, and by Dolejsi et al [5]
for (1.3). Extensions to 7j only satisfying the shape regularity (minimal angle) assumption
and onto spaces that include Wy(73) are finally given by Knobloch [8] and Brenner [3]. This
last paper also shows how to extend the discrete Friedrichs and Poincaré inequalities to
general polygonal (nonmatching) partitions of {2 and to functions that do not satisfy the
equality of the means of traces on interior sides, provided that (1.3), (1.4) are satisfied.

It was shown in [8] and in [3] that the constants Cr, Cp only depend on the domain
and on the shape regularity of the meshes. We establish in this paper the exact dependence
of Cr, Cp on these parameters. We show that in space dimension two C'r only depends on
the area of ) and that in space dimension two or three C'r only depends on the square of
the infimum over the thickness of {2 in one direction. For convex domains, C'p only depends
on the square of the diameter of €2 and on the ratio between the area of the circumscribed
ball and the area of 2. For nonconvex domains, our results involve a more complicated
dependence of C'p on €. The above-mentioned dependencies are optimal in the sense that
they coincide with the dependencies of ¢, cp on §2 in the continuous case. The dependence
of C'r on 2 also allows for the extension of the discrete Friedrichs inequality to domains only
bounded in one direction. We finally show that C'r depends, in space dimension two and
provided that it is expressed using the area of 2, on the square of a parameter describing the
shape regularity of the meshes given in the next section. This dependence still holds true for
CF in space dimension two or three and expressed using the square of the infimum over the
thickness of €2 in one direction and also for Cp, provided that the mesh is not locally refined.
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We present an example showing that this dependence is optimal. For locally refined meshes,
our results involve a more complicated dependence on the shape regularity parameter.

Our proof of the discrete Friedrichs and Poincaré inequalities on the spaces W (7p,),
W (7}) respectively is more direct than those presented in [8] and in [3]; in particular, all
the necessary intermediate results are proved here. In [8] the author uses a Clément-type
interpolation operator (cf. [4]) mapping the space Wy(T73,) to H}(Q). In [3] the key idea
is to construct nonconforming P; interpolants of functions from W(7}) and to connect the
nonconforming P finite elements and conforming P, finite elements (in space dimension
two) or conforming Pj finite elements (in space dimension three). In both cases one finally
makes use of the continuous inequalities (1.1), (1.2). Our main idea is to construct a piecewise
constant interpolant and to extend the discrete Poincaré-Friedrichs inequalities for piecewise
constant functions known from finite volume methods, see Eymard et al [6, 7]. In particular,
we do not make use of the continuous inequalities; since H¢(Q) € Wo(7;,) and HY(Q) C
W (7}), we rather prove them. The established inequalities are necessary in the analysis of
nonconforming numerical methods, such as nonconforming finite element or discontinuous
Galerkin methods.

The structure of the paper is as follows. In Section 2 we describe the assumptions on 7j,
define a dual mesh Dj, where the dual elements are associated with the sides of 7}, define the
function spaces used in the sequel, and introduce the interpolation operator. In Section 3 we
give the discrete Friedrichs inequality for piecewise constant functions on Dj. In Section 4
we prove some interpolation estimates on functions from H'(K), where K is a simplex in
two or three space dimensions. In Section 5 we prove the discrete Friedrichs inequality for
functions from Wy(7y), using their interpolation by piecewise constant functions on Dj,. In
Section 6 we show how this proof simplifies for Crouzeix—Raviart finite elements in two space
dimensions. Finally, Section 7 is devoted to the proof of the discrete Poincaré inequality for
piecewise constant functions on Dy, and Section 8 to the extension of this result to functions

from W(7p).

2 NOTATION AND ASSUMPTIONS

Throughout this paper, we shall mean by “segment” a segment of a straight line. Let
us consider a domain K C R? d = 2,3. We denote by || - |lo.x the norm on L?(K),
Hg||(2)K = [ 9*(x) dx, by |K| the d-dimensional Lebesgue measure of K, by |o| the (d — 1)-
dimensional Lebesgue measure of o, a part of a hyperplane in R¢, and in particular by |s]
the length of a segment s. Let b be a vector. We shall mean by the thickness of K in the
direction of b, denoted by thicky (K'), the supremum of the lengths of segments s with the
direction vector b such that s C K. The thickness of K is then the supremum of the lengths
of all the segments s such that s C K. Recall that the diameter of K is the supremum of the
distances between all pairs of points of K. For K convex, thickness and diameter coincide.

Triangulation

We suppose that 7, for all h > 0 consists of closed simplices such that Q = J KeT, K and
such that if K, L € 7;, K # L, then K N L is either an empty set or a common face, edge,
or vertex of K and L. The parameter h is defined by h := maxge7, diam(K). We denote
by &, the set of all sides, by S}ft the set of all interior sides, by £** the set of all exterior
sides, and by £k the set of all the sides of an element K € 7. We make the following shape
regularity assumption on the family of triangulations {7}, }:
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Assumption (A) (Shape regularity assumption)
There exists a constant k7 > 0 such that

. K]
_— > Yh > 0.
KeT, diam(K)? — "

Assumption (A) is equivalent to the existence of a constant §7 > 0 such that

di K
max TE) o s, 2.1)
KeT, PK

where pg is the diameter of the largest ball inscribed in the simplex K. Finally, Assump-
tion (A) is equivalent to the existence of a constant ¢7 > 0 such that

i > . .
IlglellethK_ﬁf)T Vh >0 (2.2)

Here ¢ is the smallest angle of the simplex K (plain angle in radians if d = 2 and spheric
angle in steradians if d = 3).

