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Abstract

This paper develops a general framework for a posteriori error estimates in numerical approximations
of the Laplace eigenvalue problem, applicable to all standard numerical methods. Guaranteed and com-
putable upper and lower bounds on an arbitrary simple eigenvalue are given, as well as on the energy
error in the approximation of the associated eigenvector. The bounds are valid under the sole condition
that the approximate i-th eigenvalue lies between the exact (i —1)-th and (i+1)-th eigenvalue, where the
relative gaps are sufficiently large. We give a practical way how to check this; the accuracy of the result-
ing estimates depends on these relative gaps. Our bounds feature no unknown (solution-, regularity-,
or polynomial-degree-dependent) constant, are optimally convergent (efficient), and polynomial-degree
robust. Under a further explicit, a posteriori, minimal resolution condition, the multiplicative constant
in our estimates can be reduced by a fixed factor; moreover, when an elliptic regularity assumption on
the corresponding source problem is satisfied with known constants, this multiplicative constant can
be brought to the optimal value of 1 with mesh refinement. Applications of our framework to non-
conforming, discontinuous Galerkin, and mixed finite element approximations of arbitrary polynomial
degree are provided, along with numerical illustrations. Our key ingredient are equivalences between
the i-th eigenvalue error, the associated eigenvector energy error, and the dual norm of the residual. We
extend them in an appendix to the generic class of bounded-below self-adjoint operators with compact
resolvent.

Key words: Laplace eigenvalue problem, a posteriori estimate, guaranteed eigenvalue bound, guaranteed
eigenvector error bound, abstract framework, nonconforming finite element method, discontinuous Galerkin
method, mixed finite element method

1 Introduction

Precise numerical approximation of eigenvalues and eigenvectors of elliptic operators on general domains is
crucial in countless applications. In addition to standard conforming Galerkin (variational) approximations,
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nonconforming methods such as nonconforming finite elements, discontinuous Galerkin elements, or mixed
finite elements are very popular, and one naturally asks the question of the size of the error in their eigenvalue
and eigenvector approximations.

The issue of error control is usually tackled via the a posteriori estimates theory. Recently, powerful
estimates were obtained for nonconforming approximations of the Laplace source problem, see Destuynder
and Métivet [29], Ainsworth [1, 2], Kim [48, 49], Vohralik [62], Carstensen and Merdon [22], or Ern et al.
[35, 37, 38], see also the references therein. The Laplace eigenvalue problem seems to be structurally more
difficult. Recently, though, guaranteed a posteriori estimates on the error in the i-th eigenvalue have been
obtained in Carstensen and Gedicke [20] and Liu [51]. The theory of [20, 51] applies for arbitrarily coarse
meshes and gives convincing numerical results in many test cases. One could, however, comment that these
results only seem to apply to the lowest-order nonconforming finite element method, the arguments used are
of a priori nature that relies on an interpolation estimate, and an overestimation in presence of singularities
and graded meshes may appear as the bounds feature the diameter of the largest mesh element, see [20,
Section 6.3]. More precisely, these bounds loose accuracy if the diameter of the largest mesh element does
not tend to zero. Armentano and Durdn [6], Luo et al. [53], Hu et al. [45, 46], or Yang et al. [63] also
derived (guaranteed) eigenvalue estimates for the nonconforming finite element method, where, however, a
saturation assumption may be necessary and/or the results are valid only asymptotically. Errors in both
eigenvalue and eigenvector approximations in nonconforming methods have also been studied previously,
although rather seldom. We refer in particular to Dari et al. [26] for nonconforming finite elements, to Giani
and Hall [40] for discontinuous Galerkin elements, and to Durdn et al. [34] and Jia et al. [47] for mixed
finite elements. Unfortunately, these estimates systematically contain solution-independent but unknown
constants as well as solution-dependent, uncomputable terms, claimed higher order on fine enough meshes
via a priori arguments.

The purpose of the present paper is to extend our conforming theory of Cances et al. [17] to a gen-
eral framework for guaranteed and optimally convergent a posteriori bounds for both arbitrary simple i-th
eigenvalue and the associated eigenvector of the Laplace eigenvalue problem. Let  C R% d = 2,3, be a
polygonal/polyhedral domain with a Lipschitz boundary. Let the exact eigenvector and eigenvalue pairs
(ui, \;) satisfy

with the condition |lu;|| = 1, see (2.1) below for the precise weak formulation. We denote by (-,-) the L?(Q)
or [L?(2)]? scalar product over 2 and by |-|| the associated norm and let
HY(Tp) == {ve L*(Q); v|x € H(K) VK € Ty} (1.2)

be the so-called broken Sobolev space, where the traces on mesh faces do not need to coincide. It is defined
over a computational mesh 7;, of the domain §2; details of the setting are given in Section 2. On H!(Ty),
we generalize the usual weak gradient V of H!(f) to the discrete gradient Vg featuring a parameter
6 € {—1,0,1}, see (2.5) below. We consider here an abstract setting where the approximate eigenvector—
eigenvalue pair (u;p, A;p) is not necessarily linked to any particular numerical method, u;, € H 1(7'h) is
a piecewise polynomial possibly nonconforming in the sense that u;, ¢ HE(Q) and not necessarily scaled
to |luin]| = 1, \in € RT, and the relation ||[Voup||> = \ip typically does not hold at the discrete level in
contrast to the continuous one. Concrete examples of numerical methods fitting to our setting can be found
later in Section 7.

Our main tools are an equilibrated flux reconstruction o, € H(div, Q) satisfying V-0, = A\jpu;n and an
eigenvector reconstruction s;, € HE(Q), both defined in Section 3. These are piecewise polynomials such
that —o;, and Vs;;, are as close as possible to the discrete gradient Vgu;,. They are constructed over
patches of mesh elements following Destuynder and Métivet [30], Braess and Schoberl [13], Carstensen and
Merdon [22], and Ern and Vohralik [38], see also the references therein. We employ them in Section 4 to
show in particular how the dual norm of the residual of the pair (s;5, A;p) can be bounded in a computable
way. Section 5 then bounds the L?(Q)-norm of the Riesz representation of the residual of (s;x, A\i,) under
an assumption of elliptic regularity on the corresponding Laplace source problem. It enables later to give
improved computable estimates in the considered nonconforming setting.

Our main results are collected in Section 6 and crucially rely on [17, Section 3], where mutual relations
between the i-th eigenvalue error, the associated eigenvector energy error, and the dual norm of the residual
in terms of an arbitrary pair (5;5, \in) € HE(Q2) x RT such that ||3;,|| = 1 are given. Using ;5 := sin/|[sinll,



where s;;, is the above eigenvector reconstruction, inequality (6.4) of Theorem 6.1 in particular gives
[V5nl* —nf < A, (1.3a)
where 7); is an a posteriori error estimator with a typical structure

ni = min(Ninllwin — sin|l// A1 + [[Vsin + oinl]) /|| sinl|- (1.3b)

Thus (1.3a) gives a guaranteed and computable lower bound for the i-th exact eigenvalue ;. An upper bound
on J; is recalled in inequality (6.14) of Theorem 6.3. A guaranteed and computable a posteriori estimate
on the associated eigenvector energy error is given next, see in particular estimate (6.16) of Theorem 6.4
revealing

Vo (ui —win)|| < mi + [|Vo(win — Sin)|- (1.3¢)

The eigenvalue and eigenvector error bounds (1.3) are efficient (optimally convergent) in the sense that

i + [|Vo(uin — 3in)|| < Ci(||Vo(u; — uip)|| + consistency terms (1.4)

+ norm of mean values of jumps of w;p),

see inequality (6.17) of Theorem 6.5. Here C} is a generic constant that only depends on A1, A;x, on the lower
bound A;,; of A\j;1, possibly on the upper bound Xi—1 of A\i_1, on the shape of Q, and on some (broken)
Poincaré—Friedrichs constants over patches of elements and a stability constant of mixed finite elements
(both only depending on the shape regularity of the mesh and on the space dimension d). The constant C;
is in particular independent of the polynomial degree of u;p, leading to polynomial-degree robustness. The
consistency terms above may not be present, typically for nonconforming finite elements. Similarly, the
jump mean values of u;, are zero in nonconforming and mixed finite elements, and this term also vanishes
in our developments for the symmetric variant of the discontinuous Galerkin finite element method when
the parameter 6 equals 1.

The above results are valid under the condition (6.1), requesting A, to lie between computable bounds
A;yq and i1 (when ¢ > 1) on the surrounding exact eigenvalues A; 1 and A;_1, see the discussion in [17,
Remark 5.4] for its practical verification. We also need the residual orthogonality condition of Assump-
tion 3.1 in order to reconstruct the equilibrated flux. Then, for u;;, a piecewise polynomial of degree p, the
reconstructions s;; and o, are prescribed in discrete spaces of order p + 1. There is no specific condition
on the fineness of the mesh in Case A of Theorems 6.1 and 6.4, but the multiplicative factor m;, in (1.3b)

contains the relative gap of the form max{(%“‘ —1)71, (1 — {2)7'}. Two improvements are possible.
i—1 i+1

Under the computable minimal resolution criterion (6.6b) (satisfied for fine enough meshes), m;j, is reduced
by a fixed factor, see Case B of Theorems 6.1 and 6.4. If an elliptic regularity assumption on the corre-
sponding source problem is satisfied and if the minimal resolution condition (6.8b) holds, the relative gap
in myp is multiplied by a power of the mesh size h, so that m;, can be brought to the optimal value of 1
in the limit of mesh size tending to zero, at least for nonconforming, mixed, and symmetric discontinuous
Galerkin methods, which we show in Case C of Theorems 6.1 and 6.4. The efficiency constant C; from (1.4)
or (6.17) can be fully traced from the detailed estimates of Theorem 6.5; in particular it deteriorates for
increasing eigenvalues.

The application of our abstract results to a given numerical method merely requires the verification
of the setting and of Assumption 3.1. We undertake this in Section 7 for nonconforming finite elements,
discontinuous Galerkin elements, and mixed finite elements of arbitrary polynomial degree. For mixed finite
elements, elementwise postprocessings of the approximate eigenvector and of its flux need to be performed
first. Numerical experiments are presented in Section 8 for the nonconforming and discontinuous Galerkin
methods and fully support our theoretical findings for a couple of model problems. In particular, the a
posteriori applicability conditions (6.6b) and (6.8b) for cases B and C are satisfied here already on very
coarse meshes. Some concluding remarks and an outlook are given in Section 9. In particular, inexact
algebraic eigenvalue solvers promoted in Mehrmann and Miedlar [55] or Carstensen and Gedicke [20] can
be treated as in [17] and the references therein, allowing to generalize the present estimates to an arbitrary
iterative solver step where Assumption 3.1 typically does not hold.

We finish our paper by two extensions. We first show in Appendix A that the key relations between
the i-th eigenvalue error, the associated eigenvector energy error, and the dual norm of the residual, when
u;p, is conforming, i.e., u;, € H (), are in fact not restricted to the Laplace operator; we extend them to




the generic class of bounded-below self-adjoint operators with compact resolvent in Theorems A.1 and A.2.
Appendix B then gives a further possible improvement of the first eigenvalue upper bound: from A\; <
V315 ]? of (6.15) in Theorem 6.3 to A\; < ||V314]|2 — 71 of Proposition B.3.

We only treat here simple eigenvalues and associated eigenvectors; clustered and multiple eigenvalues
are dealt with in contribution [18] that we are now finalizing. We rely there on the framework of density
matrices and actually provide guaranteed bounds for an arbitrary set of eigenvalues under the sole condition
that there is a sufficient gap between this set and the surrounding eigenvalues. This analysis is done in the
abstract framework of Appendix A.

2 Setting

Let H'(£2) be the Sobolev space of L?(£2) functions with weak gradients V in [L?(2)]%. We denote henceforth
by V := H3(Q) its zero-trace subspace. Later, we will also employ the space H(div, Q) of [L?(£2)]? functions
with weak divergences V- in L?(12).

2.1 The Laplace eigenvalue problem

The weak formulation of (1.1) looks for (u;, \;) € V x RT with [Ju;|| = 1 and
(Vu;, Vou) = i (u;,v) Yo e V. (2.1)

It is well-known (see, e.g., Babuska and Osborn [8] or Boffi [10] and the references therein) that u;, i > 1,
form a countable orthonormal basis of L?(Q2) consisting of eigenvectors from V; we assume that the sequence
of eigenvalues is such that 0 < A1 < Ay < ... < \; — 0o0. We will actually suppose that the eigenvalue \;
that we study is simple, which is always the case for i = 1. The associated eigenvector u; is then uniquely
defined upon fixing its sign by the condition (u;,x;) > 0, where x; € L?(Q) is typically a characteristic
function of Q (for ¢ = 1) or of its subdomain (for ¢ > 1). The setting for ¢ = 1 in particular implies the
Poincaré—Friedrichs inequality

ol < —||Vo|?  WoeV. (2.2)

=l
A
2.2 Meshes and generic piecewise polynomial spaces

We denote by 7, a matching simplicial mesh in the sense of Ciarlet [24], shape-regular with a parameter
k7 > 0: the ratio of the element diameter hx and of the diameter of the inscribed ball to K € T is
bounded by 7 (uniformly for a sequence of meshes). Denote also by h the maximal element diameter over
all K € T;. The mesh (d — 1)-dimensional faces are collected in the set &, with interior faces 5};“ and
boundary faces E**. A generic face is denoted by e, its diameter by h., and its unit normal vector (the
direction is arbitrary but fixed) by n.. We will often employ the jump operator [-] yielding the difference
of the traces of the argument from the two mesh elements that share e € E}L“t along n. and the actual trace
for e € &', Similarly, the average operator {-} yields the mean value of the traces from adjacent mesh
elements on interior faces and the actual trace on boundary faces. The set of vertices will be denoted by
Vh; it is composed of interior vertices V}L“t and vertices located on the boundary Vi**, with a generic vertex
denoted by a.