In the sequel we shall consider apart triangulations that may not be locally refined, i.e.
the case where the following assumption holds:

Assumption (B) (Inverse assumption)

There exists a constant (7 > 0 such that

h
—— < .
Kex, diam(K) — o1 vh>0

Assumptions (A) and (B) imply

K
min S5 > Rt Vh >0, (2.3)

where K7 1= RT/C%.

Dual mesh

In the sequel we will use a dual mesh Dy, to 7, such that Q = U DeD, D. There is one dual
element D associated with each side op € &,. We construct it by connecting the barycentres
of every K € 7y, that contains op through the vertices of op. For op € £, the contour of
D is completed by the side op itself. We refer to Fig. 1 for the two-dimensional case. We
denote by D}Lnt the set of all interior and by D§** the set of all boundary dual elements. As
for the primal mesh, we set Fj,, Fi* and FX* for the dual mesh sides. We denote by @ p the
barycentre of a side op and for two adjacent elements D, E € Dy, we set op g := 0D NOE,
dp,r = |QE — Qp|, and Kp g the element of 7, such that op g C Kp . We remark that

K|
KND|l=—— 2.4
KnD|= 4k (2.4
for each K € 7, and D € Dy, such that op € k. Let us now consider op € Fint
op,g = 0D NOFE in the two-dimensional case. Let Kp g N D be in the clockwise direction
from Kp N E. We then define vp g as the height of the triangle |Kp g N D| with respect
to its base op g and have (see Fig. 1)

lop,E|vD,E

|KD7EQD|: 9

(2.5)
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Figure 1: Triangles K, L € 7;, and dual elements D, F € Dy, with edges op,op € &,

Function spaces

We define the space W(7},) by

wW(T) = {g€LQ);glx € H\K) VKET,
/ gl (%) dy(x) = / 911(%) dy (x) (2.6)

VO’[QL S S}Lnt, OK,L = 6KH8L} .

We keep the same notation for the function g and its trace and denote d-y(x) the integration
symbol for the Lebesgue measure on a hyperplane of Q. The space W(7}) is defined by

Wol(Ti) = {g € W(T)s [ g dri) =0 voe g} (2.7)

g

lgli,7 == < Z /K |Vg(x)? dx)% 7

KeT,
which is a seminorm on W (7;) and a norm on Wy(7;,). The spaces X(7;) C W(7},) and
Xo(7p) C Wo(7p) are defined by piecewise linear functions on 7. Note that the functions
from X (7},) are continuous in barycentres of interior sides and that the functions from X(73)
are moreover equal to zero in barycentres of exterior sides.

The space Y (Dy,) is the space of piecewise constant functions on Dy,

Y(Dy) = {ce L*(Q); c|p is constant VD € Dy} ,

We finally define

ext

and Yy (Dy,) is its subspace of functions equal to zero on all D € Dy*,
Yo(Dy) :i={ceY(Dy);clp=0 VD e Dy
For ¢ € Y(D},) given by the values ¢cp on D € Dj,, we define

1
o 1
lchrs = < > m(CE—CD)Q)27

op EE]:}LDt YD.E
lop,E| 2\ 3
it = < Z .7’CE—CD)
b = (X Fantm )
y h
1
OD,E 2
lchry = < > —|d |(CE—CD)2)2;
U[)’EEJF}Lnt b.B

| 1,74 | - 1,74, and | - [1,7,+ are seminorms on Y (D},) and norms on Yy(Dy,).
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Interpolation operator

The interpolation operator I associates to a function g € W (73) a function I(g) € Y (Dy)
such that

1
19)lo =90 = / dx(x)dv(x) YD €Dy,
op

where K € 7}, is such that op € €. Note that by (2.6), if op € €k and op € £, K # L,
the choice between K and L does not matter. We recall that op € &, is the side associated
with the dual element D € Dj,. Note that for g € Wy(7},), 1(g) € Yo(Dp).

3 DISCRETE FRIEDRICHS INEQUALITY FOR PIECE-
WISE CONSTANT FUNCTIONS

In finite volume methods (cf. [7]) one can prove the discrete Friedrichs inequality for piecewise
constant functions for meshes that satisfy the following orthogonality property: there exists
a point associated with each element of the mesh such that the straight line connecting these
points for two neighboring elements is orthogonal to the common side of these two elements.
The proofs in [6, 7] rely on this property of the meshes. We present in this section analogies
of Lemma 9.5 and consequent Remark 9.13 and of Lemma 9.1 of [7] for the mesh Dj,, where
the orthogonality property is not necessarily satisfied.

Theorem 3.1 (Discrete Friedrichs inequality for piecewise constant functions in
two space dimensions). Let d = 2. Then for all ¢ € Yy(Dy),

|2

lelRa < ekt r..

Proof. Let by = (1,0) and bs = (0,1) be two fixed unit vectors in the axis directions. For
all x € Q, let BL and B2 be the straight lines going through x and defined by the vectors by,
b, respectively. Let the functions X((,Z) (x),i=1,2, for each o € ]—‘,ilnt be defined by

(i)(x) _J1 ifUﬂB;#(D

L0 ifoenBL=0"
Let finally D € D}lnt be fixed. Then for a.e. x € D, B, i = 1,2, do not contain any vertex
of the dual mesh and B: N o, i = 1,2, contain at most one point of all ¢ € F3. This implies
that for a.e. x € D, B, i = 1,2, always have to intersect the interior of some E € D§**

before “leaving” or after “entering” 2 (we recall that {2 may be nonconvex). Using this, the
fact that cg = 0 for all E € D{**, and the triangle inequality, we have

2)ep| < Z |Cg—CF|X((j;G(X) forae. xeD,i=1,2.
O'chej:}iLnt
This gives
1
len|? < T Z lca — CF‘X&Z’G(X) Z lea — CF’XC(T%B’G(X) for a.e. x€ D,
UF,GEf}ilm UF,GE.'F}Lnt

which is obviously valid also for D € D§**, considering that ¢p = 0 on D € D§*. Integrating
the above inequality over D and summing over D € D;, yields

S bl (X lr-eohdh0 X e - eohi), () dx.

DeDh O’D7E€.7:,i1"t UD7EEF}LD‘;
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Let a = inf{xy; (z1,22) € Q} and 8 = sup{x1; (x1,22) € Q}. For each x1 € (o, 3), we denote
by J(x1) the set of o such that x = (x1,z2) € Q. We now notice that X((Tl)(x) only depends

on x9 and that ng) (x) only depends on z;. Thus

B
Lo O ool X len—eold® ) dradey
[0 1

B

op,pEFM op,pEFN

=[O e eb@a) X kel [ 3l ) draan
J

a ) )
O'D’Eej'—;:n UD7E€fibnt

IN

B
> |CE—CD||0D,E|/ > lew —eplx$ (1) day

. o .
O'D7E€.7'—;l“t JD,EE}—;LN‘

where we have used fJ(ml)Xng)’E(mg)de < |op,r|- Using analogously ff X((,2D)’E(m1)dx1 <

lop,E|, we come to

1 2
2
> hpl<7( > lovsller—cnl) -

DeDy, JD,EG}—;:“

Finally, using the Cauchy—Schwarz inequality, we have

1
ZCQD|D|§Z Z lop,Elvp.E Z @(CE—CD)Q.

. . UD.E
DeDy, JD,EG}—;LM UD7EEF;LM ’

The equality >, . Fint lop.elvp,e = 2|9, which follows from (2.5), concludes the proof.
’ O

Remark 3.2 (Discrete Friedrichs inequality for piecewise constant functions on
equilateral simplices). Let b € R? be a fized vector and let T;, consist of equilateral
simplices. Then for all ¢ € Yy(Dy,),

lellg o < [thickn () + 2A]|clf 7 ;-

This follows from [7, Lemma 9.1] (cf. alternatively [6, Lemma 1]), since the dual mesh Dy,
satisfies in this case the orthogonality property.

Our purpose now will be to extend this result to general triangulations.

Lemma 3.3. Let Assumption (B) be satisfied and let b C Q be a segment that does not
contain any vertex of the dual mesh Dy,. Then

A= Z diam(KDE) < Cd,’T thickb(Q) ,
O'D,EG]:;LM,O'D,Eﬂb;ﬁ@
where
24(d — 1
Cd,']' = ¥(1 + 297’) . (3.1)

KT
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Proof. The number of nonzero terms of A is equal to the number of interior dual sides
intersected by b. In view of the fact that b does not contain any vertex of the dual mesh,
this number is bounded by 2(d — 1)-times the number of simplices K € 7} whose interior is
intersected by b. All intersected simplices have to be entirely in the rectangle/rectangular
parallelepiped constructed around b, with the distance between b and its boundary equal
to h. Considering the consequence (2.3) of Assumptions (A) and (B), we can estimate the
number of intersected elements by

(Qh)dfl (|b| + 2h)
R hd '

Using in addition diam(Kp g) < h and |b| < thickp(€2), we have

24(d — 1
A< ¥(thickb(9) +2h).
RT
Noticing that
h < O7thicky, () (3.2)
by the consequence (2.1) of Assumption (A) concludes the proof. O

Lemma 3.4. Let b C Q) be a segment that does not contain any vertex of the dual mesh Dy,.

Then
A= Z diam(KDE) < Cd,’T thickb(Q) ,
prEéfint,prEﬂbséw
where
20—2 4
Cyr =4(d—1)N6Y, N = 3 (3.3)
T

Proof. The number of nonzero terms of A is equal to the number of interior dual sides
intersected by b. In view of the fact that b does not contain any vertex of the dual mesh,
this number is bounded by 2(d — 1)-times the number of simplices K € 7} whose interior is
intersected by b. We next follow the ideas of [15, Lemma V.4.3] rather than those originally
used in [16, Lemma 2.3.4], yielding a slightly better value of the constant Cy 7.

Let us group the intersected simplices by IV, defining a system of nonoverlapping segments
{bk}]k\/[: 1 lying on the intersection of the straight line given by b and €2, such that each by
intersects exactly IV simplices and such that the intersection always contains two points from
OK (stretches over the whole K). At most N — 1 simplices whose interior is intersected by
b remain. Using that

diam(K) < O7pg < Orthicky () VK €7y,
following from the consequence (2.1) of Assumption (A), we have
M
A<2d-1)) > diam(K) + 2(d — 1) N0 thicky, (Q), (3.4)
k=1 KeT;,; K°Nb,#£0

noticing as well that 67 > 1 and N > 1. We next estimate the first term of the above
expression. It follows from the consequence (2.1) of Assumption (A) that px < Orpp if
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K,L € 7, are neighboring elements. Recall that pg is the diameter of the largest ball
inscribed in the simplex K. Thus we come to

max 0
KGTh;Koﬂbk;é N-—1
< oN Vk=1,...,M.

min I
KETy; KoNby£0

We further claim that

min pr < |bg]| Vk=1,..., M,
KeTy,; Konby, #£0D

i.e. if we take N simplices, where N is given by (3.3), intersected by a straight line, then the
length of the intersection is at least equal to the smallest diameter of the inscribed balls of
the simplices. Let V' be a vertex of a simplex K and let us consider the hyperplane joining
the midpoints of the edges sharing V. Clearly, as soon as by intersects this hyperplane
or as soon as the intersection lies entirely in the part of K bounded by this hyperplane
and not containing V', the intersection is longer than pgr. Hence, in order not to exceed
pi for some K, all the intersected simplices would have to share the same vertex and the
intersection would only have to lie in the part of K bounded by the above defined hyperplane
and containing V for each K. However, with each intersected simplex, we would in this case
add an angle greater or equal to ¢7 by the consequence (2.2) of Assumption (A). Since we
have N simplices, their angles would fill the whole semi-circle (7, d = 2) or semi-sphere (2,
d = 3), which shows that this is not possible.