Let P,(K) stand for polynomials of total degree at most ¢ > 0 on K € Ty, and Py(7,) C H*(Ty,) for
piecewise ¢-th order polynomials on 7. For a given ¢ > 1, we denote by V;! := P,(7,) NV the g-th order
conforming finite element space. Similarly, for ¢ > 0, V{ := {v;, € H(div, Q); vi|x € [Py(K)]? + P, (K)x}
and Q7 := Py(Ty) stand for the Raviart-Thomas-Nédélec mixed finite element spaces of order ¢, cf. Brezzi
and Fortin [15] or Roberts and Thomas [59]. We will also use the lowest-order broken space VO(T) := {vy, €
[L2()]% vi|k € [Po(K)]? + Po(K)x}, where in contrast to V§, no normal trace continuity is imposed via
the inclusion in H(div, ().

2.3 Broken and discrete gradients

On the broken Sobolev space H'(7,) defined in (1.2), the usual weak gradient V is not defined. We will
in this paper use two successive generalizations of the notion of the weak gradient. We will first denote by



Viv € [L2(2)]? the broken gradient of v € H*(Ty,) given by
(Viv)lk :=V(v|lg) VK € Th. (2.3)

We will need the following generalization of (2.2), the so-called broken Poincaré—Friedrichs inequality, see
Brenner [14, Remark 1.1] or Vohralik [61, Theorem 5.4] and the references therein:

2

loll < Cor [ IVnol* + D kg HITLOLIE + (v, 1)3q Vo € H'(Th), (2.4)

int
ecé}!

where T19 stands for the L?(e)-orthogonal projection onto constants on the face e, (-,-) denotes the L?(Q)
scalar product over 02, and the constant Cyr only depends on the domain €2, the space dimension d, and
the mesh shape regularity parameter 7.

In order to prove the elliptic regularity bound of Proposition 5.4 below in a very general setting, we are
lead to a further generalization. It is motivated by the lifting operators used in the discontinuous Galerkin
finite element method, see Di Pietro and Ern [31, Section 4.3] and the references therein, but we crucially
rely here on the space VO(T},) of the lowest-order broken Raviart-Thomas-Nédélec polynomials defined
above. Let v € H(T). For each face e € &, we define the lifting operator [, : L?(e) — V°(T), where
7. regroups the mesh elements sharing the face e and VY(7;) is the restriction of VO(7;) thereon. The
lifting [ ([v]) is prescribed by (I.([v]), vr)T. = ({vh} ne, [v])e for all vi, € VO(T.). We then extend L. ([v])
by zero outside of 7. to form an element of V(7}). For a parameter § € {—1,0,1}, the discrete gradient
Vov € [L*(Q)]? is then given by

Vov = Vv —0 Y L([v]). (2.5)

ecé,

We observe that Vgv = Vv when 0 = 0 or when the jumps of v are of mean value 0, i.e., ([v],1). = 0 for
all e € &,; indeed, this follows from the fact that vj-n. are constants for v, € V(7). Both broken and
discrete gradients are consistent extensions of the weak gradient in the sense that

Vov = Vv = Vo Yo € H} (). (2.6)

2.4 Residual and its dual norm

The derivation of a posteriori error estimates usually exploits the concept of the residual and of its dual
norm. We will proceed in this way as well. Throughout the paper, it will turn out to be convenient to
employ the residual of different pairs (w;, Aip,) € H'(T;) x R, where we take for w; the approximate solution
Usp, the eigenvector reconstruction s;;, of Definition 3.3 below, or a generic function in V. Let V' stand for
the dual of V.

Definition 2.1 (Residual and its dual norm). For any pair (w;, \i,) € HY(Ty) x R, define the residual
Resg(w;, \ip) € V' by

(Resg(wi, Ain), v)vr v = Ain(wg, v) — (Vow;, Vo) Yv e V. (2.7a)
Its dual norm is then
|IResg(wi, Ain)|| -1 := sup  (Resg(wi, Ain), v)v/ v (2.7b)
veV, || Vv|=1

We will also often work with the Riesz representation of the residual 2., € V, given by
(Vew,, Vv) = (Resg(wi, Ain), v)viy - Vo eV (2.8a)

Then
IV 220l = [Reso (w5, Aan) 1. (2.8b)



3 Eigenvector and equilibrated flux reconstructions

We introduce in this section two key reconstructions, following [58, 50, 29, 1, 48, 49, 62, 35, 2, 13, 37, 3§]
and the references therein. To motivate, note that from (2.1), it is straightforward that —Vu; € H(div, ),
with the weak divergence equal to Aju;. On the discrete level, however, —Vyu;, & H(div,{2) in general, and,
a fortiori, V-(=Vou;n) # Ainuin. We will thus introduce an equilibrated fluz reconstruction, a vector-valued
function o, constructed from the given pair (u;p, Air), satisfying

o, € H(div, Q), (3.1a)
V.o, = Aintin.- (3.1b)

Similarly, as we treat here cases where w;, & V, possibly jumping between the mesh elements, we will
employ an eigenvector reconstruction, a scalar-valued function s;;, constructed from wu;;, and satisfying

Actually, both o, and s;;, will be piecewise polynomials defined in standard finite element subspaces of
H(div, Q) and V| respectively.

3.1 Orthogonality of the residual

Let 9, for a € V), stand for the piecewise affine function taking value 1 at the vertex a and zero at the
other vertices. Remarkably, these functions form a partition of unity via Zaevh Ya = 1|g. Denote by Ta
the patch of elements of 7, which share the vertex a € V), and by w, the corresponding subdomain of €.
Recall that 6 € {—1,0,1} is the fixed parameter from the definition of the discrete gradient (2.5). Our key
assumption will be:

Assumption 3.1 (Orthogonality of the residual to hat functions). There holds
Xin(Wins Pa)wa — (VoUin, Viba)w, = (Reso(win, Ain), Ya)viy =0 Vae VM.

Assumption 3.1 can typically be verified for an exact algebraic solver; Section 7 below shows how to
check it for some standard numerical methods. Inexact solvers, where Assumption 3.1 does not hold, can
be treated as in [17] and the references therein.

3.2 Reconstruction spaces

In practice, the approximate eigenvector u;, is a piecewise polynomial, u;, € P,(7p) for some p > 1. To
define the reconstructions in this setting, we will, for each vertex a € V},, work with restrictions Vfl+1(wa)
and QZH(wa) of the spaces from Section 2.2 to the patch subdomain w,; conversely, we will often tacitly
extend functions defined on w, by zero outside of w,. With n,_ standing for the outward unit normal of
Wa, we define

V2 = {v, € VI (w,); vi,my, =0 on dwa},

Q3 = {gn € Q)" (wa); (an, Dew = 0}, 2 eV

V2= {v, € VI (w,); ving, =0 on dw, \ 09}, oxt

Q= Q4 (wn) G
W =Py 1(Ta) N Hy(wa) acVy.

3.3 Equilibrated flux reconstruction
We construct o, satisfying (3.1) by local constrained minimizations:

Definition 3.2 (Equilibrated flux reconstruction). Let (win, Ain) € Pp(Tn) XR be arbitrary but satisfying
Assumption 3.1. Prescribe ofj, € V7 by solving

o3, = arg min lYaVouin + Vi llw, Va eV, (3.3a)
VLEVE, V'Vh:HQZ (YaXinin—Vouin-Vipa)



and define
o = Z o3 (3.3b)

acVy,

In (3.3a), Tlga stands for the L?(£2)-orthogonal projection onto the local space Q2. It is actually
only needed for the simplification of Remark 6.13 below; otherwise, ¥a\ipuip — Vouin -V, is a piecewise
polynomial of degree p + 1 on the patch T,, with mean value zero thanks to Assumption 3.1, so that
Hga (YaXintin — Vouin-Vba) = YaXintin — Vouin-Vba. Imposing the divergence of o3, in this way and
defining o5, via (3.3b) leads to (3.1b), see, e.g., [38, Lemma 3.5].

It is easy to verify that problems (3.3a) are equivalent (see [38, Remark 3.7]) to the mixed finite element
approximation to the homogeneous Neumann (Neumann-Dirichlet close to the boundary) problem posed
on the patch 75: find 63, € Vi and p € Q% such that

(5 Vi)wa — (Phs VVi)wa = —(¥aVellin, Vi) w, Vv, € Vi,
(V-8 qh)we = (Yarintin — Vouin-Viba, qh)w, Yan, € Q3.
It follows from the standard references [15, 59] that with the considered choice of the spaces V%, Q%, the
discrete inf—sup condition is satisfied.

3.4 Eigenvector reconstruction

For nonconforming eigenvectors w;, i.e., u;, is a piecewise polynomial not included in V = HE(£) but
merely in H'(7), the eigenvector reconstruction complying with requirement (3.2) is obtained via local
unconstrained minimizations employing the broken gradient (2.3):

Definition 3.3 (Eigenvector reconstruction). Let w;, € P,(Ty,) be arbitrary. Prescribe s3, € W2 by solving

s&, = arg min |V (Yatin — V) |ws Va €V, (3.4)
v €EWR

and define

— a
Sip = E s’ih'

acVy

Problems (3.4) are equivalently described by their Euler-Lagrange conditions; these request to find the
conforming finite element approximation s3, € W32 to the homogeneous Dirichlet problem posed over the
patch T, such that

(VS?h, Vvh)wa = (Vh(l/}auih), Vvh)wa Yoy, € W}?.

4 Dual norm of the residual and nonconformity bounds

We summarize here bounds on the dual norm of the residual and on nonconformity that are available from
the context of source problems. They will be crucial later in Section 6.

4.1 Some additional notation and useful inequalities

We first need to introduce some more background. Consider a vertex a € V}, and on the patch domain w,
define

H;(wa) = {v € H'(wa); (v,1)w, = 0}, ac V", (4.1a)
H}(wa) :={v € H'(wa); v =0 on dw, NN}, aec V™" (4.1b)

Then the Poincaré—Friedrichs inequality, corresponding to (2.2) on the patches w,, states

[V]lwa € CPFuwahia[VOlloy Vo € H(wa), (4.2a)



where Cpr,,, depends only on the mesh regularity parameter x5 and the space dimension d. Similarly,
when the functions are piecewise H! only, we will use the inequality

[ollwa < CopFwahivn | IVaVIE, + D AT (4.2b)

e€€p,ace

valid for all v € H'(7},) such that (v,1),, =0 when a € V" and where the constant Cypr ., depends only
on x7 and d. Inequality (4.2b) may be seen as a local version of (2.4) on the patch domain w,, with the mean
value condition (v,1),, = 0 for a € Vi"* or appearance of boundary faces e € &, C dw, for a € V§*'. This
replaces the boundary term (v, 1)sq from (2.4). Define Ceont pr := maxacy, {1 + CpF w, Fuw, | V¥al 00w, }
and Ceont,bpF := MaXaey, {1 + CoPF w, Pw. | V¥alloo,ws }- The constants Ceont,pr and Ceont,bpr only depend
on the mesh regularity parameter k7 and the space dimension d and can be fully estimated from above,
see the discussion in [38, proofs of Lemmas 3.12 and 3.13 and Section 4.3.2]. In particular, there holds, see
Carstensen and Funken [19, Theorem 3.1] or Braess et al. [12, Section 3]

IV (%a0)llws < Ceont,pr[[VVllw, Vo € Hi(wa), Va € V. (4.3)

4.2 Stability of the equilibrated flux and eigenvector reconstructions

Recently, Costabel and McIntosh [25, Corollary 3.4], Demkowicz et al. [28, Theorem 7.1], and Demkowicz et
al. [27, Theorem 6.1] have shown fundamental results on the right inverse of respectively the divergence, the
normal trace, and the trace operators for polynomial data on a single (reference) tetrahedron. Therefrom,
the two following key stability results for the constructions of Definitions 3.2 and 3.3 follow:

HanQUih + UiahHwﬂ S Cst sup <R6‘89 (uih; )\ih)7 wav>V’,V7 (44&)
VEH ! (wa); [[VV]lwa=1

[Vi(Yatin — sip)|wa < Cst  inf [|[Vi(Yattin — ) |lw,, (4.4b)
vEH} (wa)

where the constant Cg; > 0 only depends on the mesh shape regularity parameter x7 and the space
dimension d. Indeed, (4.4a) has been shown in Braess et al. [12, Theorem 7] in two space dimensions
and Ern and Vohralik [39, Corollaries 3.3 and 3.6] in three space dimensions, whereas (4.4b) is proven
in [38, Corollary 3.16] in two space dimensions and [39, Corollary 3.1] in three space dimensions. In [39,
Corollaries 3.3 and 3.6], we merely need to set 7, = YaVouin, Tk = Ya(Xinwin + V-(Vown))|x for any
simplex K in the patch T,, and rrp = ¥a[Vou;p] np for any face F in the patch T, to infer (4.4a) for
interior vertices. Similarly, to see (4.4Db), it is enough to take 7, = Yau;n and rp = ¥, [win] F in the notation
of [39, Corollary 3.1]. We also remark that computable upper bounds on Cy; are discussed in [38, Lemma
3.23).

4.3 Dual norm of the residual and nonconformity bounds

Our a posteriori error estimates and their efficiency below will rely on the two following intermediate results:

Corollary 4.1 (Upper and lower bounds on the dual norm of the residual). Let (uin, Ain) € Pp(Tn) x RT
satisfy Assumption 3.1 and let o;p, S;p be Tespectively constructed following Definitions 3.2 and 3.3. Then

Ain
R ihs Ain)|| -1 < | —==llwin — sin|l + |Vsin + ol |, 4.5
[Reso (sin, Ain)ll -1 < T1||uh sinll + I Vsin Crh||) (4.5a)
||V¢9’U,ih + O'Z‘hll S (d+ 1)C’StC’COm,pF||Rese(uih, )\ih)HfL (45b)

Proof. Let v € V with ||Vu|| = 1 be fixed. Using the definition of the residual (2.7a), the consistency of
the definition of the discrete gradient (2.6), adding and subtracting (o, Vv), and employing the Green
theorem and the equilibrium property (3.1b),

(Resg(sin, Ain)s V)vr,v = Xin(Sin, v) — (Vsin, V)
= (Ainsin — V-0in,v) = (Vsip + oin, Vo)
= Xin(s8in — win,v) — (Vsin + oin, V).



Thus, the characterization (2.7b) of the dual norm of the residual, the Cauchy—Schwarz inequality, and the
Poincaré-Friedrichs inequality (2.2) yield (4.5a).
To show (4.5b), let us first note that

sup (Resg (win, Ain), Yav) v/ v
vEH ! (wa); [[VV]|wa=1
< |IRese (win, Ain)l|-1,wa sup IV(¥av)lwa (4.6)

vEH (wa); [[VVlwa=1

< ||Reso(in, Ain) || - 1,00 Ceont, PF,

where ||Resg(win, Ain)||-1,wa == SUDy € F1 (wa); 1Vollo, =1 (Reso(win, Ain), v)v+,v, using that for any v € Hl(wa),
Yav € Hj(wa) and (4.3). Since (Vouin + oin)lx = Y acy, (VaVouin + 03|k for any K € T, where Vi
stands for the set of the vertices of the element K, and since any simplex has d + 1 vertices,

> || 3 oo

KeTn a€Vk

(d+1) Z Z [aVouin + o3, %

KeTn aeVik

=(d+1) Z [YaVouin + U?h”iza'
acVy,

Vouin + oin|®

IN

Now relying on (4.4a) and (4.6), we infer
IVouin + oinl* < (d+1)CECompr Y IIReso (win, Ain)lI21 ..,
acVy

Finally, an estimate for combination of negative norms on recovering subdomains, see, for example, [23,
Theorem 3.2] and [9, Theorem 3.5] and the references therein, implies (4.5b). O

Corollary 4.2 (Nonconformity lower bound). For (win, \in,) € Pp(Tr) X RT, let s;, be constructed following
Definition 3.3. Then

[Vh(win — sin)|l < (2(65 +1)2CE Coont wpr | Vi (i — uin)|?
(4.7)

2
2+ D e hel||H2[[Uz'h]]||§> |
ecEp

Proof. This result can be shown as in [38, Lemma 3.22 and Section 4.3.2], relying on (4.2b) and crucially
on (4.4b). O

5 Elliptic regularity bounds on the Riesz representation of the
residual

An important ingredient for our estimates is a bound on ||z, || of the Riesz representation 2z, € V of
the residual Resg(s;n, A\in) given by (2.8a). We now derive a sharp estimate on |2, | under an elliptic
regularity assumption.

Let C(%m) be the weak solution of the Laplace source problem —AC(@SM) = 25, in Q and C(%M) =0 on
o9, i.e., C(Z%) € V is such that

ih

(VC(ZSM),V’U) = (zswv) Yo e V. (5.1)

We will use an Aubin—Nitsche duality argument, see the references in [17, Section 5.1] for the conforming
setting and, e.g., Antonietti et al. [3, 4] and the references therein for the nonconforming setting. Recalling
the lowest-order H}(2)- and H(div, Q)-conforming finite element spaces V;! and V¢ from Section 2.2, and
denoting IIy the L?(Q)-orthogonal projection onto piecewise constants, let:



Assumption 5.1 (Elliptic regularity). The solution ((,,  of problem (5.1) belongs to the space H'*(Q),
0 < d <1, so that the approximation and stability estimates

min [|V((e,.,,) = on)ll < Cih°[¢e. s (@), (5.2a)

’Uhe‘/;L

Co ) 140 (0) < Csll 25, (5.2b)

are satisfied. Let moreover, for a suitable v, € V) such that Vv, = I(2s,,), the approzimation and
stability estimates

1V¢(o.,,) + Vall < CiRO (o, s (@) (5.3a)
HVh” < C_'S”vC(zsih)H (5.3b)

hold. Let finally the inverse inequality

1
[vinelle < Cinvhe 2||Vallx VK € Tp,Ve € Ex (5.4)
hold for all vy, € V9, where Ex stands for the faces of the simplex K.

Remark 5.2 (Constants C; and Cs). Let Q be a convex polygon in two space dimensions. Then it is
classical that ((,, ) € H%(Q) and oo ) IH2(0) = 1A, Il = |25, s0 that § = 1 and Cs = 1, see
Grisvard [{1, Theorem 4.3.1.4]. Then, calculable bounds on Cy can be found in Liu and Kikuchi [52] and
Carstensen et al. [21], see also the references therein. In particular, on unstructured triangular meshes,
according to [52, equation (46)],

_ 1+ |cos(0x)| [vi(ax.O0k) hi
Cr = 0493 max — 2 hx

where hic is the medium edge length of K € Ty, axhi is the minimum edge length of K, Ok is the angle
between them, and vy (ak,0k) =1+ a2 + \/1 + 203 cos 20 + a3, see notation from Section 2, Figure 1,

‘ , ‘ : . 0.493
}md ec;ua/twns (28), (36), and (46) in [52]. For a mesh formed by isosceles right-angled triangles, Cy < =5
rom [52).

Remark 5.3 (Constants Cr, Cs, and Ciny). As above, the ideal case is <(%m) € H?(Q), which happens in

particular when Q is a convex polygon in two space dimensions. Then 6 = 1 and calculable bounds on Cy can
be found in Mao and Shi [5/] and Carstensen et al. [21] for the choice vy, as the Raviart—Thomas—Nédélec
interpolate of =V ((,, . In particular, following [21],

_ 1/4+2/53
C1 = max max M, (5.5)
K€Tn o angle of Kk \| 1 —|cos(a)]
where ji11 ~ 3.8317059702 is the first positive root of the Bessel function Ji. This in particular gives
Cr=./1/4+ 2/]'12’1 ~ 0.6215 for a structured mesh with isosceles right-angled triangles. For this interpolate,
(5.3b) holds, without any regularity assumption beyond —V¢,, € L1(Q), ¢ > 2. Finally, (5.4) holds for

any vy, € VY and Ciny only depends on the shape reqularity of the mesh and on the space dimension d, as
v, 1S from the lowest-order space.

Proposition 5.4 (Elliptic regularity bound on || 2g,, ||). Let (win, Ain) € HY(Tn) xR and let Assump-
tions 3.1 and 5.1 hold. Then

A ;
l2s |l < Tthuih_SihH + CrCsh®||Resg (win, Ain) || -1 + C1Csh? |V (uwin—sin) |

H

—~
ot
(=2}

=

CVinvc_v — ?
+ | Mo (uin — sin) | + 16 — UvVd + 125 8 S~ b7 0 [uan] |2 ¢
\/Xl ecéy
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Proof. By the definition (5.1) of ((,, ), the definition (2.8a) of 2,
and the orthogonality Assumption 3.1,

, the definition (2.7a) of Resg(sin, Ain),

ih

25 ll? = (VCou,)s Vsin) = Nin(sins o)) = (Vsins Vi, )
= Ain(Sin = Uin, C(s,,,)) + Xin(Win, G, )

= (Vouin, V(.. )) — (Va(sin — win), V(. )
Ain(Sin = Uin, G, )) + Xin(Win, o, ) — Cn)

— (Vouin, V(((oy,,) — Cn)) = (Vo(sin — win), Vs, )

where ¢, € V;! is arbitrary. One more application of (2.7a), (2.8a) then leads to

|2

[E2
= Ain(Sin=Uin, C(o, ) + (V2u,,: VG, )—Cr)) = (Vo(sin—uin), V., ))
< Ainllsin =win IS, ) IIH IV 20 1V (S, ) =S = (Vo (sin—uin), Vo, )

ih

where we have also employed the Cauchy—Schwarz inequality. Now the Poincaré-Friedrichs inequality (2.2)
gives [, Il < ||V§(,Sih)||/ﬁ1 and we have from (5.1) that V(. [l < || 25, II/v/A1. For the second
term above, we need to take the best ¢, and employ the estimates (5.2) to arrive at

) 2

Let now v, € V9 be such that V-vj, = IIp(2s,,). Definition (2.5) of the discrete gradient and the fact
that v, € VO € VO(Ty,) give

Il 2

ih

A,
2 < <>\Z1h|uzh — sinll + C1Csh’ |V 2y,

= (V¢(s..,): Valsin — uin)).

—(vn, Vouin) = — (v, Vauin) + 6 Z (Vs Le([uin]))
e€ly

= — (vu, Vhup) + 6 Z ({vrne, [uin])e.

ecé,

Thus, using that v, € H(div, Q) (so that {v,}-n. = vpn.), s;p € V, and elementwise the Green theorem
gives

(Vi Volsin = win) = = > (Veva,sin — win) i + (0 = 1) > (viene, [uin])e-

KeTh e€&y,

The last term above actually disappears when the jumps of u;, are of mean value 0, i.e., (Jur],1)e = 0
for all e € &, or when 6 = 1. As v;,-n. € Py(e), we can, in general, at least replace [u;;] by TI2[u;1] and
estimate this term using the inverse inequality (5.4) and Cauchy—Schwarz one, as each simplex has d + 1
faces

S vane, Tuinl)e| < 3 {Ivallxerseces Cnhe * T [uin] |}

ecép e€lp
1
S Vd+ 1Cuy|[vall { > hellﬂg[[uz‘h]ﬂi}
ecéy,
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Thus, for vy, satisfying (5.3) and under the stability assumption (5.2b), we infer

= (V. ) Valsin — win))
= = (V¢.,,) + Vi Val(sin — uin)) + (Mol 2s,, ), win — sin)
+ (9 - 1) Z <Vh'1’le7 Hgl[“ih]De

ec&y
= = (V¢s.,) + Vn, Vo(sin — win)) + (2s,,, Ho(uin — sin))
+(O0=1) > (vane, T [un])e

e€éy
< CICS hé H Csin,

Vo (uin — sin)l| + || 2s,,

|| Mo (win, — sin)

CinvéS _
+10-1vd+1 5y II’&sih,|{Z helllﬂg[[uih]]llg}
1 e€ly

N

Combining the above estimates with the characterization (2.8b) of ||V 2,,, || finishes the proof. O

6 Guaranteed and computable upper and lower bounds in a uni-
fied framework

We combine here the results of Sections 4 and 5 together with the key generic equivalences of [17, Section 3]
to derive the actual guaranteed and computable eigenvalue and eigenvector bounds in a unified framework.