Using the last two estimates and once more the consequence (2.1) of Assumption (A),
we have

N

M M M
oY diam(E) <> 07 Y. pr <Y NOF|bi| < NOF thickp(Q).
k=1 KeT;,; K°Nby #£D k=1 KeT;,; KoNby #£0 k=1

In combination with (3.4), this concludes the proof of the lemma. O

Theorem 3.5 (Discrete Friedrichs inequality for piecewise constant functions).
Let b € RY be a fized vector. Then for all ¢ € Yo(Dy,),

lelld o < Ca.r[thicks (Q)*[eli 7+,

where Cyq 1 is given by (3.1) when Assumption (B) is satisfied and by (3.3) in the general
case.

Proof. For all x € ), we denote by By the straight semi-line defined by the origin x and the
vector b. Let y(x) € 0N Bx be the point where By intersects 92 for the first time. Then
[x,y(x)] C Q. We finally define a function y,(x) for each o € Fi® by

1 ion[xyx)]#0
Xo (%) := { 0 fonxyx)]=0"

Let D € Dt be fixed. Then for a.e. x € D, Byx does not contain any vertex of the dual
mesh and Byx N o contains at most one point of all ¢ € F. This implies that for a.e. x € D,
Bx always has to intersect the interior of some E € D§** before “leaving” 2. Using this, the
fact that cp = 0 for all E € D$**, and the triangle inequality, we have

lep| < Z lcc — cr|Xopg(x) forae xeD.

orGEF
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The Cauchy—Schwarz inequality yields

2

. cG — CFr

lep|2 < Z Xop (%) diam(Krq) Z mxmﬂ(x) for a.e. x€ D,
O'F,Gej:}il“t O'F,GE»F;iLnt ’

ext

which is obviously valid also for D € D§*', considering that ¢cp = 0 on D € D§**. Inte-
grating the above inequality over D, summing over D € Dy, and using Lemma 3.3 when
Assumption (B) is satisfied and Lemma 3.4 in the general case yields

2 . (CE—CD)2
Z lep|*|D| < Cg,rthicky, (2) Z m/ﬂxgaE(x)dx.

DeDp op,pEFM

Now the value fQ Xop (%) dx is the measure of the set of points of {2 located inside a cylinder
whose basis is op g and generator vector is —b. Thus

/ Xop (%) dx < |op, gl thicky(9),
Q

which leads to the assertion of the lemma. O

4 INTERPOLATION ESTIMATES ON FUNCTIONS
FROM H!(K)

We give some interpolation estimates for a simplex K in this section.

Lemma 4.1. Let K be a simplex, o its side, and g € H'(K). We set

1/
Jx ‘= —= g(x)dx,
&7 /™

1
9o = H/JQ(X)dv(X)-

Then
diam(K)?2
o —907 < @™ [ vyt ax, (1)
K| K
/[g(x) —go)Pdx < cddiam(K)Q/ |Vg(x)|? dx, (4.2)
K K
where
cg=06 for d=2, cq=9 for d=3. (4.3)

Proof. The inequality (4.1) is proved as a part of [7, Lemma 9.4] or [6, Lemma 2] for d =
2. In these references a general convex polygonal element K is considered; the fact that
¢q = 6 follows by considering a triangular element. The inequality (4.2) also follows from
these proofs, using the Cauchy—Schwarz inequality. We now give the proof for the three-
dimensional case, following the ideas of the proof for d = 2.

Let us consider a tetrahedron K and its face . Let us denote the space coordinates by
11,79, r3. We assume, without loss of generality, that o C {0} x R x R", that one vertex of
o lies in the origin, that the longest edge of o lies on x;, and that K ¢ RT x R x R. Let
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a = («, 3,7) be the vertex that does not lie on o. For all 1 € [0, a], we set J(x1) = {z2 € R
such that (x1,x9,23) € K for some z3 € R}. For all 9 € J(z1) with z; € [0, a] given, we
set J(x1,x2) = {r3 € R such that (z1,z2,23) € K}. For a.e. x = (v1,22,23) € K and a.e.
y = (0,92,y3) € 0, we set z(x,y) = ta+ (1 —t)y with t = ZL. Since K is convex, z(x,y) € K
and we have z(x,y) = (21, 22(71,%2), 23(21,¥3)) with za(w1,%2) = T8+ (1 — F)y2 and
z3(@1,y3) = 2y + (1= Fys.

Using the Cauchy—Schwarz inequality, we have

[0 - sax= [ [L [ ot L [
L/g(Z(X,y))dw(y)] dx < ‘02‘2 /K[/O(g(x) —g(z(x,y))> dy(y)rdx

,0,2 / / y) — g(Y)) d’Y(Y)rdX < %(A + B),
where
A= [ [ (o) = atatx.y)) " drty)ax.
B = /K/J(g(Z(XJ)) - 9(3’))2 dy(y) dx.
Similarly,
(o5 =9, < (A -+ B).

We denote by D;g the partial derivative of g with respect to x;, ¢ € {1,2,3}, and estimate
A and B separately. For this purpose, we suppose that g € C1(K) and use the density of
CH(K) in H'(K) to extend the estimates to g € H'(K).