6.1 Eigenvalues

We first tackle the question of upper and lower bounds for the i-th eigenvalue \;. We refer to [17, Remark 5.4
and 5.5] for the discussion on obtaining the auxiliary eigenvalue bounds Ay, A\;_1, A;, and ), 11

Theorem 6.1 (Guaranteed lower bounds for the i-th eigenvalue). Let the i-th exact eigenvalue X;, i > 1,
be simple and suppose the auziliary bounds \; < A1, i < A, A1 < Aiy1, as well as Ay < Xi_1 when
1> 1, for AI,Xi,Ai+1,Xi_1 > 0. Let the approzimate eigenvector—eigenvalue pair (wip, \in,) € Pp(Tp) x RT
satisfy Assumption 3.1, as well as the inclusion

Xi—1 < Aijp when i > 1, Ain < Ai-l-l‘ (61)

Let the equilibrated fluz reconstruction oy, be given by Definition 3.2 and the eigenvector reconstruction s;p
by Definition 3.3, with s;n # 0. Denote the principal estimator

1 Nih
Mires ‘= T <||Uih —sin|l + [|Vsin + Uih”) (6.2)

Isinll \ /A

together with the discrete relative gaps
A - X \ !
max ( ho_ 1) , (1 _ i ) , (6.3a)
i1 Aif1
1A -1 A\ L
max {4 \;_ 3 < ho_ 1) ,Aifl <1 S ) (6.3b)
i1 Aig1

and the scaled eigenvector reconstruction

Cih -

éih :

- Sih
Sih \—m T
l[snll
Then, the i-th eigenvalue lower bound is
IV3inl? —nf < Ai), (6.4)

12



where the estimator n; takes different forms in the following three cases:
Case A (No smallness assumption) If the sign characterization (u;, 8;p) > 0 is known to hold, the lower
i-th eigenvalue estimate (6.4) is valid with

If only (Sin, xi) > 0 holds for the sign characterization function x; of Section 2.1, the factor 2 in (6.5) needs
to be replaced by 2(1 — ||3;n — ;35 ||) ™1, where 11;5;, stands for the L*()-orthogonal projection of 3, on
the span of x;.
Case B (Improved estimates under a smallness assumption) Assume the sign characterization (8;n,x:) > 0
and define

Qip 1= ﬁéihni,rcsa (663)

where @y, is a computable bound on the L?(Q) error ||u; — 3;||. Let the smallness assumption

[ /2))\ 2 L
Q;p < min { ()\1) Sl 1(3ihaXi)} (6.6b)

—2 —
Zin 45 bounded by % and tends to zero; when i = 1, taking Ay = X\; = \; s

hold, so that in particular §— 4
A

possible and makes the fraction %—1 vanish. Then the lower i-th eigenvalue estimate (6.4) holds with

i
-1

A o
7712 = Cizh, ( - )\71 4h> nzres' (67)

Case C (Optimal estimates under elliptic regularity assumption) Assume the elliptic reqularity of Assump-
tion 5.1 together with the sign characterization (3;n,x:) > 0. Define the L*(Q) estimators @y, of ||u; — 3in ||

by

h
3 lwin — sin |l + C1Csh®||Vouin + oinl|
A

Qip 1=
T sl

_ V2¢in <)\i

+ C1Csh’ Vo (win — sin)|| + | To (win — sin) | (6.8a)

-

ﬁcinvés 1 0 2 :
VA1 eEZ&L

Then, under the smallness assumption
@in < |xill = Bin, x4), (6.8b)

the lower i-th eigenvalue estimate (6.4) holds with n; given by

771'2 = "71’2,res + (Aih + Xl)afh (69)

Remark 6.2 (Form of the complete estimator ;). In Cases A and B above, we immediately see

(14 (Nin +X:)282)2  in Case A

P R 1

i = MynpMires;, Mih - { cin (1 _ %%) 2 in Case B

(up to the possible replacement of the factor 2 in Case A) (myp is bounded by cinV'2 and tends to ¢;p, in
Case B). Thus the complete estimator n; indeed takes the form (1.3b) announced in the introduction, where
in particular the key role of n; res given by (6.2) and the unfavorable multiplication by the discrete relative
gaps cip, or G, of (6.3) are obvious. In Case C, n? rather takes an additive form, with the key estimator
17 ves Note that 1;res has a leading term (the second one) that comes with constant 1/| s | that tends to
the optimal value of one. The other term in 1; res is typically of higher order since it is in the L?(2)-norm
(see also Remark 6.9 below). The estimator 17, is supplemented by the term (A, + X;)@y,. This last term

13



contains in @;n, o multiplication by the discrete relative gap c;p. It is, however, typically of higher order
whenever the last contribution in @, of (6.8a) disappears, either when the discrete gradient parameter 0
from (2.5) is taken as 1 (e.g., symmetric discontinuous Galerkin finite elements), or when the jumps are of
mean value zero (e.g., mized and nonconforming finite elements). This is in particular linked to the terms
llwin, — sinl| in the L2(2) norm, see Remark 6.9 below, and to the presence of the §-power of the mazimal
element diameter h. Note in this respect that CiCsh®||Voui, + || and C1Csh®||Ve(uin — sin)|| are still
efficient estimates even if h = const (some mesh elements are not refined), see Theorem 6.5 below. Thus,
roughly speaking, shall some mesh elements stay unrefined, Case C looses optimal sharpness (the leading
term is not only 0; res With the optimal constant one) and Case C sort of degenerates to Case B.

We now prove the three cases of Theorem 6.1 separately:

Proof of Theorem 6.1, Case A. It is immediate from estimate (4.5a) of Corollary 4.1 and from defini-
tion (6.2) of the principal estimator 7; es together with the scaling §;;, = s;/||sin|| that the dual norm of
the residual of (8;, Ain) can be estimated as

IReso (3in, Ain) || =1 < i res- (6.10)

If (u;, ;) > 0 is known to hold, define @;; by (6.6a). From [17, Lemma 3.2] in combination with (2.8b),
we then infer the L?(Q) bound

i — &inll < V28| Rese(3in, in)|| -1 < @in- (6.11)
Now the upper bound in [17, Theorem 3.4], in combination with the first bound of [17, Theorem 3.5], gives
V3|2 = N < IV (wi = 8n)* < [Reso(Bin, Ain) 121 + Nin + X, (6.12)
and one more use of (6.10) proves (6.4) with 7; given by (6.5). If only (S;n, xi) > 0 holds, we take
@in = V2(1 = ||5in — HigihH)_%éihni,res
and proceed as in [17, proof of Theorem 5.1, Case A] to find
lu: = 3inll < V21— |30 — i)~ 2 én | Reso (Sin, Aon) -1 < @an
instead of (6.11), and we conclude as above. O

Proof of Theorem 6.1, Case B. The second condition in (6.6b) implies that assumptions of [17, Lemma 3.3]
are satisfied for 3;;,. Thus the L%(Q2) bound (6.11) is valid for @, given by (6.6a). The first condition in (6.6b)
then allows us to use the improved estimate in [17, Theorem 3.5]. In combination with the upper bound
in [17, Theorem 3.4], this gives
Naz )
IVl = v < 19 = 5P < ¢ (1= 35 ) IResu(in ) P, (6.13)
A1

and we conclude by (6.10). O

Proof of Theorem 6.1, Case C. Proposition 5.4 together with the bound ||Resg(win, Ain)|-1 < [|Vouin +
oin|| and the scaling $;;, = s;/||sin|| imply

Qip,
V2ein’

where @y, is given by (6.8a). Next, condition (6.8b) implies that assumptions of [17, Lemma 3.3] are satisfied
for §;;, and consequently (u;, 3;,) > 0. Thus [17, Lemma 3.1] again gives the computable L?(Q2) bound

2501l <

llui — Sin|| < @in.

We then conclude as in Case A via (6.12). O
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Theorem 6.3 (Guaranteed upper bound for the i-th eigenvalue). For a given i > 1, let the approximate
eigenvectors ugp, € Pp(Tr), 1 < k < i, be arbitrary, and let sgn, 1 < k <14, be their eigenvector reconstruc-
tions by Definition 3.3. Suppose that sk, 1 < k <1, are linearly independent. Then

vy, 2
; S max || Zi:kyzl Sksth (614)
EER?, [|€]l=1 ||Ek:1 Ersknll?
where ||€]|? = 2221 €. In particular
Vs ll® -
)\1 < M = ||VS1h||2. (615)
[[s1nll
Proof. The statement follows immediately from the min—max principle
B 2k
" vicv,dimVi=iveV; |[v]|2
O

6.2 Eigenvectors

We now turn to the estimates on the error in the approximation of the i-th exact eigenvector u; by u;;, and
their efficiency and robustness with respect to the polynomial degree of u;p,.

Theorem 6.4 (Guaranteed bounds for the i-th eigenvector error). Let the assumptions of Theorem 6.1 be
satisfied. Then the energy eigenvector error can be bounded via

‘ Vo (u; —win)|| < ni + [|[Vo(uin — Sin)| ‘7 (6.16)

where n; is defined in the three cases A, B, and C respectively by (6.5), (6.7), and (6.9).
Proof. The triangle inequality gives
Vo (ui = win)|| < [IVo(ui = Sin)l| + Vo (uin — Sin)l|-

We conclude by the bounds [|[Vg(u; — )|l = [|V(wi — $in)|| < m; shown in (6.12) and (6.13) in the proof of
Theorem 6.1. O

Theorem 6.5 (Efficiency and robustness of the estimates). Let the assumptions of Theorem 6.1 be satisfied.
Then estimate (6.16) is efficient as

1

i + Vo (uin—3i)|| < C; (HV@(W—UM)H + { Z hel|H2[[uihﬂ||5}

e€ly (6.17)
+ |1 — [Juin ]| + ’)\z‘h — ||v0Uih||2‘>a
where the generic constants C; can be determined from the detailed estimates:
o cfficiency of ||Vo(uin — Sin)l|:
- Vsin
900 = 51 < [aCan sl + 11 = st 2220, (6.150)

Vo (uwin—sin)|| < |Vi(win—sin)| + |0]vVd+1Ciny { Z h61||H2[[uih]]||g} , (6.18b)

e€ly

together with (4.7), inequalities (6.21) and (6.19) below, and

Vi (ui—uin) || < IVo(ui—un)|l + 10|V d+1Ciny { Zhe_lﬂﬂgﬂuih]]g} ; (6.18¢)

ec&p
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o efficiency of ||uin, — sin|| (first part of 1 res):

2

[win—=sinll < Cor | IVn(win—sin) I + > b I [unlll?2 + (win, D30 | (6.19a)
ecgint
1
2
[(win, Vool < h2[0Q12 ¢ S A I ui]|? b (6.19b)
ecEpxt

together with (4.7) and (6.18c);

o cfficiency of ||V, + ol (second part of 1 ves):

Vsin + oinll < [[Vouin + oinll + Vo (uin — sin)ll, (6.20a)
>\,
IVouin, + oinll < (d+ 1)Cs;Coont,pF <\/;um — Sin] (6.20Db)
1
+ Vo (uin — sin)|| + ||Reso(sin, )\ih)”—l)a
Si =% -
[Resg(sin, Ain)[-1 < ”\/Ai')\ih =X + CipllsanlllIV (wi = Sin) |, (6.20c)
1

Oih =1 ZfZ = 1,

_ A 2
Cin = max{()\m —1) ,1} ifi>1,
1

Nin = Xl < ([ Vo(wi = win)||* + 2[[ Vo (ui — win) || Vouin]| (6.20d)
+ |XNin = [ Voun*],

together with ||V (u; — )|l < Vo (wi — win)|| + [|Vo(uin — 8in)ll, (6.18), (6.19), and (6.21) below;

e inequalities for the scaling terms:

11— [Isinlll < 11 = lwinl[| + [luin — sinl], (6.21a)
IVsinll < IVouinll + Vo (uin — sin)ll, (6.21b)
winll = lwin — sinll < lIsinll < llwinll + llwin — sinll; (6.21c)

e note that @, given by (6.8a) only contains terms treated above (possibly with multiplicative factors).

Proof. We first examine the second term on the right-hand side of (6.16). The definition §;;, := 2% and

HsihH
the triangle inequality give (6.18a), since
[Vsin]|

IV (sin — )|l = |1 — ||sinll] .
[|sinl|
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As for the first term therein,

Vo (uin — sin)ll =

Vi (uin — sin) — 0 Z [e([[uzh]])H

ecé,
2%
<[ Vh(uin — sin)ll + 0] Z Z le (win])
KeThllee€k K
< Va(uin = sin)|| + 10| { dd+1) > ||[e([[uih]])”%(}
KeTy, ecli

= [ Va(uin = sin)|| + 0] {(d+ Y. IIIe([[uz‘h]])Il%} ;

ecép

a direct consequence of the definition of the discrete gradient (2.5), of the triangle and Cauchy—Schwarz
inequalities, and of the fact that l.(Ju;s]) is only supported on the (1 or 2) elements in 7. containing the
face e. Next, the definition of the face lifting [, from Section 2.3, the fact that v;-n. are constants for
vy, € VO(T.), and the inverse inequality (5.4) give

[te([wirn])ll7. = sup (le([uin]), vi) T
viheVO(To); v, =1
= sup (v} ne, T [win])e

vieVO(Te); v, =1

< Ciavhe [T Juin]lle-

Combining the two above bounds gives (6.18b). Finally, (6.18¢c) follows by, using again (2.5),

IV (i — win)|| = Hve(ui —win) =0 ) [e([[uih]])H

e€ly

and proceeding as above for the liftings. Concerning the second term in (6.18a), the multiplicative factor
|Vsin|| approaches ||Vouin|| ~ vAin as manifested in (6.21b), the multiplicative factor |[s;s| is of order
1 when [Jun|| = 1 as shown in (6.21c), and |1 — ||s;||| is bounded in (6.21a) by the consistency term
|1 — |lusp||| and the estimator ||u;p — s;p | efficient via (6.19). Thus the efficiency for the term ||Vg(un — 8in)||
as announced in (6.17) follows.