We first estimate A. We have

oo
0 J(z1) J I (x1,22) 4 J(0) JJ(0,y2)

2
—g(x1, 22(x1,Y2), 23(1, y3))) dys dys dzz dza dzy .

Let us suppose that x3 > z3. This implies that [z1, 22, z3(x1,y3)] € K, since the cross-section
of K and the plane 1 = const is a triangle whose bottom edge is horizontal and the longest
of its three edges. We deduce the inequality

2
<g(1’1,w2,w3) - 9(901722(961,yz)vzs(wl,yg))) = (9(1’179027963) — g(x1, 22, 23(21,93))

2 T3
+g(w1, 72, 23(71,93)) —9(331722(9617y2)723(9€1,y3))> = </( )Dsg(l’lawas) ds
z3(x1,y3
o 2
+/ D29($1,S,Z3(l‘1,y3))d8) §2d1am(K)/ [D39($1,$2,S)]2 ds
z2(z1,y2) J(z1,x2)

+2diam(K) (1 — ﬂ) /JC2 [Dag(1, s, 23(x1,y3)))* ds ,

@ 22(21,y2)

where we have used the Newton integration formula and the Cauchy—Schwarz inequality.
Defining D;g, i € {1,2,3}, by 0 outside of K and considering also x3 < z3, we come to

A< 2d1am(K)(A1 + Ay + Ag + A4)
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with

« x2
As ::/ / / / / / [Dag(1, s,23)]” ds dys dys dwg dwg day
0 JJ(x1) JJI(x1,22) JJI0) JI0,y2) Jz2(x1,y2)

o X
s [ oS oL 02
0 JI@1) JI(1,22) JI(0) JI(0,y0) «

T3
/ [Dsg(z1, z2(21,y2), 5)]* ds dyz dys das dzs day -

We easily see that
A < diam(K)\J|/ [D3g(x))? dx
K

Next, we estimate Ay. Using the Fubini theorem and the change of variables z3 = z3(z1, y3),
we have

x 2
/ <1_ _1> / [D29(x173723(m17y3))]2 dsd?/i%
( 7y2) @ z

2(z1,y2)

= / / [Dag(x1,5,23)]% dzs ds
2(w1,y2) J J(z1,22(w1,y2))

< / / [Dag(z1, s, zg)] dz3ds,
J(x1) J J(x1,s)

where the estimate follows by extending the integration region. Hence
As < diam(K)|o]| /K[Dgg(x)]2 dx

Using the Fubini theorem, we similarly estimate As and Ay,
As < diam(K)|o| /K[Dgg(x)]2 dx,
Ay < diam(K)|o| /K[Dgg(x)]2 dx,

which finally yields
A < 4diam(K)?|o| / |Vg(x)[? dx. (4.4)
K

We now turn to the study of B. We write it as

:/ / / / / (g($1a22($1,y2),Z3($1,y3)) -
0 JI(x1) JI(@1,22) JI(0) JI(0,y2)

2
—9(0, 2, ys)) dys dys drgdaaday .
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Using the Newton integration formula and the Cauchy—Schwarz and Holder inequalities, we
have

(91,2 ) st — 902 m) = ([ [Dagtoza(ovme).2a(50)

—_ — 2
+Dag(s, 22(5,12), 2a(5,55) T 22 4 Digls, 22 (s, ), 25(5,99) T2 )

< o (222)  (52)) [ Spte s ste e
i=1

Hence

pea(i+ (552" (152)) 3

with

« 1
B; =/ / / / / / [Dig(s, z2(s,2), 23(s,y3))]* ds dys dys das dws dzy
0 J(z1) JJ(x1,22) 4 J(0) 4 J(0,y2) JO

i € {1,2,3}. Using the Fubini theorem, we have

B=[ [ [Dgtsasmatu)? [ [ [ dndndndsdpde.
J(0) JJ(0,y2) JO s J(z1) J I (x1,22)

Hence

p «
B < | | / / / [Dig(sa22(3792)723(3793))]2(04 - 8)2 dy3 dy2 dS,
0o JJ©) JJ(0,y2

~ 2«

where we have used the estimate

/ / dzgdzge < ]a](l - —)
J(z1) J J(x1,22)

on the area of the cross-section of K and the plane x1 = const. Now using the change of
variables z3 = z3(s,y3) and zo = 22(s,y2) gives

[ [ gl zalsm) s, )P0 - o) du e
J(0) J J(0,y2

o? / / [Dig(s, 22, 23)) dzs d22
J(s) JJ(s,22)

and thus
B < 9 [ Do ax,
2 Jk

which finally yields, noticing that o + (3 — y2)% + (v — y3)? = |a — y|? < diam(K)?,
B < dlam / |Vg(x)|? dx . (4.5)

Now combining (4.4) and (4.5) leads to the assertion of the lemma for d = 3. O
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5 DISCRETE FRIEDRICHS INEQUALITY

We prove in this section the discrete Friedrichs inequality, using the results of the previous
sections. We first give several auxiliary lemmas.

Lemma 5.1. Let d =2. Then

Cq

| ()’17’*—,{ |g|1’T \V/QGW(,Z—}L)’

T
where Cy is given by (5.2) below.

Proof. Let K € Tj, and op,op € Ex. We define gx as the mean value of g over K and
deduce from the inequality (a — b)? < 2a? + 2b% and from (4.1) that

diam(K)?
(95— 90 ) < 2oz = )" + 2o ) < dea T [ [VgeoPax. ()
K

Using this, the definition of | - |1 7, |op | < 2/3diam(K), (2.5) and (2.4), the fact that
each K € 7j contains exactly three dual edges, and Assumption (A), we have

lop,sl
1(9)i 7. = Z =" (gr — gp)*
int UD’E
UD,Ee]:h
lop. g|? dlam )2
WY Y , 9y ax
e - vp,EloD,E|
hop,p€F;M, 0p, ECK
d
< 8¢y Z fam (K / |Vg(x ]2d < - / |Vg(x ]2 dx.
KeT, T KeT,
O
Lemma 5.2. There holds
Cq
11(9)l7 7+ < E‘g’%j Vg € W(Th),
where o7
Cy=8cq for d=2, C’d:ch for d =3, (5.2)

and cq is given by (4.3).

Proof. Using the definition of | - |17, (5.1), |op g| < Cidiam(Kp g)¢~! with C} = 2/3 if
d=2and C; =9/32 if d = 3, the fact that each K € 7, contains (d 4 1)d/2 dual sides, and
Assumption (A), we have

2. — oD, £l Y
|(g)|1,T,T Z diam(KDE)(gE gp)
op pEFnt ’
lop,g|diam(K)
< deg Z Z T/K|V9(X)’2dx
Ke€Thop peFi*,op,rCK
d
< 2e4(d+1)dC5 Y diam(K)® /|vg( dex<— 3 / Vg (x)|? dx..
KeT, | | KeT

O
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Lemma 5.3 (Interpolation estimate). There holds

lg = 1(9)llbe < cah®lglir Vg€ W(Tn),
where cq is given by (4.3).
Proof. We have

lg—IDEa = >, > [g(x) — gp]? dx

KeT, op€eli KnD
< ¢y, Y [diam(Kn D)]2/ |Vg(x)|? dx
KeT, op€elk KnD
<l Y [ Vo6,
KeTy, K
using the estimate (4.2) for the simplex K N D and diam(K N D) < h. O

We are now ready to state the first of the two main results of this paper.

Theorem 5.4 (Discrete Friedrichs inequality). There holds
loliea < Crlgfir Y9 € Wo(Ta), ¥h >0
with

C C 2

Cr = —;]Q\ +2cqh? for d=2, Cp=20,—2L| inf thickb(Q)] +2cqh? for d=2,3,
kT KT lberd

where Cy 1 is given by (5.1) when Assumption (B) is satisfied and by (3.3) in the general

case, cq s given by (4.3), and Cy is given by (5.2).

Proof. One has
lgllge <29 = I(9)l5a +211(9)5q-

The error ||g — I(g)||2 ¢, of the approximation follows from Lemma 5.3. Note that I(g) €
Yo(Dy,) and hence the discrete Friedrichs inequality for piecewise constant functions given
by Theorem 3.1 together with Lemma 5.1 yield

Cq
11(9)lI5.0 < 2—2|Q||g!?,7
KT

for the case where d = 2. Similarly, using the discrete Friedrichs inequality for piecewise
constant functions given by Theorem 3.5 together with Lemma 5.2, one has

Car ., .
11(9).0 < CamHlthicky (@) lglf 7

for an arbitrary vector b € R? for the case where d = 2, 3. U

Remark 5.5 (Dependence of Cr on ). We have h? < |Q|/kr by Assumption (A)
and h < O7thick,(Q) by the consequence (2.1) of Assumption (A). Hence the constant in
the discrete Friedrichs inequality only depends on the area of Q) if d = 2 and on the square
of the infimum over the thickness of () in one direction if d = 2,3. This dependence is
optimal: Necas [9, Theorem 1.1] gives the same dependence for the Friedrichs inequality and
H}(Q) € Wo(Tr). Note however that the constant itself can still be better in the continuous
case, see e.q. Rektorys [11, Chapters 18 and 30].
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Remark 5.6 (Dependence of Cr on the shape regularity parameter). One can see
that Cp depends on 1/k% if d = 2 and when it is expressed using |Q2|. We are able to establish
the same result also when Cr is expressed using infycpa thicky () only when the meshes are
not locally refined (when Assumption (B) is satisfied). Indeed, C'r in this case depends on
Ca1/kT and the constant Cy1 given by (3.1) is of the form [2%(d — 1)($(2C + 1)])/k7; this
follows by replacing the inequality (3.2) by h < Cthicky () for some suitable constant C.
Example 6.3 below shows that this dependence is optimal. In the case where the meshes are
only shape-regular, we only have (3.3). Note however that this dependence carries over to
the case where the functions are only fixed to zero on a part of the boundary, cf. Remarks 5.8
and 5.9 below.

Remark 5.7 (Discrete Friedrichs inequality for domains only bounded in one
direction). We see that the constant C'r only depends on the infimum over the thickness
of Q0 in one direction. Thus the discrete Friedrichs inequality may be extended onto domains
only bounded in one direction, as it is the case for the Friedrichs inequality (cf. Necas [9,
Remark 1.1]).

Remark 5.8 (Discrete Friedrichs inequality for functions only fixed to zero on
a particular part of the boundary). Let I' C 9Q (given by a set of boundary sides) be
such that there exists a vector b € R such that the first intersection of By and 0 lies in
I for all x € Q, where By is the straight semi-line defined by the origin x and the vector b.
We notice that the discrete Friedrichs inequality can immediately be extended onto functions
only fized to zero on T'. This follows easily from the proof of Theorem 3.5 (the zero condition
is only used on boundary sides lying in T'). The dependence of Cr on the shape regularity
parameter is thus given by Cy71/kT, cf. Remark 5.6. The constant Cr in this case depends
on the square of the infimum of thicky, () over suitable vectors b (compare with the general
case treated in the next remark).