We now turn to the L?(Q)-term ||u;, — s;p||, the first part of the estimator 7; yes given by (6.2). Note
that 7; res forms the principal part of 7; in all three cases A, B, and C, and that the scaling factor 1/||s||
is of order 1, see (6.21c). First, (6.19a) is a consequence of the broken Poincaré-Friedrichs inequality (2.4)
with v = u;, — s, and of the fact that the jumps of s;, are zero. The last term in (6.19a) can then still be

bounded by
2 2

_1
(win, 3o = O (Mlund, e p <hS D he * [W0Luin] lefe]? ¢

ec&pxt ec&pxt

so that (6.19b) follows by another Cauchy—Schwarz inequality. The efficiency of ||u;p, — S || is then completed
by (4.7) and (6.18¢c). Numerically, though, we have observed that ||u;, — s;1 || converges still one order faster
than what (6.19) suggests, so that it becomes negligible in practice, see Remark 6.9 below.

We now turn to the second part of the estimator ; yes of (6.2), |[Vsin + onl|- To begin with, (6.20a)
follows by the triangle inequality; the second term therein has been treated in (6.18). For [|[Vou;n 4+ oinll,
we have the crucial bound (4.5b). As, however, u;;, & H}(Q), we need to get back from ||Resg(uin, \in)|| -1
to ||Resg(Sin, Ain)||—1 to prove the efficiency. For this purpose, let v € V with ||Vv|| = 1 be fixed. Using
the residual definition (2.7a), the Cauchy—Schwarz and Poincaré-Friedrichs (2.2) inequalities, and the dual
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norm definition (2.7b),

(Resp(win, Ain), v)vr v
= Xin(win, v) — (Vouin, Vv)
= Xin(win — Sin, v) — (Vo(uin — sin), Vv) + (Reso(sin, Ain), v)v/ v
Ain
<
~Va
so that (6.20b) follows. We know from (6.18) and (6.19) that the first two terms herein are efficient, so that

we pursue with the last one only. To start with, note that ||Resg(sin, Ain)l—1 = [|Sin||||Reso(Sin, Air)|-1;
then (6.20c) follows from the proof of the second bound in [17, Theorem 3.5]. To finish, develop

win = sinll + Vo (uin — sin)ll + | Reso(sin, Ain )| -1,

Ain — Xi = Xin — | Vo(ui — win +win)||
= Xin — Vo (ui — win)||> = 2(Vo(wi — win), Vouin) — [[Vouan|?,
which proves (6.20d) and together with (6.18), (6.19), and (6.21) gives the requested efficiency. O

6.3 Comments

We now give some comments on the results of Theorems 6.1-6.5; a discussion for the conforming setting
can be found in [17, Section 5.3].

Remark 6.6 (Vanishing consistency terms). Nonconforming finite elements are a particular example of a
numerical method where both consistency terms |1 — |[uall| and [Nin — [|[Vouin||?| are zero and thus vanish
in (6.17), see Section 7.1 below.

Remark 6.7 (Jumps of mean value zero). A particular situation arises when (Jup], 1)e = 0 for all e € &,
i.e., when the jumps over the mesh faces in the eigenvector approximation vanish in mean value. Then the
discrete and broken gradient coincide, i.e., Vg = V}, (see Section 2.3) and all the mean value jump terms of

_1
the form he *||[T12[uin]||e of the present paper vanish, in particular in (6.8a) and in (6.17). Moreover, (4.7)
and (6.19a) simplify respectively to

Vi (win, — sin)|| < (d+1)CstCeont,bpr || Vi (ui — win)||, (6.22a)
[lwin, — sinll < (d 4 1)CstCeont bPFChr || Vi (u; — win)|l, (6.22b)

see [38, Lemma 3.22 and Section 4.3.2]. This very favorable context arises namely for nonconforming and
mized finite elements, as we will see below in Sections 7.1 and 7.3.

Remark 6.8 (Jump-free estimators for the symmetric discontinuous Galerkin method). The jump terms in
the estimator @y, given by (6.8a) also vanish when 0 = 1, which is typically the situation for the symmetric
discontinuous Galerkin method of Section 7.2 below.

:}%Huih — sinll
in (4.5a), (6.2), and (6.8a) with the eigenvector reconstruction s;, of Definition 3.8 typically converges
by one order faster than ||Vs;n + ||, while allowing to prove polynomial degree robustness. One could
additionally impose s;p, to be elementwise of the same mean value as w;p, see [36, (3.2) and (3.16)]. Then
Ain
vV

in this case \in(sin — Win, V) = Nin Do, (Sin = Uin, v — o)k < Nin Y- ey, (I18in — uih||Kh7KHVvHK) in
the proof of Corollary 4.1, by the Poincaré inequality and convezity of simplices.

Remark 6.9 (Alternative mean-value-preserving eigenvector reconstruction). The term

1
u;n — Sin|| can be replaced by Ain hic||win—sinl| k)2 } 2, with an additional mesh power. Indeed,
P KeTy,

Remark 6.10 (Alternative eigenvector reconstruction and vanishing jumps for the symmetric discontinuous
Galerkin method). An alternative eigenvector reconstruction to that of Definition 3.3 is possible in two space
. . . -1 L
dimensions following [38, Remark 3.11] when (Vguih, ((1) 0 > Vz/;a> =0 for all a € V,,. This is in

wa

particular satisfied for the symmetric variant of the discontinuous Galerkin method of Section 7.2 below.
This alternative reconstruction remarkably yields

IVo(uwin — sin)|| < (d+ 1)CstCeons,p|| Vo (ui — uin)||
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in place of (6.18b), (4.7), and (6.18c). Here the constant Ceont,p := maxXacy, {1 +Cp w,hw, || Vallco,wa
with Cp ., given by (4.2a) where zero mean value condition (v,1),, = 0 is also imposed for boundary
vertices. This is an equivalent of the bound (6.22a), again without any jump terms. Then, all the principal
estimators are efficient without any jump term, fully mimicking the situation of Remark 6.7.

Remark 6.11 (Optimal efficiency and polynomial-degree robustness). Theorem 6.5 shows that both estima-
torsm; and |Ve(uin — 8in)|| are equivalent to the eigenvector energy error ||V (u; — up)|| for nonconforming
finite elements, see Remarks 6.6 and 6.7. A similar case can arise for the symmetric discontinuous Galerkin
method, see Remark 6.10. Taking into account that the size of our confidence interval for the i-th eigenvalue
of Theorem 6.1 is 12, this gives a fully optimal theory with in particular polynomial-degree-robustness. In
the general case, the jumps in mean values of win, {d_.ce, he_1||H8[[uih]]||§}%, may be added to the error

in the form {3 ce, ho [T [ui — win]||2Y2, as typically done in discontinuous Galerkin methods, and simi-
larly for the consistency terms, so as to still have equivalence between the eigenvector energy error and its
estimate.

Remark 6.12 (Negative influence of the discrete relative gap and decreasing efficiency for increasing eigen-
values). The efficiency constant C; in (6.17) unfortunately contains the discrete relative gap c;p or &
of (6.3), since these are included as multiplicative factors in the complete estimator n;, see Remark 6.2.
Only in Case C when the discrete gradient parameter 6 from (2.5) is taken as 1 (e.g., symmetric discontin-
uous Galerkin finite elements) or when the jumps are of mean value zero (e.g., mized and nonconforming
finite elements), see Remark 6.2, and when ||u;p, — Sin|| and consequently |o(uin — sin)|| decay at least as
R ||V ousn +oin||, the influence of these discrete relative gaps vanishes with the mazimal mesh size h tending
to zero. Moreover, the factor Cyy, from (6.20c) deteriorates the efficiency for increasing eigenvalues, except
in our mized finite elements setting of Section 7.3 where it does not appear.

Remark 6.13 (Cheaper flux and potential reconstructions). The lower bound (6.4) for eigenvalues and
the upper bound (6.16) for eigenvectors stay valid for cheaper (by one polynomial degree) flux and potential
reconstructions, where VE (wa) X QY (wa) and Py(Ta) NHY (wa) are used in Section 3.2, instead of VI (wa) X
QZH(wa) and Pp1(Ta) N H(wa). This is often completely sufficient in practice, albeit the theoretical
polynomial degree robustness (6.17) may be lost. We employ these cheaper reconstructions in our numerical
experiments in Section 8 below.

7 Application to common nonconforming numerical methods

We verify in this section the conditions of the application of our results to three common nonconforming
numerical discretizations of the Laplace eigenvalue problem (2.1).

7.1 Nonconforming finite elements

Let V4 be spanned by functions vy, from P,(74), p > 1, such that ([vs], gn)e = 0 for all g5 € Pp_1(e) and
all e € &,. The nonconforming finite element method for problem (2.1) reads, cf. [26, 45, 46, 20, 63]: find
(Win, Ain) € Vi x RT with (win, ujn) = 6;j, 1 < i,j < dim V}, such that

(Vitin, Vivn) = Nin(Uin, vp) Yoy € Vi; (7.1)

the sign of the eigenvector w;y, is fixed by (w;p, x;) > 0. As the jump mean values in the space V}, are zero,
Vo =V}, follows from (2.5) (we can, e.g., take # = 0). Then definition (7.1) directly implies Assumption 3.1
(take vy = a € V}, in (7.1)). Thus, upon the verification/satisfaction of condition (6.6b) (in Case B) and
of (6.8b) (in Case C), all the results of Theorems 6.1-6.5 hold. We actually have clear eigenvector efficiency
without jumps and consistency terms (\;, = | Vuin||? follows by taking vy, = w;j, in (7.1)), see Remarks 6.6
and 6.7, and optimally convergent eigenvalue and eigenvector bounds, see Remark 6.11.

7.2 Discontinuous Galerkin finite elements

Set V3, := Pp(Tr), p > 1, without any continuity requirement. The discontinuous Galerkin finite element
method for problem (2.1), cf. [3, 40] and the references therein, reads: find (uin, Ain) € Vi, x RT with
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(win, ujn) = 0ij, 1 < 4,7 < dimV,, such that
> (Vatin, Vivw)k — Y {{Vauin}ne, [onl)e + 0 Vivn}ne, [uinl)e}
KeTy, eely

+ Z (hy ' uin], [on])e = Nin(uin,vn) — Vop € Vi
€€l

(7.2)

the sign of u;y, is fixed by (uin, x;) > 0. Here v is a positive stabilization parameter and the parameter 6 €
{—1,0, 1} defines the discrete gradient (2.5) in Section 2.3 and corresponds respectively to the nonsymmetric,
incomplete, and symmetric variants. The system matrix corresponding to (7.2) is only symmetric for § = 1.
In the other cases, we tacitly assume that the i-th eigenvalue \;; that one computes is real. This typically
happens for the first eigenvalue and more generally for all simple eigenvalues, cf. the numerical experiments
in [3, Section 7.1.2].

With the concept of the discrete gradient (2.5), the orthogonality of Assumption 3.1 is immediately
satisfied. Indeed, it is enough to take v, = ¥, € V}, in (7.2) and take into account the facts that 1,
has no jumps as well as that Vb € [Po(7)]¢ € VO(T5,). Thus all the results of Theorems 6.1-6.5 hold
upon the satisfaction of their assumptions. Recall also that 1) for § = 0, the broken V;, and discrete Vy
gradients coincide; 2) the jumps are here generally not of mean value zero, ([u;n],1)e # 0 for e € &, so
that Remark 6.7 does not apply here; 3) the choice 8 = 1 leads to a remarkable situation where the jumps
vanish from @z, given by (6.8a) and consequently from all three considered estimators 7; in Theorems 6.1
and 6.4, see Remark 6.8; 4) the choice § = 1 and the alternative eigenvector reconstruction of Remark 6.10
make the jumps vanish also from all the important parts in the efficiency bounds of Theorem 6.5.

7.3 Mixed finite elements

Let V; x Q) be any pair of the usual mixed finite element spaces, see [15, 59] and also Section 2.2 for
the Raviart—-Thomas-Nédélec case. The mixed finite element method for problem (2.1) looks for the triple
Tin € Vi, Uin € Qp, and N\, € RT such that (ui, ujn) = 0;5, 1 < 4,j < dimQy, and, cf. [56, 34, 11, 47]
and the references therein,

(Gin, vh) — (Gin, V-vp) =0 Vv, € Vy, (7.3a)
(V-Gin,qn) = Nin(Uin, qn) Van € Qp, (7.3b)

where the sign of the i-th eigenvector that we are interested in is fixed by (@;n, x;) > 0.

The low-order eigenvector approximation w;, is typically elementwise postprocessed in mixed finite
element methods. In particular, following Arnold and Brezzi [7], Arbogast and Chen [5], and Vohralik [62],
there exists for each pair Vj x @), a piecewise polynomial space M;, such that u;;, € Mj, can be prescribed
by

H@}L(K) (uih|K) = aih|K VK € Ty, (7.4&)
g, (i) (=Vauin)|k) = Tinlx VK €Ty, (7.4b)

where Ilg () is the L?(K)-orthogonal projection onto Q,(K) and I, (k) is the [L?(K)]%-orthogonal

projection onto V(K). Let p denote the polynomial degree of the approximation u;, resulting from (7.4),
i.e., u;p € Py(Th) as throughout the paper. A remarkable fact is that (7.4) and (7.3a) imply

<[[Uih]],11h>e =0 Vo, € vh'ne(e)7 Ve € &,

so that in particular the zero mean-value condition, cf. Remark 6.7, is satisfied. Consequently, Vg = V,,
see (2.5) (and we can, e.g., take §# = 0). The computed flux &;; can typically serve directly as an equilibrated
flux reconstruction in mixed finite elements, see [38, Section 4.4] and the references therein. However, in
the present eigenvalue case, it only follows from (7.3b) that V-&;;, = \iptipn, and not V@, = \jpui, as
requested in the equilibrium property (3.1b) and necessary in the proof of the upper bound (4.5a). We can,
however, postprocess elementwise the flux @;;, as well: choose a mixed space V} with a sufficient polynomial
degree ¢ such that M), C V-V}. Denoting by ngx the outward unit normal to K, define

oin|k = arg min [oin —vilx VK €T (7.5)

q vy ng=o;,-ng on 0K
vh€V; (K), V-vr=Xintin
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instead of (3.3a) of Definition 3.2. The well-posedness of (7.5) follows from (7.3b) and (7.4a). Note that
oy, is only a slight local elementwise modification of @, preserving the normal component while improving
the divergence.

With the just described setting, all the eigenvalue results of Section 6 hold true in the following sense:

Corollary 7.1 (Eigenvalue bounds for mixed finite elements). Let Ay, X;, A; 11, Xi—1 > 0 be the auiliary
bounds as in Theorem 6.1. Let (w;n, Aip) be given by (7.3)=(7.4). Construct s;p from w;y, following Defini-
tion 3.3 and o, by (7.5). Then, the bounds (6.4) and (6.14) of respectively Theorems 6.1 and 6.3 hold true
(in the three cases A, B, and C).

Concerning the eigenvectors, the guaranteed upper bounds (4.5a) and consequently (6.16) do hold even
if u;, does not satisfy Assumption 3.1; the key is that V.o, = A\jpu;, that we have arranged in (7.5).
For the efficiency, recall first that Vo = Vj, so that (6.18b) and (6.18c) are redundant here. Next, the
bounds (4.7) and (6.19), or more precisely their improvements (6.22), only exploit the construction of s;p
from wu;;, via Definition 3.3 and are thus also valid. Unfortunately, (4.5b) and consequently (6.20) do not
hold in general, as o, is not constructed from w;, by Definition 3.2 but via (7.5). In order to restore
fully optimal (guaranteed, efficient, and polynomial-degree robust) eigenvector error control, we proceed
as in [38, Section 4.4], see also the references therein. Invoking the triangle inequality ||[Vu; + onll <
IVr(wi — wip)|l + |Vawin + oinll, we have the following optimal simultaneous error control in Vju;, and
—Oih:

Corollary 7.2 (Eigenvector bounds for mixed finite elements). Let the assumptions of Corollary 7.1 be
satisfied. Then, in the three cases A, B, and C of Theorem 6.1,

IVa(ui = win)|| + [[Vui + oinll < 200 + [|Vauin = 3in)l]) + [ Vauin + oinll-
This bound is efficient as (6.22) holds together with

IVruin + oinl < [[Vi(uwi —win)|| + [|Vui + oinl|-

8 Numerical experiments

We now numerically illustrate our estimates on two test cases in R?, for the nonconforming finite element
method of order p = 1 and the symmetric (f = 1) discontinuous Galerkin finite element method of order
p=1and p = 2. We actually only study the first eigenpair; results for the higher eigenpairs are similar as
in [17]. For the discontinuous Galerkin method, we consider two different pairs of the auxiliary bounds A; and
Ao, to showcase the sensitivity of our bounds with respect to them. We use the cheaper Raviart-Thomas—
Nédélec space of degree p for the flux equilibration instead of p + 1, as discussed in Remark 6.13. This
still gives guaranteed bounds and we do not observe any asymptotic loss of efficiency. The implementation
was done in the FreeFem++ code [42, 43]. If the additional elliptic regularity for the corresponding source
problem of Assumption 5.1 holds, so that Case C of Theorems 6.1 and 6.4 can be used, we observe that
the last term of (6.8a) vanishes in the two considered numerical methods. We exploit in this case (the unit
square below) full H?(Q) regularity and use the constants Cs = 1 and § = 1 given in Remark 5.2 and set
Cr and Cf following respectively Remarks 5.2 and 5.3.

8.1 Nonconforming finite element method

We test here the performance of the lowest-order (p = 1) nonconforming finite element method as described
in Section 7.1. Recall that the jump mean values are zero here, so that Vg = V, from (2.5); we take 6 = 0.

8.1.1 Unit square

We start by testing the framework on a geometry where everything is known explicitly: the unit square 2 =
(0,1)%. The eigenvalues on a square of size H being w2 (k*+1%)/H?, k,| € N*, the first and second eigenvalues
are \; = 272 and Ay = 572, respectively. The first eigenfunction is given by wu;(z,y) = 2 sin(rz) sin(7y).
We can here apply the refined elliptic regularity of Case C, since d = 2 and the domain is convex; we
also compare it to the Case B. We set \; := 1.572 < Aj, Ay := 4572 < Ao, and A\ := [|[V3u|? > A
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Figure 1: [Unit square, nonconforming method] Error in the eigenvector approximation and its upper bound
for the choice \; = 1.57%, Ay = 4.57%; sequence of structured (left) and unstructured but quasi-uniform
(right) meshes

N h ndof A1 Mo VB2 =78 IVELN? Exra I
10 0.1414 320 19.7392 19.6850 18.8966 19.8262 4.80e-02 2.68
20 0.0707 1240 19.7392 19.7257 19.6495 19.7616 5.69e-03 2.11
40 0.0354 4 880 19.7392 19.7358 19.7246 19.7448 1.02e-03 1.91
80 0.0177 19360 19.7392 19.7384 19.7361 19.7406 2.29e-04 1.85
160 0.0088 77 120 19.7392 19.7390 19.7385 19.7396 5.53e-05 1.83
320 0.0044 307 840 19.7392 19.7392 19.7390 19.7393 1.37e-05 1.83

Table 1: [Structured mesh, unit square, nonconforming method, case C|] Lower and upper bounds of the
exact eigenvalue )1, the relative eigenvalue error, and the eigenvector effectivity index; case \; = 1.572,
Ay = 4.572

following (6.15) as the auxiliary bounds in Theorems 6.1 and 6.4. The conditions (6.1) and (6.6b), (6.8b)
respectively, turn out to be satisfied on all the meshes considered here.

Figure 1 illustrates the convergence of the energy error in the eigenfunction ||V (u1 —u1p)|| and its upper
bound 71 + ||Vg(u1r, — 511)|| of Theorem 6.4 for a sequence of uniform and structured meshes (left) and a
sequence of unstructured quasi-uniform meshes (right). This test confirms that the convergence rate for the
upper bound is the same as the one of the error in the approximation of the eigenvector, in accordance with
Theorem 6.5, and this for both Cases B and C. As expected, Case C is sharper on finer meshes.

We present in Tables 1 and 2 precise values of the lower and upper bounds ||V, |2 —nf < A1 < || V3§12
on the exact eigenvalue A1, the relative eigenvalue error, and the effectivity index of the eigenvector upper
bound given respectively by

b IVEIE (50l ) 2 i
’ V31012 + (V3112 = n7)  2(IVEw? — 03’
A+ [[Ve(uin — 51)||

I® £ 1=
e Ve (ur —uan)|

(8.1b)

Note that (8.1a) is the eigenvalue upper bound minus the eigenvalue lower bound divided by the mean value
of the upper and lower bounds, as in, e.g., [51] and the references therein. We observe rather convincing
results.
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N h ndof A1 Mro VB2 =78 IVEN® Exrea I

10 0.1698 386 19.7392 19.6556 17.1037  19.8250 1.47e-01  3.97
20 0.0776 1486 19.7392 19.7157 19.5482  19.7604 1.08e-02  2.58
40 0.0413 5762 19.7392 19.7335 19.7167  19.7448 1.42e-03  2.10
80 0.0230 22789 19.7392 19.7377 19.7353  19.7406 2.66e-04  1.93
160 0.0126 91 355 19.7392 19.7389 19.7384  19.7396 5.89e-05  1.86
320 0.0058 366 520 19.7392 19.7391 19.7390  19.7393 1.41e-05 1.84

Table 2: [Unstructured mesh, unit square, nonconforming method, case C] Lower and upper bounds of the
exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; case \; = 1.572,
Ay = 4.572

8.1.2 L-shaped domain

We next consider the L-shaped domain  := (—1,1)% \ [0, 1] x [~1, 0], where A\; ~ 9.6397238440 is known to
high accuracy [60]. Including € into the square QF := (—1,1)2, cf. [17, Remark 5.4], we take \; := A\, (QF) =
72 /2 a2 4.93 (note that this is a very rough bound). We could similarly take A, := Ao (QF) = 57%/4 ~ 12.34
(note that then A} < Ay < Ay &= 15.1973). We, however, postpone this simplest choice to Section 8.2.2 below
and choose here )\, in Theorems 6.1 and 6.4 as the guaranteed lower bound computed on a coarse mesh of
6144 elements by the formula (6) of [51], Ay := 15.1753 from Table 1 of [51].

We first consider a sequence of unstructured quasi-uniform meshes, with N elements partitioning the
edges of ) of length 2 and N/2 elements the edges of length 1. Figure 2 (left) illustrates the convergence
of the eigenvector energy error ||Vg(ui — uip)|| and its upper bound n1 + ||[Vg(uip — 814)|. Details and
eigenvalue convergence results are presented in Table 3. All the theoretical results are nicely confirmed.

We finally test adaptive refinement using the local character of the eigenvector estimator for each K € T},

given by
Alh -2 1
14 20\p + | V3 2)\1(1—> 1
( ( 1h || 1h|| )72 AQ ||sth2

A -
(;h lwan = swnll% + Vs + alhn%() + 1V (urn — 31)ll%,
A1

in case A and

)‘1h - a%h - 1 /\%h 2 2
R 1— 2k Zlh |y, — v
( A2) )b (S e = sl + 9+ ol

+ |V (urn — $10) %

in case B of Theorems 6.1 and 6.4. We employ the Déorfler marking [33] with § = 0.6 and the newest
vertex bisection mesh refinement. The same lower bounds \; = 7%/2 and A\, = 15.1753 as for the uniform
refinement have been used for the auxiliary bounds. Figure 2 (right) illustrates the error in the eigenvector
and its bound using (6.16). The optimal convergence rate is indicated by dashed lines. The initial mesh is
structured with 47 degrees of freedom and the conditions (6.1) and (6.6b) are both satisfied starting from
296 degrees of freedom. The transition from Case A to Case B in Theorem 6.4 is marked by a dotted
line. Table 4 then presents more details of the adaptive procedure, which in particular leads to quite good
effectivity indices.

8.2 Discontinuous Galerkin finite element method

In order to test the framework on another method, we have taken the symmetric version (§ = 1) of
the discontinuous Galerkin finite element method as presented in Section 7.2, using piecewise affine basis
functions (p = 1) or piecewise quadratic basis functions (p = 2) and the penalty parameter v = 10.

8.2.1 Unit square

We consider again first the case of the unit square Q = (0,1)2. The test case and the constants used are
the same as presented in Section 8.1.1.

23



3 100
F —0— _z E i
F M +[Ve(uin—315)| (case B) . o M Ve (wrn—51n) ||
[ —O0— ||V (ur—u1ipn
- ” 9( 1 1})“ E_o_ ”Vﬂ(ulfulh)”
: 10
1k h2/3 =1/ (ndor)1/3
g 1k
0.1

0.1 -
- CaseA : Case B
T AT TETITT B oot bl vl il

0.01 0.1 100 1000 10000 100000
h ndof

Figure 2: [Unstructured and adaptive mesh refinement, L-shaped domain, nonconforming method] Error in
the eigenvector and its upper bound for a quasi-uniform refinement (left) and adaptive refinement (right);
filled markers (case A), empty markers (case B)

N h ndof A1 Ain o IV3IE =07 V32 BExzea il
10 0.3041 266 9.6397 9.2966 -4.1909 9.7861 — 6.02
20 0.1670 1069 9.6397 9.5155 7.8895 9.6926 2.05e-01 4.19
40 0.0839 4 148 9.6397 9.5933 9.0782 9.6578 6.19e-02 4.12
80 0.0459 16 699 9.6397 9.6227 9.4514 9.6459 2.04e-02 4.09
160 0.0234 64 991 9.6397 9.6331 9.5703 9.6420 7.46e-03 4.08
320 0.0125 259 147 9.6397 9.6372 9.6138 9.6406 2.78e-03 4.07

Table 3: [Unstructured mesh, L-shaped domain, nonconforming method] Lower and upper bounds of the
exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; case \; = 72/2 and
Ay = 15.1753

Figure 3 illustrates the convergence of the energy error in the eigenfunction ||Vg(u; — up)|| and its
guaranteed and computable a posteriori estimate 1y + ||Vg(u1p — $1r)|| of Theorem 6.4 for a sequence of
uniform and structured meshes (left) and a sequence of unstructured quasi-uniform meshes (right). As
the auxiliary eigenvalue lower bounds, we have taken here again A\, = 1.57% and )\, = 4.572. Tables 5-6
and 7-10 then give more details in Case C, also reporting the eigenvalue bounds of Theorems 6.1 and 6.3.
In particular, for comparison, we include also much less precise choices \; = 0.572 and )\, = 372. In the
present Case C, the leading term stays unchanged, and the difference between the two tested pairs of A,
and )\, vanishes with mesh refinement. The results are rather sharp and confirm the theory nicely, in all
tested settings.