Remark 5.9 (Discrete Friedrichs inequality for functions only fixed to zero on a
general part of the boundary). The discrete Friedrichs inequality can also be extended
onto functions only fixed to zero on an arbitrary set of boundary sides, cf. Lemma 7.2 below.
Then, for convexr domains, Cr depends on the square of the diameter of €1, on the ratio
[diam(Q)]?~1 /|T| where T is the part of the boundary with the zero condition, and possibly
additionally on the geometry of 0, see Lemma 7.2. For nonconvexr domains, the dependence
of Cr on § is more complicated. The dependence of Cr on the shape regularity parameter
again reveals given by Cq1 /K1, cf. Remark 5.6.

6 DISCRETE FRIEDRICHS INEQUALITY FOR CROU-
ZEIX-RAVIART FINITE ELEMENTS IN TWO SPACE
DIMENSIONS

We show in this section how the proofs from the previous sections simplify for the case of
Crouzeix—Raviart finite elements in two space dimensions. Let us consider the space X (7},)
introduced in Section 2. The basis of this space is spanned by the shape functions ¢p,
D € Dy, such that ¢p(Qr) = dpg, E € Dy, 6 being the Kronecker delta.

Lemma 6.1. Let d = 2. Then for all c € X(7}),

lelloe = l1(c)]

0, -
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Proof. Let us write ¢ = ZDeDh cpwp- Using that the quadrature formula fKi/)dx ~
|K[/33 4, ce ¥(Qp) is exact for quadratic functions on triangles and (2.4), we have

/ x)dx = Z/ x)dx= ) ]K\ > A@p)= ) Dl
KeT, KET op€EEK DeDy,

O

Lemma 6.2 (Discrete Friedrichs inequality for Crouzeix—Raviart finite elements
in two space dimensions). Let d =2. Then

lelld.e < Crleltr  Vee Xo(Tn), Yh >0

with

Cat 2
Cp = \Q] or Cp = 527 bléllédthlckb(ﬂ)] ,

where Cy 1 is given by (5’1) when Assumption (B) is satisfied and by (3.3) in the general
case.

Proof. Let ¢ € Xo(71), ¢ =3 pep, cpypp- Note that by the definition of X((7},), cp = 0 for
all D € D, Using respectively Lemma 6.1 and Theorem 3.1 or Theorem 3.5, we get

2] :
lel6.e < S (@7 lellie < Carlthickn (PO 7.4

for an arbitrary vector b € R2. Finally, we deduce that

lop,5l* 2
‘I(C)’%,T,* = E — (VC‘KDJ; (QE — QD))
it up,EloD,E|
op,gE€F
2 diam(Kp g)? 2 ,
< oy SEEonEl (vc|K &
= 3 K o.5| @D,
UD EG]_‘int ’ D7E‘
< 22 Z‘VC‘K‘ ’K‘ 22’6’1’]'7
’T

using (2.5) and (2.4), |op,g| < 2/3 diam(Kp ), the fact that the gradient of ¢ is elementwise
constant and that each K € 7, contains exactly three dual edges, dp g < diam(Kp g)/2,
and Assumption (A). Similarly, |I(c)|? 71 <1/(267) |c|? T O

Example 6.3 (Optimality of the dependence of Cr on the shape regularity param-
eter). Let us consider a domain Q, its triangulation Ty, a vector b, and a function c € X (7))
given by the values 0,1, —1 as depicted in Figure 2. Using Lemma 6.1, we immediately have

1 2
o = Y2 SIKI0+1+1) = 2.
KeT,

On each K € Ty, |Ve|i| = 4/h, hence ]c[lT = 16/h%|Q|. Using Remark 5.8, the discrete
Friedrichs inequality given by Lemma 6.2 holds true. The term occurring on its right hand
side, independent of the shape regularity parameter, is 1/2[thickb(Q)]2\c\iT = &2 /h% Q).
This term can be arbitrarily smaller than HCH%,Q; letting h — +o00 or v — 0. Next, kT =
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Figure 2: Domain (2, triangulation 7}, dual mesh Dy, and values of a function ¢ € X (7},) for
the optimality example

v/(2h). Note that T}, satisfies Assumption (B) and hence Cqr =~ 1/k7. In fact, by a simple
estimation of the term A from Lemma 3.3, one has Cy1 = 1/k7 in this case and thus
Car/kT = 1/K% = 4h?/v?. One immediately sees that the multiplication by this term is
necessary.

Corollary 6.4 (Discrete Friedrichs inequality for Crouzeix—Raviart finite elements
on equilateral triangles). Let d =2 and let T}, consist of equilateral triangles. Then

lelld. < Crleltr  Vee Xo(Tn), Yh >0,

where 0 )
cr = o cp = [mf thicky () + 2h| .
2 bcRd
Proof. Let ¢ be as in the previous lemma. For equilateral triangles, one has dp g = vp g
and thus the norms | - |17, and | - |7+ coincide. By (2.5) and (2.4), |op g|lvp,r = 2/3 | K|,
cos?(a) + cos?(a + 7/3) + cos?(a + 27/3) = 3/2, so that

Z Z %‘VC‘K‘QC[%’ECOSQ(V@K’QE _QD) _ Z ‘Vc‘K‘QlK‘ .

KeT, O’D’EG}—;LM,JD,ECK KeT,
Now using respectively Lemma 6.1 and Theorem 3.1 or Remark 3.2 yields the assertion. [

Remark 6.5 (Cr for Crouzeix—Raviart finite elements on equilateral triangles).
Let d = 2. Then the constant in the Friedrichs inequality may be expressed as cp = |Q|/2 or
cp = [infpcpa thicky ()%, ¢f. Necas [9, Theorem 1.1]. Corollary 6.4 shows that for Crouzeiz—
Raviart finite elements and equilateral triangles, we are able to achieve the same result (up
to h) also for the constant Cr from the discrete Friedrichs inequality. We however remark
that there exist sharper estimates in the continuous case, see e.g. Rektorys [11, Chapters 18
and 30].