8.2.2 L-shaped domain

We consider again as for the nonconforming method the L-shaped domain Q := (—1,1)% \ [0,1] x [~1,0]
as a second test problem. Following Section 8.1.2, we consider three different choices of A; and A, in
Theorems 6.1 and 6.4. Either \; := 7?/2 and )\, := 57?/4 motivated by the simple inclusion of  into
the square QF := (—1,1)? (rough auxiliary bounds following [17, Remark 5.4]), or ); := 9.6090 and
Ay :=15.1753 (sharp auxiliary bounds numerically computed on a coarse mesh in Table 1 of [51]), or mixed
accuracy auxiliary bounds \; = 72/2 and )\, = 15.1753.

Figure 4 (left) illustrates the convergence of the energy error ||Vg(u; — uip)| and its upper bound
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Level ndof A1 Mro IVEIZ =18 IVEl? Exre I

5 98 9.6397 8.9699 -29.6187 9.9072 - 6.36
10 296 9.6397 9.4403 4.8193 9.7445 6.76e-01  4.32
15 1161 9.6397 9.5868 8.6628 9.6646 1.09e-01  3.99
20 4860 9.6397 9.6275 9.4310 9.6457 2.25e-02  3.81
25 20429 9.6397 9.6369 9.5925 9.6411 5.06e-03  3.62
30 83472 9.6397 9.6390 9.6284 9.6401 1.21e-03  3.18

Table 4: [Adaptive mesh refinement, L-shaped domain, nonconforming method] Lower and upper bounds of
the exact eigenvalue )1, the relative eigenvalue error, and the eigenvector effectivity index; case \; = m2/2
and A\, = 15.1753

100 g 100 g
E —— i+ Ve(uir—31)|| (case C) E —— i+ Vo(uin—51n)|| (case C)
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Figure 3: [Unit square, discontinuous Galerkin method] Error in the eigenvector approximation and its
upper bound for the choice \; = 1.572, A\, = 4.57%; sequence of structured (left) and unstructured but
quasi-uniform (right) meshes; p = 1 (full lines), p = 2 (dashed lines)

m + |[[Ve(uip — 314)]| for the mixed accuracy auxiliary bounds \; = 72/2 and )\, = 15.1753. More details
are presented in Tables 11-14. All the theoretical results of Theorems 6.1-6.5 appear nicely confirmed,
with excellent effectivity indices. In particular, the eigenvector effectivity indices are slightly higher for
p = 2 compared to p = 1 in Section 8.2.1, but often smaller here for p = 2 than for p = 1. In the present
Case B, as expected from the theory, the two considered choices of A\; and A, do not influence the order of
convergence of our estimates, only the multiplicative constant. Consequently, the effectivity indices for the
rough auxiliary bounds \; = 72/2 and )\, = 57%/4 are somewhat worse than those for the sharp auxiliary
bounds A; := 9.6090 and ), := 15.1753, but the gap between them does not change with mesh refinement.
Also, it seems from the comparison of Tables 11 and 12 for p = 1 versus Tables 13 and 14 for p = 2 that
the higher polynomial degree is less impacted by the quality of the auxiliary bounds A; and A,.

We finally test adaptive mesh refinement as outlined in Section 8.1.2. The initial mesh is structured
with 47 degrees of freedom and the conditions (6.1) and (6.6b) are all satisfied starting from 591 degrees of
freedom for p = 1. Figure 4 (right) illustrates the error in the eigenvector and its bound using (6.16). The
optimal convergence rate is indicated by dashed lines. We observe improvement of the convergence rate
in passing from uniform (Figure 4 (left)) to adaptive (Figure 4 (right)) mesh refinement. For polynomial
degree p = 1, the convergence rate is improved from 1/(ndof)'/? to 1/(ndof)!/?, whereas for polynomial
degree p = 2, the convergence rate is improved from 1/(ndof)'/? to 1/(ndof). It is to be noted therefrom
that the rise of the polynomial degree from 1 to 2 only improves the rate for adaptive mesh refinement
and not the uniform one, where it merely, as usually, decreases the quantitative prefactor. For adaptive
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N h ndof A1 Mro VB2 =78 IVEN® Exrea I

10 0.1414 600 19.7392 20.0333 19.1803  20.0101 4.23e-02  1.93
20 0.0707 2400 19.7392 19.8169 19.6907  19.8099 6.03e-03  1.50
40 0.0354 9 600 19.7392 19.7591 19.7324  19.7572 1.26e-03  1.37
80 0.0177 38400 19.7392 19.7442 19.7378  19.7438 2.99e-04  1.34
160 0.0088 153 600 19.7392 19.7405 19.7389  19.7403 7.39e-05  1.33

Table 5: [Structured mesh, unit square, discontinuous Galerkin method, case C, p = 1] Lower and upper
bounds of the exact eigenvalue A;, the relative eigenvalue error, and the eigenvector effectivity index;
intermediate accuracy auxiliary bounds \; = 1.572, A\, = 4.572

N h ndof A1 Mro VB2 =78 IVERN? Exrea It
10 0.1414 1200 19.7392 19.7395 19.7343 19.7407 3.23e-04 2.29
20 0.0707 4 800 19.7392 19.7392 19.7391 19.7393 7.99e-06 1.76
40 0.0354 19 200 19.7392 19.7392 19.7392 19.7392 3.38e-07 1.59
80 0.0177 76 800 19.7392 19.7392 19.7392 19.7392 1.86e-08 1.55
160 0.0088 307 200 19.7392 19.7392 19.7392 19.7392 1.12e-09 1.54

Table 6: [Structured mesh, unit square, discontinuous Galerkin method, case C, p = 2] Lower and upper
bounds of the exact eigenvalue \A;, the relative eigenvalue error, and the eigenvector effectivity index;
intermediate accuracy auxiliary bounds \; = 1.572, \y = 4.572

mesh refinement, the difference is rather spectacular: p = 1 achieves roughly 0.1 energy error accuracy for a
little less than 100.000 degrees of freedom, whereas p = 2 yields 0.01 accuracy for a little more than 10.000
degrees of freedom. Tables 15 and 16 then present more details.

9 Concluding remarks

The motivation of the present paper was to develop a general theory of eigenvalue and eigenvector a posteriori
error estimates, enabling to take into account basically any numerical method. This in particular means that
we need to admit the violation of the constraints u;, € HE(Q), |luinll = 1, [[Veuin||? = Nin, and Xip > ;.
Our bounds from Section 6 achieve this and we have seen in Section 7 that three common nonconforming
numerical methods fit perfectly the framework. Moreover, typically, not all the above constraints are
violated. Then parts of the results of Section 6 simplify importantly.

We have focused here for simplicity on the treatment of the case where the underlying algebraic eigenvalue
solvers are exact, so that the present Assumption 3.1 can be satisfied. The framework is, however, built
rich enough to take into account inexact solvers, following [37, 57] and the references therein, as we have
demonstrated it in [17]. The resulting estimates are then valid on an arbitrary eigenvalue iterative solver
step, enable to distinguish the different error components, and yield (local) adaptive stopping criteria. A
preliminary example in the context of the Gross—Pitaevskii nonlinear eigenvalue problem is given in [16].

The approximation polynomial degree p was considered fixed here and we have only treated the case
of matching simplicial meshes. Extension to variable polynomial degree and nonmatching simplicial and
quadrilateral meshes is straightforward following [32], where also hp (mesh and polynomial degree) adaptive
refinement strategies are developed. It should be rather easy to generalize them to the present eigenvalue
setting.
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N h ndof A1 Mro VB2 =78 IVEN® Exrea I

10 0.1698 708 19.7392 19.9432 17.8299  19.9511 1.12e-01  3.29
20 0.0839 2820 19.7392 19.7930 19.6125 19.7944 9.24e-03  1.97
40 0.0447 11 388 19.7392 19.7525 19.7284  19.7529 1.24e-03  1.50
80 0.0233 44 868 19.7392 19.7425 19.7381  19.7426 2.31le-04 1.31
160 0.0106 181 428 19.7392 19.7400 19.7390  19.7401 5.32e-05  1.27

Table 7: [Unstructured mesh, unit square, discontinuous Galerkin method, case C, p = 1] Lower and
upper bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index;
intermediate accuracy auxiliary bounds \; = 1.572, \, = 4.572

N h ndof A1 Aln IV51al12 —nF V51112 Eazer  Iitess
10 0.1698 708 19.7392 19.9432 13.4605 19.9511 3.89e-01 5.58
20 0.0839 2820 19.7392 19.7930 19.3593 19.7944 2.22e-02 2.94
40 0.0447 11 388 19.7392 19.7525 19.7112 19.7529 2.11e-03 1.90
80 0.0233 44 868 19.7392 19.7425 19.7369 19.7426 2.88e-04 1.44
160 0.0106 181 428 19.7392 19.7400 19.7390 19.7401 5.64e-05 1.30

Table 8: [Unstructured mesh, unit square, discontinuous Galerkin method, case C, p = 1] Lower and upper
bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; rough
auxiliary bounds A\; = 0.572, Ay = 32

Appendix

The current analysis was presented for the Laplace operator of (1.1). The generic equivalences can, however,
be extended to a larger class of operators that we show in part A of this appendix, for a conforming approx-
imation. We next complement in part B the estimate of Theorem 6.3 by a further possible improvement of
the first eigenvalue upper bound.

A Extension to a generic operator

We formulate here the results of [17, Theorems 3.4 and 3.5] for conforming approximations and any bounded-
below self-adjoint operator with compact resolvent, see, e.g., Helffer [44]. This comprises for example the
operator A := —A + w with domain D(4) := {v € H}(Q); Av € L*(Q)}, which is self-adjoint on L?(2)
whenever w € L*(Q). It appears that only the operator considered (—A) and the norms (|||, ||V-||, and
[Ill=1) need to be changed.

Let H be a separable Hilbert space endowed with a scalar product denoted by (-,-). Now let A be
a bounded-below self-adjoint operator on H with domain D(A) and compact resolvent. There exists a
non-decreasing sequence of real numbers (A;)g>1 such that Ay — oo and an orthonormal basis (ug)r>1 of
‘H consisting of vectors of D(A) such that

Vk>1, Aup = A\pug.

Making the additional assumption that the k-th eigenvalue of A is simple, that is Ap_1 < A\ < Agy1, the
k-th eigenvector is unique up to the sign. Up to shifting the operator A by a constant ¢ € R such that
¢+ A is a positive definite operator, we can suppose that A is a positive definite operator, in which case
(Ak)k>1 is a sequence of positive numbers. This enables to define an operator Az analogous to the operator
|[V| in the previous case (recall that |||Vv||| = |[|[Vv|| for v € HY(Q)) by its domain

D(A?) :={veH; Zx\k|(v,uk)y\2 < +00
k>1

and its expression

Az v € D(A%) — Z \/E(U,Uk)ﬂuh

k>1
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N h ndof A1 Mur o VB2 —nf IV5lI? Exza I

u,eff

10 0.1698 1416 19.7392 19.7394 19.7320  19.7399 3.98e-04  3.47

20 0.0839 5640 19.7392 19.7392 19.7391  19.7393 8.24e-06  2.29

40 0.0447 22776 19.7392 19.7392 19.7392  19.7392 2.34e-07 1.79

80 0.0233 89736 19.7392 19.7392 19.7392  19.7392 1.14e-08  1.60

160 0.0106 362 856 19.7392 19.7392 19.7392  19.7392 5.97e-10  1.55

Table 9: [Unstructured mesh, unit square, discontinuous Galerkin method, case C, p = 2| Lower and
upper bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index;
intermediate accuracy auxiliary bounds \; = 1.572, \, = 4.572

N h ndof A1 AMh IV51al12 —=nF (IV51al12 Eager  Iiles
10 0.1698 1416 19.7392 19.7394 19.7129 19.7399 1.37¢-03  5.96
20 0.0839 5640 19.7392 19.7392 19.7388  19.7393 2.32¢-05  3.44
40 0.0447 22776 19.7392 19.7392 19.7392  19.7392 4.53e-07  2.28
80 0.0233 89 736 19.7392 19.7392 19.7392  19.7392 1.53e-08  1.77
160 0.0106 362 856 19.7392 19.7392 19.7392  19.7392 6.50e-10  1.59

Table 10: [Unstructured mesh, unit square, discontinuous Galerkin method, case C, p = 2] Lower and upper
bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; rough
auxiliary bounds )\, = 0.57%, \, = 372

Replace now —A by A; for the norms, the scalar product (-,-)3 of the Hilbert space H substitutes the L?
scalar product (-,-), and naturally the norm of ||-||3; replaces the L?-norm ||-||. The energy norm [|V-|| is

changed into ||A%'||’H, and the duality pairing (-, )y v becomes (-, ~>D<A%)/ bad)

Let (w;, \in) € D(A2) x RY with ||w;][3 = 1 and (w;, ;)% > 0 be given, for y; € H, i > 1 fixed. Its
residual Resg(w;, Aip) € D(A%)’ is now defined by
(Resa(wi, Ain),v)

p(ady.pal) = Ain(wi, )y — (A2w;, A2v)y Yv € D(A?),

with the dual norm

||Rese(wi7)\ih)||D(A%)/ =  sup <Res‘9(wi’)‘ih)’U>D(A%)/,D(A%)'
vED(AZ), [|AZ ]|y =1

The Riesz representation of the residual 2,,, € D(A?) is given by

(A2 2y, AZ0)gy = (Resg(wi, \in),0) 14y, pad, VU E D(A?).
Let
Aic1 < A when @ > 1, A < Ajga, (A1)
and .
ain = V2052 | 2w, lln < Ixill3 (i i) (A.2)
where

) Ain \ Ain \
= AU Y (AT B
Cin i= min { < /\i1> < )\z‘+1)

The generalizations of [17, Theorems 3.4 and 3.5] then read:

Theorem A.1 (Eigenvalue bounds). Let (w;, Ain) € D(A2) xRt with ||w;|% = 1 and (wy, x:)3 > 0, i > 1.
Let assumptions (A.1) and (A.2) be satisfied. Then

IAZ (w; —wi)l|3, — Niad, < [[AZw;]|3, — N < [|AZ (w; — wi) |3, (A.3a)
If, moreover axp < V2, then, fori=1,

1 A1 ai), 1 2 L2
“(1——)(1——") 1A% (w1 —wi)|3 < ||A2w1l5 — M- (A.3b)
2 A2 4
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Figure 4: [Unstructured and adaptive mesh refinement, L-shaped domain, discontinuous Galerkin method]
Error in the eigenvector and its upper bound for a quasi-uniform refinement (left) and adaptive refinement
(right); p = 1 (full lines), p = 2 (dashed lines); filled markers (case A), empty markers (case B)

N h ndof A1 An IVEWIE —ni IVSl?  Exre It
10 0.3124 504 9.6397 9.8824 -3.2766  9.9823 —  6.38
20 0.1703 1986 9.6397 9.7050 8.3517  9.7447 1.54e-01  3.97
40 0.0817 8070 9.6397 9.6579 9.2527  9.6728 4.44e-02  3.90
80 0.0421 33 438 9.6397 9.6447 9.5098  9.6507 1.47e-02  3.92
160 0.0216 130 080 9.6397 9.6413 9.5926  9.6436 5.31e-03  3.92
320 0.0118 516 876 9.6397 9.6402 9.6221  9.6412 1.98e-03  3.96

Table 11: [Unstructured mesh, L-shaped domain, discontinuous Galerkin method, p = 1] Lower and upper
bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; sharp
auxiliary bounds A; = 9.6090 and A\, = 15.1753

Let
= e = Ain ? e
Cip:=1if1=1, Ci = max \ 1) ,13ifi>1
1
and . )
AR (s = w15 if \; < [JAZw;||3, is known to hold, (A)
i = max{|| Az (u; — w;)||3,, hiaZ,}  otherwise. '
Then we also have:
Theorem A.2 (Eigenvector bounds). Let the assumptions of Theorem A.1 be satisfied. Then
4% (s = w3 < [ResoCwss M)y, + O+ Ao, (A.52)
2
) (‘)\ih - ||A%wi||%{‘ + %’h) _ )
[Resq (wi, Ain)| < + Cinll A% (us = wi) |5 (A.5b)

D(Ady = Ai

2 A
If, moreover o), < 25L, then

| N

-1
. . 2
) osa s, )|

T a2 -1
4% s = wi)l < 05 by
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N h ndof A1 Mu o IVERIZ =0 V3Ll Eage I s
10 0.3124 504 9.6397 9.8824 -41.1501 9.9823 - 12.07
20 0.1703 1986 9.6397 9.7050 -2.7955 9.7447 — 10.87
40 0.0817 8 070 9.6397 9.6579 8.4329 9.6728 1.37e-01 6.31
80 0.0421 33 438 9.6397 9.6447 9.2496 9.6507 4.24e-02 6.20
160 0.0216 130 080 9.6397 9.6413 9.5001 9.6436 1.50e-02 6.16
320 0.0118 516 876 9.6397 9.6402 9.5880 9.6412 5.53e-03 6.18

Table 12: [Unstructured mesh, L-shaped domain, discontinuous Galerkin method, p = 1] Lower and upper
bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; rough
auxiliary bounds \; = 7%/2 and )\, = 572 /4

N h ndof A1 A IVEIE =07 V512 Brxzer  Iiless
10 0.3124 1008 9.6397 9.6106 8.8410 9.6862 9.12e-02 3.99
20 0.1703 3972 9.6397 9.6267 9.4042 9.6533 2.61e-02 4.34
40 0.0817 16 140 9.6397 9.6347 9.5535 9.6452 9.55e-03 4.19
80 0.0421 66 876 9.6397 9.6376 9.6056 9.6420 3.79e-03 4.00
160 0.0216 260 160 9.6397 9.6389 9.6267 9.6406 1.44e-03 3.97

Table 13: [Unstructured mesh, L-shaped domain, discontinuous Galerkin method, p = 2] Lower and upper
bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; sharp
auxiliary bounds A; = 9.6090 and A\, = 15.1753

B Further improvement of the first eigenvalue upper bound

In [17, Theorem 5.2], a further improvement of the eigenvalue upper bounds of type of Theorem 6.3 was
possible. We now extend it to the present setting, for the first eigenvalue.

We first need to generalize the conforming local residual lifting from [17, Section 4.3] to the present
setting. Let for each vertex a € V,,, X be an arbitrary finite-dimensional subspace of the space H(wa)
defined in (4.1). Typically, X2 := P11 (Ta) N H}(wa), similarly as for W2 in Section 3.2. We will now solve
homogeneous local Neumann (Neumann—Dirichlet close to the boundary) problems on the patches w, via
conforming primal counterparts of problems (3.3a):

Definition B.1 (Conforming local Neumann problems). For each a € Vy,, define 3, € X3 by

(Vrin, Vor)w, = (Reso(s1n, Ain), Yavn)viv - Vo € X3, (B.1)

Then set
T1p = Z ’ll)arTh S V

acVy,

The functions 7%, are discrete Riesz representations of the local residual of the pair (sis,A1n) with
hat-weighted test functions. Note that the right-hand side in (B.1) does not necessarily satisfy the usually
required Neumann compatibility condition (aXi1ps1n — VS14-Viha, 1)y, = 0 for a € VI so that (B.1)
cannot hold for a constant function v, = 1 on w,. Assumption 3.1 is in particular not required for sij; this
does not influence the existence and uniqueness of 7%, (the system matrix in (B.1) is regular). Note also
that 7, € V (when extended by zero outside of wa) but ¢ard, € H}(wa), whence the sum rq; belongs to
V. For this construction, we have:

Lemma B.2 (Lower dual residual bound). Let (uip, A\1p) € Pp(Tr) x RY be arbitrary. Construct sip, by
Definition 3.3 and ryp, by Definition B.1. Then

(Resg(S1hs A1n), T1n) v

%
— < |R A 1.
Vo] < |[|Resg(S1h, A1) || -1

Proof. The proof is trivial from (2.7b) and from the fact that 1, € V for Definition B.1. Importantly, this
bound is positive, see [57, proof of Theorem 2]. O

Equipped with these tools, we can now hopefully improve the upper bound (6.15) in Theorem 6.3 (we
actually only mimic the Case B of Theorem 6.1, the other cases can be treated similarly).
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N h ndof A1 An VB2 —nf IVS1l?  Exrea  IiPes
10 0.3124 1008 9.6397 9.6106 6.9318 9.6862 3.32e-01 6.47
20 0.1703 3972 9.6397 9.6267 8.9126 9.6533 7.98e-02 6.72
40 0.0817 16 140 9.6397 9.6347 9.3819 9.6452 2.77e-02 6.38
80 0.0421 66 876 9.6397 9.6376 9.5390 9.6420 1.07e-02 6.05
160 0.0216 260 160 9.6397 9.6389 9.6016 9.6406 4.06e-03 5.97

Table 14: [Unstructured mesh, L-shaped domain, discontinuous Galerkin method, p = 2] Lower and upper
bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index; rough
auxiliary bounds )\, = 7%/2 and )\, = 572 /4

Level ndof A1 An IV3inl12 —=n? |IV5ial? EBrxrea IP

u,eff

5 186 9.6397 10.2136 -30.6026  10.3629 - 719
10 777 9.6397  9.8154 7.2388 9.8388 3.04e-01  3.75
15 3453 9.6397 9.6865 9.1572 9.6902 5.66e-02  3.38
20 14 706 9.6397  9.6509 9.5335 9.6517 1.23e-02  3.23
25 61 137 9.6397  9.6425 9.6144 9.6426 2.93e-03  3.00

Table 15: [Adaptive mesh refinement, L-shaped domain, discontinuous Galerkin method, p = 1] Lower and
upper bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index;
mixed accuracy auxiliary bounds \; = 72/2 and )\, = 15.1753

Proposition B.3 (Possible improvement of the first eigenvalue upper bound). Let A, A, be as in Theo-
rem 6.1. Let (uip, A\1p) € Pp(Tn) x RY, p > 1, be arbitrary. Let s1p, be constructed following Definition 3.8
and 71y, following Definition B.1. Let (s1p,x1) > 0 and

Ah -1 ~1 1 Aln
=v2(1-22) X2 = luan — \
_ \f( A2> S o \/ATHUM sunll + [IVs1n + o1l
< win {V2, |7 o)}
with 51p, == 222, Then

= lsanll

A < ||VE % = 7,

where

_ 1 Vsinl? a2 s
s {5 (1 2200 (150 (v 2= 1)) of.

(Resg(81n, AMn), Tlh>%//7

dp = A2 + 4\
P AT [Vrial?

Yo [ — IV5% -

Proof. Note first that all the assumptions of [17, Theorems 3.4 and 3.5] are satisfied. We start by the second
bound in [17, Theorem 3.4] which immediately implies, using A; < A1, Ay < Ag, and Ay < ||V313]),

N 1 V31,2 aj .
w< 9sl - g (1= B2 (1 B ) o - s
22

Similarly, the second bound in [17, Theorem 3.5] now takes the form

(|Aun = V518 ]12] + IV (w1 = 510)[12)
A

Reso (31, Aun) 12y < + {1V (ur = 81n) 1.

Denote I, := |Ain — | V31al%], Ra == (Resg (81, An), 1in) v v /IIVriall?, as well as e := |V (u1 — 512) |1
Combined with Lemma B.2 and 0 < A; < Ay, this last inequality implies

e +en (A +20) — (A Ry —17) > 0.
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Level  ndof A1 Mro IVEIZ =18 IVEl? Exre I

5 114 9.6397 9.4488 -13.0515 9.9443 - 747
10 270 9.6397 9.5727 6.4534 9.7848 4.10e-01  4.03
15 552 9.6397 9.6318 8.7465 9.6994 1.03e-01  3.62
20 960 9.6397 9.6396 9.3945 9.6623 2.81e-02  3.55
25 1482 9.6397 9.6405 9.5958 9.6439 5.00e-03  3.47
30 3222 9.6397 9.6399 9.6309 9.6407 1.02e-03  3.41
35 4140 9.6397 9.6398 9.6354 9.6402 4.96e-04  3.38
40 7212 9.6397 9.6398 9.6384 9.6399 1.58e-04  3.44
45 12 204 9.6397 9.6397 9.6392 9.6398 5.77e-05  3.53

Table 16: [Adaptive mesh refinement, L-shaped domain, discontinuous Galerkin method, p = 2] Lower and
upper bounds of the exact eigenvalue A1, the relative eigenvalue error, and the eigenvector effectivity index;
mixed accuracy auxiliary bounds \; = 72/2 and A\, = 15.1753

Note that the discriminant of this quadratic inequality is the term dj and that it is non-negative. Thus

oz I VR

and the desired bound follows. Note finally that for this estimate to actually improve on (6.15), 7; needs
to be positive, which follows when A\, Ry, > I3 and ||V514]]? < A,. O
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