7 DISCRETE POINCARE INEQUALITY FOR PIECEWI-
SE CONSTANT FUNCTIONS

As in the case of the discrete Friedrichs inequality, we start with the discrete Poincaré
inequality for piecewise constant functions. [7, Lemma 10.2] states the discrete Poincaré
inequality for piecewise constant functions on meshes satisfying the orthogonality property.
We present in this section an analogy of this lemma for the mesh Dj,, where the orthogonality
property is not necessarily satisfied.
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Lemma 7.1. Let w be an open convex subset of Q, w # 0, and let

1
mw(c) = m / C(X) dX
Then for all ¢ € Y (Dy,),

Bq .
le = mul@3, < 22, rdiam@)2Ic2 1.

jwl

where Bq is the ball of R? with center 0 and radius diam(Q) and Cy1 is given by (3.1) when
Assumption (B) is satisfied and by (3.3) in the general case.

The proof of this lemma follows the proof of the first step of [7, Lemma 10.2], using
the techniques introduced in Section 3 for meshes where the orthogonality property is not
satisfied. Similarly, following the proof of the second step of [7, Lemma 10.2], we have:

Lemma 7.2. Let w be a polygonal open convex subset of 0 and let I' be a subset of a
hyperplane of R? such that T C Ow and |T'| > 0. Let

1
Then for all ¢ € Y (Dy,),

di d—1
o= (@) < corCardiam(@diam(e) P

where ¢, only depends on I' and the geometry of w and Cqr1 is given by (3.1) when As-
sumption (B) is satisfied and by (3.3) in the general case.

Remark 7.3 (The constant ¢, in two space dimensions). Evaluating the constants
from the proof of the second step of [7, Lemma 10.2], one has ¢, =2 +2/(infycrnr - (a —
y)/la—yl) in two space dimensions, where a € dw is the most distant point from the straight
line given by T.

Theorem 7.4 (Discrete Poincaré inequality for piecewise constant functions). Let
1
mq(c) := 9] /Qc(x) dx.
Then for all c € Y (Dy,),

le = ma(0)|[§ o < CaCqrldiam(Q)]?|clf 7,

where Bo|
Co =21 (7.1)
€]
when € is convex and
— |Bq 5 |9 |Bal
Ca=2 +16(n — 1) < + cﬂ> (7.2)
Z €] 1€2 lmin \ |€2 [min

when ) is not convex but there exists a finite number of disjoint open convex polygonal sets
Q; such that Q = U2 Q. Here, |Q|min = min;—1__»{|Q%|}, Ba is the ball of R with center
0 and radius diam(Q), cq = max;=1 ., MaXr—p,ndQ; for some j, |T|>0 cq, r[diam(Q;))4-1 /|1,
and Cq 1 is given by (3.1) when Assumption (B) is satisfied and by (3.3) in the general case.
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Proof. When () is convex, the assertion of this theorem coincides with that of Lemma 7.1
for w = Q. When € is not convex, we have Lemmas 7.1 and 7.2 for each €0;. Then the third
step of the proof of [7, Lemma 10.2] yields the assertion of the theorem. O

Remark 7.5. One has
lellf.a < 2lle —ma(o)llgo + 2lma(o)ll5a -

Hence Theorem 7.4 implies the discrete Poincaré inequality for piecewise constant functions
in the more common form

. 2 2
lell2 o < 2CaCar(diam(Q))?|el3 74 + T ( /Q c(x) dx) Ve e Y(Dy), Vh > 0.

8 DISCRETE POINCARE INEQUALITY

We state below the second of the two main results of this paper.

Theorem 8.1 (Discrete Poincaré inequality). There holds

4 2
ol < Crlafir + o ([ o) ax)” Vg e (). vn >0

with

C
Cp = 4CchKL’T [diam(€)]? + 8cgh?,
T

where Cq is given by (7.1) when § is convex and by (7.2) otherwise, Cq 1 is given by (3.1)
when Assumption (B) is satisfied and by (3.3) in the general case, cq is given by (4.3), and
Cy is given by (5.2).

Proof. One has

lglis.e < 4llg = I(@)l5 o +4l1(g) = mall(9)]l§ o + 4lmell(9)] — ma(9)§q + 4lma@)liq

where mq(f) = 1/|9Q| [, f(x)dx. The discrete Poincaré inequality for piecewise constant
functions given by Theorem 7.4 and Lemma 5.2 imply

C, .
1(g) — malI(9)]3. < CaCo—2L[diam()?|g[3 7 -
KT

We have
Imall(9)] = ma(@)llso < lg — I(9)l5.a

by the Cauchy-Schwarz inequality. Finally, the error ||g — I (g)H%Q of the approximation
follows from Lemma 5.3. O

Remark 8.2 (Dependence of Cp on ). Let Q be a cube. We then have h < diam(f2)
and Cq < 77\/3/2 and hence the constant in the discrete Poincaré inequality in this case
only depends on the square of the diameter of Q. This dependence is optimal: Necas [9,
Theorem 1.3] gives the same dependence for the Poincaré inequality and H(Q) C W(Ty,).
Note however that the constant itself can still be better in the continuous case, see e.qg. Payne
and Weinberger [10] and Bebendorf [2] for conver domains.
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Remark 8.3 (Dependence of Cp on the shape regularity parameter). Our results
indicate that the dependence of Cp on the shape regularity parameter is given by Cqr1/KT,
cf. Remark 5.6.
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